
Ëèñòîê 1.

Çàäà÷à 1. Äâà ÷åëîâåêà èãðàþò â íåêîòîðóþ èãðó, ïðè÷åì ó îáîèõ øàíñû ïîáåäèòü îäèíàêîâûå.
Îíè äîãîâîðèëèñü, ÷òî òîò, êòî ïåðâûì âûèãðàåò 6 ïàðòèé, ïîëó÷èò âåñü ïðèç. Îäíàêî èãðà
îñòàíîâèëàñü ðàíüøå, êîãäà ïåðâûé âûèãðàë ïÿòü ïàðòèé, à âòîðîé âûèãðàë òðè ïàðòèè. Êàê
ñïðàâåäëèâî ðàçäåëèòü ïðèç?

Çàäà÷à 2. Èç êîëîäû (52 êàðòû) âûíèìàþò 4 êàðòû. Êàêîâà âåðîÿòíîñòü, ÷òî âñå ÷åòûðå êàðòû
÷åðíûå?

Çàäà÷à 3. Â íåêîòîðûõ ðåñòîðàíàõ Ìîñêâû, åñëè êëèåíò çàêàçûâàåò êóâøèí âèíà, òî åìó ïðåä-
ëàãàþò ðàçûãðàòü íà êîñòÿõ åùå îäèí. Ïðàâèëà ðîçûãðûøà ñëåäóþùèå: ïàðà èãðàëüíûõ êîñòåé
áðîñàåòñÿ òðè ðàçà, êëèåíò âûèãðûâàåò, åñëè â ðåçóëüòàòå õîòÿ áû îäíîãî áðîñàíèÿ âûïàäàåò
êîìáèíàöèÿ (5, 6) èëè (6, 5). Êàêîâà âåðîÿòíîñòü âûèãðàòü êóâøèí âèíà?

Çàäà÷à 4. Êîëîäó èç 52 êàðò ðàçäàþò íà ÷åòâåðûõ èãðîêîâ. Îäèí èç èãðîêîâ îáúÿâëÿåò, ÷òî ó
íåãî åñòü òóç. Êàêîâà âåðîÿòíîñòü, ÷òî ó íåãî åñòü åùå õîòÿ áû îäèí òóç? Êàêîâà âåðîÿòíîñòü,
÷òî ó íåãî åñòü åùå õîòÿ áû îäèí òóç, åñëè îí îáúÿâèë, ÷òî ó íåãî åñòü òóç ïèê?

Çàäà÷à 5. Ïðè èãðå â ïðåôåðàíñ 32 êàðòû ðàçäàëè íà òðîèõ ÷åëîâåê ïî 10 êàðò êàæäîìó è
äâå êàðòû ñíåñëè â ïðèêóï. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî â ïðèêóïå îêàçàëèñü êîðîëü è äàìà? À
åñëè âû îäèí èç èãðîêîâ è ó âàñ ñðåäè êàðò íåò êîðîëåé è äàì?

Çàäà÷à 6. N ÷åëîâåê ïðèíåñëè ïîäàðêè äðóã äëÿ äðóãà. Çàòåì ýòè ïîäàðêè ñëîæèëè â ìåøîê è
íàóãàä êàæäûé âûíóë èç ìåøêà ñåáå ïîäàðîê. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî êîíêðåòíûé ÷åëîâåê
âûíóë ïîäàðîê, êîòîðûé îí ïðèíåñ? Êàêîâà âåðîÿòíîñòü òîãî, ÷òî íèêòî íå âûòàùèë ïîäàðîê,
êîòîðûé ñàì ïðèíåñ?

Çàäà÷à 7. Ýëåêòðè÷êà ñîñòîèò èç n âàãîíîâ. Êàæäûé èç k ïàññàæèðîâ âûáèðàåò âàãîí íàóäà÷ó.
Êàêîâà âåðîÿòíîñòü, ÷òî â êàæäîì âàãîíå áóäåò õîòÿ áû îäèí ïàññàæèð? Êàêîâà âåðîÿòíîñòü,
÷òî áóäóò çàíÿòû ðîâíî r âàãîíîâ?

