
Ëèñòîê 2.

Çàäà÷à 1. Â ñåìüå äâà ðåáåíêà, ïðè÷åì îäèí èç íèõ ìàëü÷èê. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî â
ñåìüå äâà ìàëü÷èêà?

Çàäà÷à 2. Â êîðîáêå a áåëûõ è b ÷åðíûõ øàðèêîâ. Ñëó÷àéíûì îáðàçîì èçâëåêàåòñÿ øàð. Ýòîò
øàð âîçâðàùàåòñÿ îáðàòíî, çàòåì äîáàâëÿåòñÿ åùå c øàðîâ îäíîãî ñ íèì öâåòà.

(a) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ïðè n + m èçâëå÷åíèÿõ ïîÿâèëîñü n áåëûõ è m ÷åðíûõ
øàðîâ.

(b) Äîêàæèòå, ÷òî âåðîÿòíîñòü èçâëå÷åíèÿ áåëîãî øàðà íà k-ì øàãå ðàâíà a/(a+ b).
Çàäà÷à 3. Èç ìíîæåñòâà {1, 2, . . . , 100} áåç âîçâðàùåíèÿ ïî î÷åðåäè âûáèðàþò òðè ðàçëè÷íûõ

÷èñëà. Íàéäèòå óñëîâíóþ âåðîÿòíîñòü òîãî, ÷òî òðåòüå ÷èñëî ëåæèò ìåæäó ïåðâûì è âòîðûì,
ïðè óñëîâèè, ÷òî ïåðâîå ÷èñëî ìåíüøå âòîðîãî.

Çàäà÷à 4. Ñëó÷àéíûì îáðàçîì âûáèðàåì èç {1, 2, . . . , n} îäíî ÷èñëî. Ñîáûòèå A � âûáðàííîå
÷èñëî äåëèòñÿ íà 2, ñîáûòèå B � âûáðàííîå ÷èñëî äåëèòñÿ íà 5. (a) Âûÿñíèòü, íåçàâèñèìû ëè
ñîáûòèÿ A è B ïðè n = 99, 100, 101. (b) Íàéäèòå âñå n òàêèå, ÷òî ñîáûòèÿ A è B íåçàâèñèìû.

Çàäà÷à 5. Íîâè÷îê èãðàåò òðè ïàðòèè â òåííèñ ïðîòèâ äâóõ ïðîòèâíèêîâ � ñëàáîãî è ñèëüíîãî.
Îí äîëæåí ïîáåäèòü â äâóõ ïàðòèÿõ ïîäðÿä. Ïîðÿäîê ïàðòèé ìîæåò áûòü ñëåäóþùèé: ñëàáûé
� ñèëüíûé � ñëàáûé èëè ñèëüíûé � ñëàáûé � ñèëüíûé. Âåðîÿòíîñòü ïîáåäèòü ñëàáîãî p, âåðîÿò-
íîñòü ïîáåäèòü ñèëüíîãî q, q < p. Ðåçóëüòàòû ïàðòèé íåçàâèñèìû â ñîâîêóïíîñòè. Êàêîé âàðèàíò
ïðåäïî÷òèòåëüíåé äëÿ íîâè÷êà è êàêîâà âåðîÿòíîñòü âûèãðàòü?

Çàäà÷à 6. (a) Ïóñòü ñîáûòèÿ A è B íåçàâèñèìû. Äîêàæèòå, ÷òî ñîáûòèÿ A è Ω\B íåçàâèñèìû.

(b) Ñîáûòèÿ A, B, C ïîïàðíî íåçàâèñèìû è ðàâíîâåðîÿòíû, A∩B∩C = ∅. Íàéòè ìàêñèìàëüíî
âîçìîæíîå çíà÷åíèå P (A).

Çàäà÷à 7. Ïðîñòðàíñòâî ýëåìåíòàðíûõ èñõîäîâ Ω ñîñòîèò èç n ýëåìåíòîâ. Âûÿñíèòü, ïðè êàêèõ
k íà Ω ìîæíî îïðåäåëèòü âåðîÿòíîñòíóþ ìåðó P è âûäåëèòü ñîáûòèÿ A1, A2, . . . , Ak òàê, ÷òî ýòè
ñîáûòèÿ íåçàâèñèìû â ñîâîêóïíîñòè è 0 < P (Ai) < 1 äëÿ âñåõ i = 1, 2, . . . , k.

