JINCTOK 3.

3adaua 1. Nnmeercst 10 KopoboK, B KarXKI0# 13 KOTOPHIX JIEKUT ¢ ONBIX U b 9epHBIX mapoB. 113 mepBoii
KOPOOKM BBIOMpAETCs CIydaiiHbIM 00pa30M Iap U MEePeKJIaIbIBACTCA BO BTOPYIO KOPOOKY, 3aTeM u3
BTOPOIi KOPOOKU M3BJIEKAETCS OJWH Iap U MEePEKIabIBACTCS B TPEThIo U T. 1. Hakonerr 3 mocieHei
KOpOOKH M3BJIEKaeTCs onnH map. KakoBa BEpOATHOCTD, 9TO 3TOT IHap OeJIbIii?

3adaua 2. Arenrt JI. ceuT 3a TepeIBMKEHUSIMU TTPE3UIEHTA HEKOTOPOi KoMmarwn. 3BecTHO, 910
npesugenT ObBaeT B oduce ¢ BepoaTHocThI0 60%, a Ha made ¢ BepoaTHocThI0 40%. YV arenta 1. ecThb
JlBa OCBEJIOMUTE/Isl, IpUdeM HepBblil omubaerca ¢ BeposarHocrbio 20%, a BTOPOil — ¢ BEPOSTHOCTLIO
10%. IlepBbiit ocBeIOMUTE L YTBEPKIAET, 9TO IPE3UICHT KOMIAHUU B 0uCe, a BTOPOil OCBEIOMUTEIb
YTBEPXKIAELT, ITO OH Ha made. [me mpesnment?

3adawa 3.* Ilpmunecca eiOmpaer kennxa. Cpararbcsa mpmexann N keHuxoB. [Ipo ar00bIX AByX
OPUHIECCA MOZKET CKa3aThb KTO JIy4YIlle, a KTO XyzKe. BCQ 2KEHUXUN O6pa3y}OT yHnopaa04€eHHoe MHO2Ke-
cTBO, T. €. ecu A siyumie B u B syume C, o A myume C. 2KeHnxu 3aX0f4T K MPUHIIECCE TTO OUEPETH
B caydaiiHoM ropsinke. Ecin HeBecTa oTKa3khIBAaeT KEHWXY, TO OH cpa3y ye3kaeT. Ecin npuniecca BbI-
OupaeT YKeHWXa, TO Ha 3TOM MIPOCMOTD *KEHUXOB 3akaHunBaeTcs. Kak jefictBoBaTh npuHiiecce, 4ToOb!
¢ HanOOJIbITIEH BEPOATHOCTHIO BHIOPATD JIYUINEero KeHmnxa!

3adaua 4. N pasz 6pocaercss MOHETaA € BEPOSTHOCTBIO BHITIAEHNS opJia p. Hajinre BeposaTHOCTL TOTO,
gro (a) BbIDaj Xors Obl oxuH opes, (b) BBIIAIO POBHO TpH Opja, (C) YHCIO BBIIABIIUX OPJIOB
4gerHo, (d) BBITAIO OPJIOB MEHBIIE MOJOBUHBI.

3adava 5. Tposopsrca N wucnbrranuit mo cxeme Bepuysmnm ¢ BeposTHOCTBIO ycmexa 1/2. Kakosa
BEPOSTHOCTD, 9TO YCIEX MMeJ MECTO POBHO 2 pasza Hpu yCJoBuu, 910 3a Bce N uCHbITaHuil ObLIO
YeTHOE YHCJIO yCIIEeXOB?

3adaua 6. II7a moC/IeI0BATEILHOCTH NCTIBITAHU BepHyIIm ¢ BepOATHOCTHIO ycriexa p HaiianTe Be-
POATHOCTB TOr'O, YTO 1M YCIEeXOB IIPOU30UAYT HpPerKJie, 4eM 1 HeyHad.