Çàäà÷à 8. Íà ïëîñêîñòè îòìåòèëè òî÷êè ñ êîîðäèíàòàìè (x, y), ãäå x, y ∈ {1, 2, . . . , N}. Íàóãàä
âûáèðàþò òî÷êó (x, y) èç îòìå÷åííûõ. Ïóñòü PN � âåðîÿòíîñòü òîãî, ÷òî îíà ëåæèò â êðóãå
ðàäèóñà N? Âû÷èñëèòå limN→∞ PN .

Çàäà÷à 9.∗ (Áàíàõ) Íåêèé ÷åëîâåê îäíîâðåìåííî êóïèë äâå êîðîáêè ñïè÷åê è ïîëîæèë èõ â
êàðìàí. Ïîñëå ýòîãî êàæäûé ðàç, êîãäà åìó íóæíî áûëî çàæå÷ü ñïè÷êó, îí äîñòàâàë íàóäà÷ó òó
èëè èíóþ êîðîáêó. ×åðåç íåêîòîðîå âðåìÿ, âûòàùèâ îäíó èç êîðîáîê, ÷åëîâåê îáíàðóæèë, ÷òî
îíà ïóñòà. Êàêîâà âåðîÿòíîñòü, ÷òî â äðóãîé êîðîáêå â ýòîò ìîìåíò íàõîäèëîñü k ñïè÷åê, åñëè
÷èñëî ñïè÷åê â íîâîé êîðîáêå ðàâíî n?

Çàäà÷à 10.∗ Ñòî ìóäðåöîâ ïî îäíîìó çàâîäÿò â êîìíàòó, â êîòîðîé ñòîÿò ñòî çàêðûòûõ êîðîáîê.
Â êàæäîé êîðîáêå ëåæèò òàáëè÷êà ñ èìåíåì îäíîãî èç ìóäðåöîâ. Âñå èìåíà ðàçëè÷íû. Ìóäðåö
îòêðûâàåò 50 êîðîá îäíó çà äðóãîé â ïðîèçâîëüíîì ïîðÿäêå. Åñëè â îäíîé èç îòêðûòûõ èì
êîðîáîê åñòü åãî èìÿ, òî îí âûæèâàåò, à åñëè íåò, òî ïîãèáàåò. Ïîñëå êàæäîãî ìóäðåöà âñå êîðîáêè
çàêðûâàþò è îñòàâøèåñÿ ìóäðåöû íå çíàþò î ñóäüáå óøåäøèõ â êîìíàòó. Èçíà÷àëüíî ìóäðåöû
íàõîäÿòñÿ âñå âìåñòå è ìîãóò ïðîäóìàòü ïëàí äåéñòâèé. Ïðèäóìàéòå ïëàí, êîòîðûé ãàðàíòèðóåò
âûæèâàíèå âñåõ ìóäðåöîâ ñ âåðîÿòíîñòüþ íå ìåíåå 1/4.

Çàäà÷à 11. Äåñÿòü ÷åëîâåê ñåëè â ëèôò íà öîêîëüíîì ýòàæå äîìà, â êîòîðîì ÷åòûðå ýòàæà.
Êàæäûé ÷åëîâåê íà êàêîì-òî ýòàæå âûõîäèò, íî ýòàæ âûáèðàåò ñëó÷àéíûì îáðàçîì. Êàêîâà
âåðîÿòíîñòü òîãî, ÷òî íà êàæäîì ýòàæå êòî-íèáóäü âûéäåò?

