
Ëèñòîê 3.

Çàäà÷à 1.Èìååòñÿ 10 êîðîáîê, â êàæäîé èç êîòîðûõ ëåæèò a áåëûõ è b ÷åðíûõ øàðîâ. Èç ïåðâîé
êîðîáêè âûáèðàåòñÿ ñëó÷àéíûì îáðàçîì øàð è ïåðåêëàäûâàåòñÿ âî âòîðóþ êîðîáêó, çàòåì èç
âòîðîé êîðîáêè èçâëåêàåòñÿ îäèí øàð è ïåðåêëàäûâàåòñÿ â òðåòüþ è ò. ä. Íàêîíåö èç ïîñëåäíåé
êîðîáêè èçâëåêàåòñÿ îäèí øàð. Êàêîâà âåðîÿòíîñòü, ÷òî ýòîò øàð áåëûé?

Çàäà÷à 2. Àãåíò Ä. ñëåäèò çà ïåðåäâèæåíèÿìè ïðåçèäåíòà íåêîòîðîé êîìïàíèè. Èçâåñòíî, ÷òî
ïðåçèäåíò áûâàåò â îôèñå ñ âåðîÿòíîñòüþ 60%, à íà äà÷å ñ âåðîÿòíîñòüþ 40%. Ó àãåíòà Ä. åñòü
äâà îñâåäîìèòåëÿ, ïðè÷åì ïåðâûé îøèáàåòñÿ ñ âåðîÿòíîñòüþ 20%, à âòîðîé � ñ âåðîÿòíîñòüþ
10%. Ïåðâûé îñâåäîìèòåëü óòâåðæäàåò, ÷òî ïðåçèäåíò êîìïàíèè â îôèñå, à âòîðîé îñâåäîìèòåëü
óòâåðæäàåò, ÷òî îí íà äà÷å. Ãäå ïðåçèäåíò?

Çàäà÷à 3.∗ Ïðèíöåññà âûáèðàåò æåíèõà. Ñâàòàòüñÿ ïðèåõàëè N æåíèõîâ. Ïðî ëþáûõ äâóõ
ïðèíöåññà ìîæåò ñêàçàòü êòî ëó÷øå, à êòî õóæå. Âñå æåíèõè îáðàçóþò óïîðÿäî÷åííîå ìíîæå-
ñòâî, ò. å. åñëè A ëó÷øå B è B ëó÷øå Ñ, òî A ëó÷øå Ñ. Æåíèõè çàõîäÿò ê ïðèíöåññå ïî î÷åðåäè
â ñëó÷àéíîì ïîðÿäêå. Åñëè íåâåñòà îòêàçûâàåò æåíèõó, òî îí ñðàçó óåçæàåò. Åñëè ïðèíöåññà âû-
áèðàåò æåíèõà, òî íà ýòîì ïðîñìîòð æåíèõîâ çàêàí÷èâàåòñÿ. Êàê äåéñòâîâàòü ïðèíöåññå, ÷òîáû
ñ íàèáîëüøåé âåðîÿòíîñòüþ âûáðàòü ëó÷øåãî æåíèõà?

Çàäà÷à 4. N ðàç áðîñàåòñÿ ìîíåòà ñ âåðîÿòíîñòüþ âûïàäåíèÿ îðëà p. Íàéäèòå âåðîÿòíîñòü òîãî,
÷òî (a) âûïàë õîòÿ áû îäèí îðåë, (b) âûïàëî ðîâíî òðè îðëà, (c) ÷èñëî âûïàâøèõ îðëîâ
÷åòíî, (d) âûïàëî îðëîâ ìåíüøå ïîëîâèíû.

Çàäà÷à 5. Ïðîâîäÿòñÿ N èñïûòàíèé ïî ñõåìå Áåðíóëëè ñ âåðîÿòíîñòüþ óñïåõà 1/2. Êàêîâà
âåðîÿòíîñòü, ÷òî óñïåõ èìåë ìåñòî ðîâíî 2 ðàçà ïðè óñëîâèè, ÷òî çà âñå N èñïûòàíèé áûëî
÷åòíîå ÷èñëî óñïåõîâ?

Çàäà÷à 6. Äëÿ ïîñëåäîâàòåëüíîñòè èñïûòàíèé Áåðíóëëè ñ âåðîÿòíîñòüþ óñïåõà p íàéäèòå âå-
ðîÿòíîñòü òîãî, ÷òî m óñïåõîâ ïðîèçîéäóò ïðåæäå, ÷åì n íåóäà÷.