3adaua 7. Urpok Beibupaer «repby U/n «PEIIeTKy», Mocje 4ero bpocaercs MoHera. Kcju Bbimajaer
Ta CTOPOHA MOHETBI, KOTOpas OblIa Ha3BaHA UTPOKOM, TO OH BBIUTPBIBAET, MOJIyUasl, CKazkeM 1 py6Jib;
B IPOTUBHOM CJIy49ae€ OH CTOJILKO K€ TTPOUTPBHIBAET. Ha‘IaHBHLII;'I KallnuTaJl COCTaBJIAET X py6ﬂel‘/’1 " UTPOK
craBuT cebe IebI0 JOBECTH €ro 10 HEKOTOPOil cyMmmbl a. rpa mpomoakaercs 10 TeX mop, MmoKa Jmbo
Wrpok Habeper 3apaHee ONPENEIEHHYI0 CyMMy @, Jubo pazopurcs. Kakosa BEPOSTHOCTH TOrO, 9TO B
KOHITE KOHITOB UI'POK PA30PHUTCS, TAaK W He HaOpaB KeJaeMyto CyMMy a pybeii?

3adaua 8.* Anuca u Bob urparor B cienyromyio urpy. bpocaercsa mpaBuibHasg MOHETa JI0 TeX IOP Io-
ka He BcTpernTcst kombmrarmst 110 wim 100. Anrmca BEIMTPHIBAET, €C/IN TTEPBOii TOSIBUIACH KOMOMHAITHST
110, a Bo6 B ciay4ae, korja nepBoii nogsuaack kombunamusa 100. Kro Oyger BemrpoiBars gare?

3adaya 9. 1o aucjioBOil NPAMOI JIBUTAETCsl YACTUIA, KOTOPAsd KAaXKJIYIO CEKYH/y IePEMEeNIaeTcs: Ha
eJIMHUITY BIPABO WM HA E€IUHUILY BJIEBO, MPUYEM BBIOOP OOOWX HAIPABJIEHHII PABHOBO3MOXKEH U He
3aBUCUT OT COOTBETCTBYIOIIEr0 BhIOOpA Ha JAPYruX Mmarax. TpaekTopun 4acTHilsl n3o0parkaem Ha KO-
OPJIMHATHOMN MJIOCKOCTH NMEPEMEHHBIX (¢, ) B BUJE JIOMAHBIX, COEUHAIONIMX TOUKH C TI€T0IUCIEHHBIMHI
KoopauHaTamu t u r. 3J1eCh T — MOJOXKEHUEe JacTullbl, a t — Bpems. Ilycrs xg > 0, 1 > 0 u tg < t1.
Hoxkaxkure, uto uncyio myrei us (to, zg) B (t1,21), KOTOpble KACAOTCS U MEPECEKAIOT OCh BPEMEHH,
paBHO "mcay myTei u3 (tg, —zo) B (t1, 21). KakoBa BEpOsSTHOCTE TOTO, 9TO 9ACTHIA, KOTOPAST BHITIIA U3
Hy/s u npuiiia B ToUky k > 0 3a N maros, Bce BpeMs yTH HAXOIMIACh B TOYKAX C TOJIOKUATETbHBIMU
KOOpIMHATAMHU?!

3adaya 10. IlycTs vacTuma BILIA U3 Havata koopawHat. O003HAUNM Yepe3 Ug, BEepPOITHOCTH TOTO,
9TO B MOMEHT BpeMeHH ¢ = 2n JacTHIa BepHyIach B Touky = = 0, a 1epe3 fa, BEPOATHOCTH TOTO, UTO
9TO Mpowm30MLI0 MepBbIii pa3. Haitanre ug, n fo,. Jlokaxknre, 9T0 JacTUIA C BEPOATHOCTHIO €IIMHUIIA
BO3BPAIAETCA B HAYAIO KOOPIMHAT.

3adaya 11. OueHure cpejiHee 9uc/I0 UBIOMUHOK, KOTOPOE JIOJI2KHO ObITh B 0JIHOM Oy/I04UKe, 9TODbI He
6ostee oHOI OYIOYKE U3 CTa ObLIO 6e3 u3roMa.

3adaua 12. PoboT «camep» obcieryeT MECTHOCTh Ha MTpeaMeT Hepas3opBaBiuxcs cHapsaaos. Cpemgnee
9UCI0 CHAPSIZIOB HA €IMHUITY TLIOMAIN paBHO A. Paamyc ob630pa ckaHmpymomero ycrpoiicrsa pases R.
Pobor npuraercs npssMoIMHENRHO 1 PABHOMEPHO CO CKOPOCTBIO . BeposiTHOCTL 0OHAPY2KEHUST CHAPSIA
paBHa p(v). Haiiiure BeposiTHOCTH 06HAPYKeHUsl k CHADSIOB 34 BpeMs t.