Çàäà÷à 12. Â íàó÷íîì öåíòðå ðàáîòàþò ñïåöèàëèñòû ïî 63-ì ðàçëè÷íûì íàïðàâëåíèÿì åñòå-
ñòâåííûõ íàóê. Èçâåñòíî, ÷òî ïî êàæäîìó ðàçäåëó â öåíòðå ðàáîòàåò ðîâíî 7 ó÷åíûõ, ïðè÷åì
âïîëíå ìîæåò áûòü, ÷òî îäèí ó÷åíûé ÿâëÿåòñÿ ñïåöèàëèñòîì ñðàçó ïî íåñêîëüêèì íàïðàâëåíè-
ÿì. Âñå ó÷åíûå äîëæíû ïðèíÿòü ó÷àñòèå â îäíîé (è òîëüêî îäíîé) èç äâóõ êîíôåðåíöèé, îäíà
èç êîòîðûõ ïðîõîäèò â Ìîñêâå, à äðóãàÿ â Íîâîñèáèðñêå. Äîêàæèòå, ÷òî âñåãäà ìîæíî òàê ðàñ-
ïðåäåëèòü ó÷åíûõ ïî ýòèì êîíôåðåíöèÿì, ÷òî íà êàæäîé êîíôåðåíöèè áóäóò ïðèñóòñòâîâàòü
ñïåöèàëèñòû ïî âñåì 63-ì íàïðàâëåíèÿì.
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Remarks on the problem set 1

Ex 0. At the beginning of the first problem solving lecture, we argued about
the following question. What is the probability that, sampling a random chord in
a circle, it is longer than the radius of the circle?

The question is ambiguous. What does it really mean to sample a chord ran-
domly? Of course, that are infinitely many distinct ways to sample randomly a
chord in a circle, giving in general different answers to the question. Let’s consider
three ways that may appear somehow canonical, and let’s check that the answer to
this classical problem depends on the probability law we chose.

(1) Sample two points, say A and A′, uniformly on the circle. Referring to
the picture below, the wanted probability equals the probability that A′

falls in the section of the circle between B and C (and not containing A).

(2) Sample uniformly a point I in the circle. Next consider the chord through
I and perpendicular to the radius passing at I. The probability that the
chord is longer than the radius equals the probability that OI is shorter

than
√

3r/2.
(3) Up to an irrelevant rotation, we may fix a direction in the plane and choose

uniformly a line that intersect the circle in that direction. Then the wanted
probability equals the probability that this line falls out of the strip marked

in the picture.

Ex 3. The probability for one couple of dice to give (5, 6) or (6, 5) is p = 2
36 .

Thus the required probability is 1 − (1 − p)3. To get a numerical estimation, we
can think of p as small and remark 1− (1− p)3 ' 1− (1− 3p) = 3p ∼ 0.167 (while
1 − (1 − p)3 ∼ 0.157). Notice that in the approximation 1 − (1 − p)3 ' 3p we are
neglecting the calculation of probabilities to get a successful result more than once.

Ex 4. Recall that a French deck (poker deck) of 52 cards is composed by 4 colors
(or suits), each one counting 13 kinds (or values).

There are C13
52 possible 13-cards hands to give to a player. Out of those many,

C13
48 contain no aces (since there are 4 aces in the deck). Thus C13

52 − C13
48 are the
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hands containing at least one ace. This could be also calculated as

C1
4 ∗ C12

48︸ ︷︷ ︸
exactly one ace

+ C2
4 ∗ C11

48︸ ︷︷ ︸
exactly two aces

+ C3
4 ∗ C10

48︸ ︷︷ ︸
exactly three

+C4
4 ∗ C9

48︸ ︷︷ ︸
exactly four

As indeed the number of hands with at least two aces is C13
52 −C13

48 −C1
4 ∗C12

48 , the
probability of having at least two aces, given that one has at least one ace is

C13
52 − C13

48 − C1
4 ∗ C12

48

C13
52 − C13

48

∼ 0.37

Consider now the case where the player states that he has the ace of spades.
Then there are C12

51 (which also equals C13
52 − C13

51 ) hands containing such an ace,
and C12

48 hands containing no other ace. Thus the probability of having at least
another ace is

C12
51 − C12

48

C12
51

∼ 0.56

Somebody asked about the possibility to proceed somehow in a different way.
You must be quite cautious about the exact information in the questions to pro-
ceed as follows, as likely you assumed facts that hold true in this exercise (due to
permutation invariance), but may not hold true in other cases.

