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Ëèñòîê 3

Çàäà÷à 1. Íàéäèòå ôàçîâûé ïîòîê ñèñòåìû
ẋ = x

ẏ = x+ 2y + 3z

ż = −x+ y + 4z

Çàäà÷à 2. Íàéòè îáðàç âåêòîðà (1, 2, 3), ïðèëîæåííîãî ê íà÷àëó êîîðäèíàò, ïîä äåé-

ñòâèåì çà âðåìÿ π/2 ôàçîâîãî ïîòîêà, îïðåäåëÿåìîãî âåêòîðíûì ïîëåì

(x2 − sin y + sh2 z, sin x+ y2 − z2, x2 + y2 − 2z(x+ y + 1)).

Çàäà÷à 3. Íàðèñóéòå îáðàç êâàäðàòà |x| ≤ 1, |y| ≤ 1 ïðè ïðåîáðàçîâàíèè ôàçîâîãî

ïîòîêà ñèñòåìû

(a)

{
ẋ = x− y

ẏ = 2y
(b)

{
ẋ = 2y

ẏ = x+ y
çà âðåìÿ t = 1.

Çàäà÷à 4. Íàéäèòå îáúåì îáðàçà åäèíè÷íîãî êóáà ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ çà

âðåìÿ t = 1 ôàçîâîãî ïîòîêà ñèñòåìû

ẋ1 = sin x2 + 3x1, ẋ2 = cos x3 − 2x2 + x1, ẋ3 = arctgx1 − x2 + x3.

Çàäà÷à 5. Âûïðÿìèòå íà ïëîñêîñòè ñëåäóþùèå âåêòîðíûå ïîëÿ:

(a) ∂
∂x

+ y ∂
∂y
, (b) (x+ y) ∂

∂x
+ 2 ∂

∂y
.

Çàäà÷à 6. Ïóñòü b(t, x) : R×R → R � ãëàäêàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî â ðàñøèðåííîì

ôàçîâîì ïðîñòðàíñòâå äëÿ ëþáîé òî÷êè (t0, x0) ñóùåñòâóåò äîñòàòî÷íî ìàëàÿ îêðåñòíîñòü,

â êîòîðîé îáðàòíàÿ çàìåíà ê çàìåíå êîîðäèíàò (t, x) 7→ (t,X(t, x)), ãäå X(t, x) � ðåøåíèå

çàäà÷è Êîøè äëÿ óðàâíåíèÿ ẋ = b(t, x) ñ íà÷àëüíûì óñëîâèåì X(0, x) = x, óðàâíåíèå

ẋ = b(t, x) ïåðåâîäèò â óðàâíåíèå ẏ = 0. Òàêèì îáðàçîì, ëîêàëüíî âûïðÿìëÿåòñÿ ïîëå

íàïðàâëåíèé. Âûïðÿìèòå ïîëå íàïðàâëåíèé óðàâíåíèé (a) ẋ = x, (b) ẋ = t.

Çàäà÷à 7. (a) Ïóñòü A è B � ìàòðèöû n × n. Äîêàæèòå, ÷òî eAt è eBs äëÿ âñåõ t, s

êîììóòèðóþò òîãäà è òîëüêî òîãäà, êîãäà [A,B] = AB −BA = 0.

(b) Äîêàæèòå, ÷òî äëÿ âñÿêèõ ìàòðèö A è B âåðíî ðàâåíñòâî (ôîðìóëà Ëè)

eA+B = lim
n→∞

(
eA/neB/n

)n

.
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