Remarks on the problem set 3

Ex 1. Let’s calculate the probability of the event Wy :=sampling a white ball
from the the second box (here By and W; stand for sampling a black/white at the
first extraction)

P(W2) = P(W2|W1)P(W1) + P(W2|B1)P(By)
a+1 a a b a
= = =P(W;
atbtlatd Tarbiiarh atp TN
Thus the same holds for the next boxes.

Ex 2. The key point in this exercise is not mathematical, but how we interpret
the failure rate of the informant. We should understand that when the president is
in the office (outside), the informants will report that he is outside (in the office)
indipendently with probability 0.2 and 0.1. Formally, if we denote by A the event
“the president is in the office”, and with A; (As) the event “the first (second)
informant reported that the president is in the office”, we are assuming that P(A4; N
Ay|A) =P(A;|A)P(A2|A) = 0.8 % 0.9 etc. Then

P(AlA1 N A) = P(Am&m;&?ﬁfﬁh\A)P(A)

_ P(AAP(A|A)P(A) 0.8%0.1%0.6
= P(A1|A)P(A[A)P(A)+P(A, | A)P(A[A)P(A)  0.8%0.1%0.6+0.2%0.9%0.4

Ex 3. Recall that the princess is only interested to choose to best candidate,
namely she wants to maximize the probability to select the candidate ranked 1.
The only thing she can choose is when to stop. It is clear that there is no point in
choosing someone who is not the best ranked up to his arrival (as otherwise he is
ranked 1 with probability 0). Due to permutation invariance, it is also clear that
the optimal stopping strategy cannot depend on the (chronological) order of the
ranks. Thus the optimal stopping strategy should be of the following type: do not
choose any of the first M — 1 candidates; starting from the M-th candidate, take
the first one who betters all of those who came ahead of him. If none satisfies this
constraint, take the last one.

Then one just needs to optimize over M. Call py; the probability to select
the best using the aforementioned stopping policy depending on the parameter M.
Denote B; the event “the i-th candidate is ranked 1”7, and S; the event “the i-th
candidate is selected”. Then

N N-1
PM = ZIP’(SABi)IP’(Bi) = Z P(the best of the first i — 1 is in the first M — 1)+
i=1 i=M
N
=% Z =
i=M

(notice that the calculation is correct also for ¢ = N). Thus the optimal M is the
maximizer of % Z?I:?v}q ﬁ For N large, it is easily seen that the optimal M

satifies M = & (1 + o(1)).

Ex 4. Let’s discuss the point (c¢). Let’s call E,, the event “after tossing a
coin n times, we had Tail (Eagle in Russian) an even number of times”, and let



rn = P(E,). Then
ro=1
1 = P(En1|Bp)P(Ey) + P(Epi1|En)P(E)
=L =p)rn+p(1—ry)
which implies 7, = M.
Ex 6. The probability to have exactly m successes before n failures equals the

probability to have m successes in the first m 4+ n — 1 trials, and next a failure.
Thus it is (""" )p™(1 — p)".

Ex 8. Once the first 1 in the coin flip sequence appears, there are two possibilities
for the next flip. If another 1 appears, then Bob wins for sure; if a 0 appears, then
Bob still has some chances to win (if yet another 0 appears, Alice wins, but if 1
follows then the probability that Bob wins is the same as it was at the beginning).
Thus Bob has the highest chance to win. More precisely, if p is the probability that

Bob wins
b3 (B0 )

~~ ~~ S~~~
11 appears 10 appears 100 appears 101 appears

N[ =
N[ =

p:

Thus p = 2/3.

Ex 11. The average number of mines potentially detectable by the robot up to
time t is p := ArR2vt. If E,, is the event the robot encounters exactly n potentially
detectable mines and F,, is the robot detects n mines, then
e ;LMm

m)

o0 o0
m e hu™  ePE(pu)™
P(F,| En)P(Eyp) = (1 —p)mn -
0= 3 B ) m;(n)p (1-p)

IED(Em) =

m! n!



