
Ëèñòîê 4.

Çàäà÷à 1. Íåêòî ïðèõîäèò íà ñòàíöèþ ìåòðî â ñëó÷àéíûé ìîìåíò âðåìåíè è ñàäèòñÿ â ïåðâûé
ïðèøåäøèé ïîåçä. Îêàçûâàåòñÿ, ÷òî â îäíó ñòîðîíó îí åäåò ãîðàçäî ÷àùå, ÷åì â äðóãóþ. Êàê
òàêîå ìîæåò áûòü?

Çàäà÷à 2. X è Y äîãîâîðèëèñü âñòðåòèòüñÿ â ïðîìåæóòîê âðåìåíè ñ 12.00 äî 13.00, ïðè÷åì
êàæäûé èç íèõ ãîòîâ æäàòü ðîâíî 30 ìèíóò. Êàêîâà âåðîÿòíîñòü âñòðå÷è? Êàêîâà âåðîÿòíîñòü
òîãî, ÷òî îíè âñòðåòèëèñü è X íå æäàë Y? Êàêîâà âåðîÿòíîñòü, ÷òî îíè ïðèøëè îäíîâðåìåííî?

Çàäà÷à 3. Òðîå çàãàäûâàþò ïî ÷èñëó èç îòðåçêà [0, 1]. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ñóùåñòâóåò
òðåóãîëüíèê ñ òàêèìè ñòîðîíàìè?

Çàäà÷à 4. (Èãëà Áþôôîíà) Ïóñòü íà ïîëîñó áåñêîíå÷íîé äëèíû è åäèíè÷íîé øèðèíû íà ïëîñ-
êîñòè ñëó÷àéíûì îáðàçîì áðîñàåòñÿ èãëà åäèíè÷íîé äëèíû. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî èãëà
ïåðåñå÷åò õîòÿ áû îäíó èç ëèíèé, îáðàçóþùèõ ïîëîñó?

Çàäà÷à 5. Òî÷êà (x, y) âûáèðàåòñÿ èç êâàäðàòà [0, 1] × [0, 1] ñîãëàñíî ðàâíîìåðíîìó ðàñïðåäå-
ëåíèþ. Íàéäèòå ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí: (a) |x− y| (b) max{x, y}, (c) min{x, y},
(d) xy, (e) x/y.

Çàäà÷à 6. Òî÷êà (x, y) âûáèðàåòñÿ èç êâàäðàòà [0, 1] × [0, 1] ñîãëàñíî ðàâíîìåðíîìó ðàñïðåäå-
ëåíèþ. Íàéäèòå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû x

x+y .

Çàäà÷à 7. Íà ïëîñêîñòè íàðèñîâàí åäèíè÷íûé êâàäðàò. Ñëó÷àéíûì îáðàçîì ïðîâîäèòñÿ ïðÿ-
ìàÿ è âû÷èñëÿåòñÿ äëèíà ξ ïðîåêöèè êâàäðàòà íà ïðÿìóþ. Íàéäèòå ôóíêöèþ ðàñïðåäåëåíèÿ
ñëó÷àéíîé âåëè÷èíû ξ è íàðèñóéòå åå ãðàôèê.

Çàäà÷à 8. M. âûáèðàåò òî÷êó (x, y) èç åäèíè÷íîãî êðóãà B = {(x, y) : x2 + y2 ≤ 1} ñîãëàñíî
ðàâíîìåðíîìó ðàñïðåäåëåíèþ íà B. N. âûáèðàåò òî÷êó (x, y) ñëåäóþùèì îáðàçîì: îí âûáèðàåò
(ϕ, r) èç ïðÿìîóãîëüíèêà Π = [0, 2π)× [0, 1] ñîãëàñíî ðàâíîìåðíîìó ðàñïðåäåëåíèþ íà Π, à çàòåì
ïîëàãàåò x = r cosϕ è y = r sinϕ. Îòëè÷àþòñÿ ëè ðàñïåðåäåëåíèÿ âûáðàííûõ òî÷åê ó M. è N.?
Êàê ñëåäóåò M. èçìåíèòü ïðàâèëà âûáîðà (ϕ, r), ÷òîáû ðàñïðåäåëåíèÿ ñîâïàëè?