Çàäà÷à 7. Èãðîê âûáèðàåò ¾ãåðá¿ èëè ¾ðåøåòêó¿, ïîñëå ÷åãî áðîñàåòñÿ ìîíåòà. Åñëè âûïàäàåò
òà ñòîðîíà ìîíåòû, êîòîðàÿ áûëà íàçâàíà èãðîêîì, òî îí âûèãðûâàåò, ïîëó÷àÿ, ñêàæåì 1 ðóáëü;
â ïðîòèâíîì ñëó÷àå îí ñòîëüêî æå ïðîèãðûâàåò. Íà÷àëüíûé êàïèòàë ñîñòàâëÿåò x ðóáëåé è èãðîê
ñòàâèò ñåáå öåëüþ äîâåñòè åãî äî íåêîòîðîé ñóììû a. Èãðà ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà ëèáî
èãðîê íàáåðåò çàðàíåå îïðåäåëåííóþ ñóììó a, ëèáî ðàçîðèòñÿ. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî â
êîíöå êîíöîâ èãðîê ðàçîðèòñÿ, òàê è íå íàáðàâ æåëàåìóþ ñóììó a ðóáëåé?

Çàäà÷à 8.∗ Àëèñà è Áîá èãðàþò â ñëåäóþùóþ èãðó. Áðîñàåòñÿ ïðàâèëüíàÿ ìîíåòà äî òåõ ïîð ïî-
êà íå âñòðåòèòñÿ êîìáèíàöèÿ 110 èëè 100. Àëèñà âûèãðûâàåò, åñëè ïåðâîé ïîÿâèëàñü êîìáèíàöèÿ
110, à Áîá â ñëó÷àå, êîãäà ïåðâîé ïîÿâèëàñü êîìáèíàöèÿ 100. Êòî áóäåò âûèãðûâàòü ÷àùå?

Çàäà÷à 9. Ïî ÷èñëîâîé ïðÿìîé äâèãàåòñÿ ÷àñòèöà, êîòîðàÿ êàæäóþ ñåêóíäó ïåðåìåùàåòñÿ íà
åäèíèöó âïðàâî èëè íà åäèíèöó âëåâî, ïðè÷åì âûáîð îáîèõ íàïðàâëåíèé ðàâíîâîçìîæåí è íå
çàâèñèò îò ñîîòâåòñòâóþùåãî âûáîðà íà äðóãèõ øàãàõ. Òðàåêòîðèè ÷àñòèöû èçîáðàæàåì íà êî-
îðäèíàòíîé ïëîñêîñòè ïåðåìåííûõ (t, x) â âèäå ëîìàíûõ, ñîåäèíÿþùèõ òî÷êè ñ öåëî÷èñëåííûìè
êîîðäèíàòàìè t è x. Çäåñü x � ïîëîæåíèå ÷àñòèöû, à t � âðåìÿ. Ïóñòü x0 > 0, x1 > 0 è t0 < t1.
Äîêàæèòå, ÷òî ÷èñëî ïóòåé èç (t0, x0) â (t1, x1), êîòîðûå êàñàþòñÿ èëè ïåðåñåêàþò îñü âðåìåíè,
ðàâíî ÷èñëó ïóòåé èç (t0,−x0) â (t1, x1). Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ÷àñòèöà, êîòîðàÿ âûøëà èç
íóëÿ è ïðèøëà â òî÷êó k > 0 çà N øàãîâ, âñå âðåìÿ ïóòè íàõîäèëàñü â òî÷êàõ ñ ïîëîæèòåëüíûìè
êîîðäèíàòàìè?

Çàäà÷à 10. Ïóñòü ÷àñòèöà âûøëà èç íà÷àëà êîîðäèíàò. Îáîçíà÷èì ÷åðåç u2n âåðîÿòíîñòü òîãî,
÷òî â ìîìåíò âðåìåíè t = 2n ÷àñòèöà âåðíóëàñü â òî÷êó x = 0, à ÷åðåç f2n âåðîÿòíîñòü òîãî, ÷òî
ýòî ïðîèçîøëî ïåðâûé ðàç. Íàéäèòå u2n è f2n. Äîêàæèòå, ÷òî ÷àñòèöà ñ âåðîÿòíîñòüþ åäèíèöà
âîçâðàùàåòñÿ â íà÷àëî êîîðäèíàò.

Çàäà÷à 11. Îöåíèòå ñðåäíåå ÷èñëî èçþìèíîê, êîòîðîå äîëæíî áûòü â îäíîé áóëî÷êå, ÷òîáû íå
áîëåå îäíîé áóëî÷êè èç ñòà áûëî áåç èçþìà.