Çàäà÷à 8. Ïóñòü q > 1/2. Ïðî òðè ñîáûòèÿ A,B,C èçâåñòíî, ÷òî P (A ∩B) ≥ q è P (A ∩C) ≥ q.
Äîêàæèòå, ÷òî P (A|B ∩ C) ≥ q.

Çàäà÷à 9.∗ (Ëåììà Ëîâàñà) Ïóñòü ñîáûòèÿ A1, . . . , An è ÷èñëî d ∈ {1, 2, . . . , n} óäîâëåòâîðÿþò
ñëåäóþùèì äâóì óñëîâèÿì: 1) äëÿ êàæäîãî ñîáûòèÿ Ak íàéäóòñÿ ñîáûòèÿ Ai1 , . . . , Ais ñ s ≥
n − d òàêèå, ÷òî Ak íåçàâèñèìî ñî âñåìè ïåðåñå÷åíèÿìè ýòèõ ñîáûòèé, 2) äëÿ êàæäîãî k âåðíî
íåðàâåíñòâî P (Ak) ≥ 1− 1

e(d+1) . Äîêàæèòå, ÷òî P (∩kAk) > 0.

Çàäà÷à 10. Â íàó÷íîì öåíòðå ðàáîòàþò ñïåöèàëèñòû ïî ðàçëè÷íûì íàïðàâëåíèÿì åñòåñòâåííûõ
íàóê (÷èñëî íàïðàâëåíèé ìû íå çíàåì). Ïî êàæäîìó íàïðàâëåíèþ â öåíòðå ðàáîòàåò ðîâíî 7
ó÷åíûõ, ïðè÷åì âïîëíå ìîæåò áûòü, ÷òî îäèí ó÷åíûé ÿâëÿåòñÿ ñïåöèàëèñòîì ñðàçó ïî íåñêîëüêèì
íàïðàâëåíèÿì, íî íå áîëüøå òðåõ. Äîêàæèòå, ÷òî âñåãäà ìîæíî òàê ðàñïðåäåëèòü âñåõ ó÷åíûõ
öåíòðà ïî äâóì îäíîâðåìåííî ïðîõîäÿùèì êîíôåðåíöèÿì, ÷òî íà êàæäîé áóäóò ïðèñóòñòâîâàòü
ñïåöèàëèñòû ïî âñåì íàïðàâëåíèÿì (è êàæäûé áóäåò ó÷àñòâîâàòü ëèøü â îäíîé êîíôåðåíöèè).

Çàäà÷à 11.∗ Ïî êðóãó ñòîÿò 1600 ñòóäåíòîâ èç 100 ãðóïï ïî 16 ÷åëîâåê. Äîêàæèòå, ÷òî â êàæäîé
ãðóïïå ìîæíî âûáðàòü ñòàðîñòó òàê, ÷òî ðÿäîì íå îêàæåòñÿ äâóõ ñòàðîñò.

Çàäà÷à 12.∗ Äîêàæèòå, ÷òî äëÿ âñÿêèõ 25 ÷èñåë A1, A2, . . . , A25 ìîæíî ðàñêðàñèòü âñå âåùå-
ñòâåííûå ÷èñëà â òðè öâåòà òàê, ÷òî äëÿ êàæäîãî x ñðåäè ÷èñåë x, x+A1, . . . , x+An âñòðåòÿòñÿ
âñå òðè öâåòà.
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Remarks on the problem set 2

Ex 1. There are four options {MM, MF, FM, FF}, a priori equiprobable.
As we know that one is male, we are left with three, still equiprobable possibilities
{MM, MF, FM}, which implies that the answer is 1/3. Notice that, had we known
that say the eldest (or the tallest, etc) sibling is a male, then the probability that
the family has to males is 1/2. No tricky math here, just tricky language.