Çàäà÷à 9.∗ Ïóñòü âåêòîð (ξ, η) ðàâíîìåðíî ðàñïðåäåëåí íà K = [0, 1] × [0, 1]. Äîêàæèòå, ÷òî
âåêòîð (X,Y ), ãäå

X =
√

−2 ln ξ cos(2πη), Y =
√
−2 ln ξ sin(2πη),

èìååò íîðìàëüíîå ñòàíäàðòíîå ðàñïðåäåëåíèå.
Çàäà÷à 10. Òî÷êà (x, y, z) âûáèðàåòñÿ ñîãëàñíî ðàâíîìåðíîìó ðàñïðåäåëåíèþ íà åäèíè÷íîé

ñôåðå x2 + y2 + z2 = 1. Íàéäèòå ðàñïðåäåëåíèå ïðîåêöèè ýòîé òî÷êè íà ïëîñêîñòü x, y.
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Remarks on the problem set 4

Ex 2. It is easily seen that the area of the shaded area in the picture is 3/4: it
corresponds to the probability that X and Y meet.

Ex 3. Three numbers are the side lengths of a triangle iff the largest one does
not exceed the sum of the other two. In other words, we have to calculate the
volume of the region {max{x, y, z} ≤ (x + y + z)/2} within [0, 1]3. Since we are
removing three tetahedrons, each of volume 1/6, from such a cube, the answer is
1/2.

Ex 4. This is a classical problem, as it has been used to provide the first Monte
Carlo simulation in history. Here we discuss a slight variation of this problem:
suppose that the ‘needle” is replaced by any Lipschitz curve of length `. What
is the expected number of intersections with a grid of horizontal lines, spaced at
distance 1 from each other?

The answer is surprisingly simple. First, if the needle is just a segment of length
`, the expected value must be proportional to `, E[N ] = c` for some c ≥ 0 (it is an
increasing function of ` and satsfies f(`1 + `2) = f(`1) + f(`2)). Next if the needle
is a polygonal curve of total length `, then again by linearity of the expected value
E[N ] = c` since the total number of intersections is the sum of the intersections
of each segment in the needle. Finally, by monotone approximation this holds for
any sufficiently regular curve. Thus the whole problem is reduced to calculate the
constant c. However, if the needle is a circle of radius 1/2, then N = 2 a.s., and
therefore in this case 2 = E[N ] = c (2π). So that c = 1/(2π), and the expected value
of the number of intersections for any Lipschitz curve is E[N ] = `

2π . Notice that if
the needle is a segment of length ` < 1, then this also coincides with the probability
of having at least one intersections (since two or more intersections cannot occur
in this case).

Ex 9. The exercises 6–10 share the following point. Let X be a random
variable with values in a measurable space E, and let P be the law of X (thus P is a
probability measure on E). If a map f : E → F is measurable, then the law of the
random variable f(X) is P ◦ f−1. In particular, let’s consider the case E = Rn and
F = Rm (the same statements hold on manifolds), let’s assume that P admits a
density ϕ w.r.t. the Lebesgue measure, that the map f is smooth a.e. and (locally)
injective. Then also the law of the random variable Y = f(X) admits a density ψ
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on Rm, and the usual change of variables formula holds

ψ(y) =
ϕ ◦ f−1(y)

|f ′| ◦ f−1(y)
, (1)

where |f ′| stands for the absolute value of the Jacobian determinant of f .
Back to Ex. 9, we may apply directly the computation (1). To avoid cumbersome

computations, let’s split the work in two parts. First, define the random variable
A =

√−2 log ξ. Notice that for a ≥ 0

P(A ≤ a) = P(ξ ≥ e−a2/1) = 1− e−a2/2.
In particular the law of A admits a density χ(a) = a e−a

2/21a≥0. Since ξ and η are
independent, also A and η are. Therefore (A, η) admits the density

ϕ(a, s) = a e−a
2/21a≥010≤s≤1.

Now let’s apply (1) to the transformation

f(a, s) = (a cos(2πs), a sin(2πs))

which is just the usual polar coordinates transformation. An immediate application
of (1) then gives for (X,Y ) the density

ψ(x, y) =
1

2π
exp(−x2+y2

2 ).