Çàäà÷à 12. Ðîáîò ¾ñàïåð¿ îáñëåäóåò ìåñòíîñòü íà ïðåäìåò íåðàçîðâàâøèõñÿ ñíàðÿäîâ. Ñðåäíåå
÷èñëî ñíàðÿäîâ íà åäèíèöó ïëîùàäè ðàâíî λ. Ðàäèóñ îáçîðà ñêàíèðóþùåãî óñòðîéñòâà ðàâåí R.
Ðîáîò äâèãàåòñÿ ïðÿìîëèíåéíî è ðàâíîìåðíî ñî ñêîðîñòüþ v. Âåðîÿòíîñòü îáíàðóæåíèÿ ñíàðÿäà
ðàâíà p(v). Íàéäèòå âåðîÿòíîñòü îáíàðóæåíèÿ k ñíàðÿäîâ çà âðåìÿ t.
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Remarks on the problem set 3

Ex 1. Let’s calculate the probability of the event W2 :=sampling a white ball
from the the second box (here B1 and W1 stand for sampling a black/white at the
first extraction)

P(W2) = P(W2|W1)P(W1) + P(W2|B1)P(B1)

=
a+ 1

a+ b+ 1

a

a+ b
+

a

a+ b+ 1

b

a+ b
=

a

a+ b
= P(W1)

Thus the same holds for the next boxes.

Ex 2. The key point in this exercise is not mathematical, but how we interpret
the failure rate of the informant. We should understand that when the president is
in the office (outside), the informants will report that he is outside (in the office)
indipendently with probability 0.2 and 0.1. Formally, if we denote by A the event
“the president is in the office”, and with A1 (A2) the event “the first (second)
informant reported that the president is in the office”, we are assuming that P(A1∩
A2|A) = P(A1|A)P(A2|A) = 0.8 ∗ 0.9 etc. Then

P(A|A1 ∩ Ā2) = P(A1∩Ā2|A)P(A)
P(A1∩Ā2|A)P(A)+P(A1∩Ā2|Ā)P(Ā)

= P(A1|A)P(Ā2|A)P(A)
P(A1|A)P(Ā2|A)P(A)+P(A1|Ā)P(Ā2|Ā)P(Ā)

= 0.8∗0.1∗0.6
0.8∗0.1∗0.6+0.2∗0.9∗0.4

Ex 3. Recall that the princess is only interested to choose to best candidate,
namely she wants to maximize the probability to select the candidate ranked 1.
The only thing she can choose is when to stop. It is clear that there is no point in
choosing someone who is not the best ranked up to his arrival (as otherwise he is
ranked 1 with probability 0). Due to permutation invariance, it is also clear that
the optimal stopping strategy cannot depend on the (chronological) order of the
ranks. Thus the optimal stopping strategy should be of the following type: do not
choose any of the first M − 1 candidates; starting from the M -th candidate, take
the first one who betters all of those who came ahead of him. If none satisfies this
constraint, take the last one.

Then one just needs to optimize over M . Call pM the probability to select
the best using the aforementioned stopping policy depending on the parameter M .
Denote Bi the event “the i-th candidate is ranked 1”, and Si the event “the i-th
candidate is selected”. Then

pM =

N∑
i=1

P(Si|Bi)P(Bi) =

N−1∑
i=M

P(the best of the first i− 1 is in the first M − 1) 1
N

= 1
N

N∑
i=M

M−1
i−1

(notice that the calculation is correct also for i = N). Thus the optimal M is the

maximizer of M−1
N

∑N−1
i=M−1

1
i−1 . For N large, it is easily seen that the optimal M

satifies M̄ = N
e (1 + o(1)).

Ex 4. Let’s discuss the point (c). Let’s call En the event “after tossing a
coin n times, we had Tail (Eagle in Russian) an even number of times”, and let
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rn = P(En). Then

r0 = 1

rn+1 = P(En+1|En)P(En) + P(En+1|Ēn)P(Ēn)

= (1− p)rn + p(1− rn)

which implies rn = 1+(1−2p)n

2 .

Ex 6. The probability to have exactly m successes before n failures equals the
probability to have m successes in the first m + n − 1 trials, and next a failure.
Thus it is

(
m+n−1

m

)
pm(1− p)n.

Ex 8. Once the first 1 in the coin flip sequence appears, there are two possibilities
for the next flip. If another 1 appears, then Bob wins for sure; if a 0 appears, then
Bob still has some chances to win (if yet another 0 appears, Alice wins, but if 1
follows then the probability that Bob wins is the same as it was at the beginning).
Thus Bob has the highest chance to win. More precisely, if p is the probability that
Bob wins

p = 1
2︸︷︷︸

11 appears

+ 1
2︸︷︷︸

10 appears

(
1
2 ∗ 0︸ ︷︷ ︸

100 appears

+ 1
2p︸︷︷︸

101 appears

)
Thus p = 2/3.

Ex 11. The average number of mines potentially detectable by the robot up to
time t is µ := λπR2vt. If En is the event the robot encounters exactly n potentially
detectable mines and Fn is the robot detects n mines, then

P(Em) =
e−µµm

m!

P(Fn) =

∞∑
m=0

P(Fn|Em)P(Em) =

∞∑
m=n

(
m

n

)
pn(1− p)m−n e

−µµm

m!
=
e−pµ(pµ)n

n!