Consider the second question, when the player declares to have an ace of spades.
The first (true) assumption some students had, is that the probability of not having
any other ace but the ace of spades, equals the probability of turning 12 cards (out
of the 51 that are not the ace of spades) in a row, without getting any other ace.
This is true, but the reason will be fully justified later in the course. Since this
probability is then intuitively calculated as 48

51 · · · 3740 , the required probability is

1− 48!39!

36!51!
= 1− C12

48

C12
51

giving the same result as above.
See the first exercise of the second problem set to understand why this reasoning

cannot work for the first question.

Ex 6. Let’s focus on the second question. We are asking the probability that
a random permutation over N elements has no fixed point (random=we choose a
permutation uniformly out of the N ! possible). Given i ∈ {1, . . . , N}, let Ai the
event i is a fixed point, or more formally Ai := {π ∈ SN : π(i) = i}. Clearly
P(Ai) = (N − 1)!/N ! = 1/N , and in general if the ij ’s are all distinct

P(∩kj=1Aij ) = (N−k)!
N !

Thus

P
(
∪Ni=1 Ai

)
=

N∑
i=1

P(Ai)−
∑
i1<i2

P(Ai1 ∩Ai2) + . . .+ (−1)N+1P(∩Ni=1Ai)

=

N∑
k=1

(−1)k+1

(
k

N

)
(N−k)!

N !
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Since we want to calculate the probability of the complementary of such a union
we get

pN := P
(
∩Ni=1 Āi

)
=

N∑
k=0

(−1)k
k!

In particular |pN − e−1| ≤ 1/((N + 1)!).

Ex 7. Given two finite sets E and F of cardinality k and n respectively, there are
kn functions f : E → F . The exercise thus requires the calculation of the cardinality
of surjective functions f : E → F , and in general the cardinality of functions with
an image of cardinality exactly r ≤ n.

Let’s first calculate how many surjective functions exist, provided k ≥ n. For
A ⊂ F , define

ξ(A) = |{ξ ∈ FE : ξ(F ) ⊂ A}| = |AE | = |A|k

η(A) = |{ξ ∈ FE : ξ(F ) = A}|
Namely ξ(A) is the number of functions with values in A, and η(A) is the number
of functions having exactly A as image. We are thus interested in η(F ).

Clearly ξ(A) =
∑

B⊂A η(B). This implies

η(F ) =
∑
A⊂F

(−1)|F |−|A|ξ(A) =

n∑
j=0

(−1)n−j
(
n

j

)
jk (1)

Back to the general case (functions with an image of cardinality r), from (1) and
recalling that there are

(
n
r

)
sets of cardinality r in B, we gather that there are

r∑
j=0

(−1)n−j
(

n

j, r − j, n− r

)
jk

functions with an image of cardinality exactly r.

Ex 8. The required probability coincides with the following one. Sample
x and y uniformly and independently in {1/N, 2/N, . . . , 1}, and let PN be the
probability that (x, y) falls with the (quadrant) circle of radius 1. As N → ∞,
we can simply use the fact that the circle is Riemann-measurable to argue that
PN → π/4 = measure of the circle / measure of [0, 1]2, as indeed squares with sides
1/N on [0, 1]2 provide a Riemannian mesh. The same approach would work for any
Riemman-measurable subset of [0, 1]2.

On the other hand, the sharp asymptotic behavior of the quantity PN − π/4 is
quite a hard problem. Several celebrated mathematicians worked on the problem,
including Gauss, Hardy and E.Landau.

Ex 9. To fix the notation, let’s say that at the beginning there were n mathches
in each pocket. Let’s calculate the probability that the man finds the right pocket
empty, and that at this moment there are k matches in the left pocket. For this to
happen, the man must choose the right pocket n times out of n+ n− k tries, and
then he must choose right yet again at the 2n− k+ 1-th try. Thus this probability
equals 1

2

(
2n−k

n

)
2−2n+k. The required probability is then

(
2n−k

n

)
2−2n+k since the

left pocket could be also found empty first.