Ex 2. (a) This is an interesting exercise that can be generalized in several ways
(e.g. several colors). First suppose that we want to find the probability of a given
sequence of colors, say BBWB (B for black, W for white): this is easily calculated
as b

a+b
b+c
a+b+c

a
a+b+2c

b+2c
a+b+3c .

If we similarly calculate the probability of a sequence of length n+m, it is then
clear that, no matter the colors in the sequence, we have at the denominator a
product (a+ b)(a+ b+ c) · · · (a+ b+ (n+m− 1)c). Similarly, the numerator will
only depend on how many white balls (say n) and black balls (say m) are extracted
(and does not depend on the actual order of appearance of such colors), and is
given bya(a+ c) · · · (a+ (n− 1)c)b · · · (b+ (m− 1)c). If one introduces the notation

w(u,v) :=

v−1∏
i=0

(w + i u)

then the probability of a given sequence withm white and n black is a(c,m)b(c,n)/(a+
b)(c,n+m). Since there are

(
n+m
n

)
such (ordered) sequences, the wanted probability

is (
n+m

n

)
a(c,m)b(c,n)

(a+ b)(c,n+m)

(b) From the discussion above, it is clear that the probability is invariant under
permutations of the order of sampled colors, so the probability to get a white at
the first try should equal the probability to get a white at a later extraction. As an
exercise, let’s make this statement formal. Let k be the total number of extractions,
and consider the probability space S := {B,W}k. For x ∈ S and π a k-permutation,
let xπ be defined by xπi = xπ(i). From the calculations in point (a), we know that
P({xπ}) = P({x}). Therefore, setting Ek the event “a white ball is extracted at the
k-th extraction”, and fixing any permutation π with π(k) = 1, we have

P(Ek) = P({x ∈ S : xk = W}) = P({xπ ∈ S : xπi = W})
= P({x ∈ S : xπi = W}) = P(E1) = a

a+b

Further remarks on Ex. 2 Notice that for c = −1, the formulas in (a) gives the
probability of the same event in the sampling without replacement. For c = 0 it
gives the probability in the sampling with replacement (independent extractions).

A remarkable case is obtained when a = b = c > 0. In such a case, the probability
of extracting k white balls in N extractions is 1/(N + 1), namely it is independent
of k ∈ {0, 1, . . . , N}.

Ex 5. Let Ai be the event “the player wins the i-th game”. Then P((A1 ∩A2)∪
(A2∩A3)) = P(A1∩A2) +P(A2∩A3)−P(A1∩A2∩A3) = pq+ qp−pqp (exchange
the role of p and q in the case of strong-weak-strong).
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Ex 6. For point (b), let p = P(A) = P(B) = P(C). Then

(1− p)2 = P(B̄ ∩ C̄) ≥ P(Ā ∩ B̄ ∩ C̄) = 1− P(A ∪B ∪ C) = 1− (3p− 3p2 + 0)

As a consequence, p ≤ 1/2. It is easy to check that p = 1/2 is possible. E.g.
Ω = {1, 2, 3, 4} with uniform probability, and A = {1, 2}, B = {1, 3}, C = {2, 3}.

Ex 7. k has to be such that 2k ≤ n.
First we prove that this inequality is necessary for such a probability space

to exist. Recall that, as each Bi runs in {Ai, Āi}, the sets B1, . . . , Bk are also
independent. Thus P(B1 ∩ · · · ,∩Bk) = P(B1) · · ·P(Bk) ∈ (0, 1). Therefore the 2k

sets of the partition of Ω given by
{
∩ki=1 Bi, Bi ∈ {Ai, Āi}

}
are all distinct and

nonempty. This yields 2k ≤ n.
Next, we prove that the inequality is sufficient. Indeed, up to adding up some

points with vanishing probability to Ω, we can assume n = 2k. Then take Ω =
{0, 1}k, and Ai = {ω ∈ Ω : ωi = 0} and P uniform.

Ex 8. There are various ways to prove this statement. For instance

2P(A ∩B ∩ C) ≥ P(A ∩B) + P(A ∩ C)− P(B∆C)

P(B ∩ C) ≥ 1− P(B∆C)

so that (for p = P(B∆C)) P(A|B ∩ C) ≥ 2q−p
2−2p ≥ q, for q ≥ 1/2.

Ex 9. We will prove the following fact:
For each A ∈ {A1, . . . , An} and each subset E ⊂ {A1, . . . , An} \A, it holds

P(Ā| ∩B∈E B) ≤ 1
d+1 (1)

Once (1) is proved, the wanted statement follows from

P(∩nk=1Ak) = P(A1| ∩nk=2 Ak)P(A2| ∩nk=3 Ak) · · ·P(An) ≥ (1− 1
d+1 )n

As for the proof of (1), we proceed by induction on the cardinality of E . The base
is trivial, since if E is empty then P(Ā) ≤ 1

e(d+1) <
1
d+1 . Let’s then fix a nonempty

E , and assume that (1) holds for any A ∈ {A1, . . . , An}, whenever E is replaced
with a subset of {A1, . . . , An} \ A with cardinality strictly smaller than E itself.
Let F ⊂ {A1, . . . , An} \A be the collection of sets on which A is not independent;
by hypothesis |F| ≤ d. Let E1 = E ∩ F , E2 = E \ E1. By some elementary algebra

P(Ā| ∩B∈E B) =
P(Ā ∩B∈E1 B| ∩B∈E2 B)

P(∩B∈E1B| ∩B∈E2 B)
(2)

Now the numerator is bounded as

P(Ā ∩B∈E1 B| ∩B∈E2 B) ≤ P(Ā| ∩B∈E2 B) = P(Ā) ≤ 1/(e(d+ 1)) (3)

where we used that A is independent of the B’s in E2.
As for the denominator in (2), write E2 = {B1, . . . , Bq} and

P(∩B∈E1B| ∩B∈E2 B) = P(B1| ∩qj=2 Bj ∩B∈E2 B)P(B2| ∩qj=3 Bj ∩B∈E2 B) · · ·P(Bn| ∩B∈E2 B)

≥ (1− 1
d+1 )|E1| ≥ (1− 1

d+1 )d ≥ 1
e

(4)

From (2), (3) and (4) we obtain (1).
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Further remarks on Ex. 9 There is a sharper version of this statement: if we let
p := supk P(Āk) and assume

p <


1 if d = 0

1/2 if d = 1
(d−1)d−1

dd
if d ≥ 2

then P(∩nk=1Ak) > 0.

Ex 10. We assign each scientist to one of the two conferences randomly, with
equal probability and independently one of the other. Say that there are n subjects
of expertise, and for i = 1, . . . , n let Ai be the event “there is an expert in the
i-th subject in both conferences”. We want to prove that P(∩ni=1Ai) > 0. We have
P(Āi) = 2 ∗ 2−7 = 2−6. On the other hand, Ai only depend on the assignment of
the 7 scientists that are expert in i, and those scientists are (all together) at most
expert in other 2 ∗ 7 = 14 subjects. We can then apply the statement in Ex. 9 with
d = 14 since e 2−6(14 + 1) < 1.

Using the sharper statement at the end of Ex. 9, it is actually enough to know
that for each subject there are (at least) 6 experts.

Ex. 11 We chose randomly the head of each team, giving the same probability
1/16 to each member of each team. We then let Ai be the event “the students at
positions i, i + 1 are not both heads of their groups”. We want to apply Ex. 9 to
show that P(∩1600i=1 Ai) > 0. If the students at i, i + 1 are in the same team, then
P(Āi) = 0; otherwise P(Āi) = 1/162. In any case P(Āi) ≤ 2−8. On the other hand,
Ai is determined only by the choice of the heads in the teams of the students at
positions i, i+ 1, and is independent on the choice of heads of the remaining 98 (or
99) teams. Since those teams are relevant for at most other (2∗(16−1)+1)∗2 = 62
adjacent positions j, j + 1, we can take d = 62 in Ex. 9. And since e ∗ 2−8 ∗ 63 < 1
we can apply the result in that exercise.

Notice that the same calculation holds if we had N teams with k ≥ 11 students
in each.


