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8.1 Óðàâíåíèÿ Ëàãðàíæà è çàìåíû êîîðäèíàò

Îñíîâîïîëàãàþùèì ïðèíöèïîì â êëàññè÷åñêîé ìåõàíèêå ÿâëÿåòñÿ òî,
÷òî â êà÷åñòâå îáîáùåííûõ êîîðäèíàò ñèñòåìû ìîæíî âûáèðàòü ÷òî
óãîäíî, ñêàæåì ëàãðàíæåâà äèíàìèêà ñèñòåìû íà ìíîãîîáðàçèè M íå
äîëæíà çàâèñåòü îò òàêîãî âûáîðà. Äåéñòâèòåëüíî, ïîñìîòðèì, ÷òî ïðî-
èñõîäèò ñ óðàâíåíèÿìè äâèæåíèÿ ÝË ïðè çàìåíå îáîáùåííûõ êîîðäèíàò
g : M 7→ M , g ∈ Diff(M), ò.å.

q = q(Q), q̇i =
∂qi

∂Qj
Q̇j, L(q(Q),

∂q

∂Q
Q̇) = L(Q, Q̇) (1)

Î÷åâèäíî, ÷òî

Q̇i =
∂Qi

∂qj
q̇j,

∂L
∂Q̇i

=
∂qj

∂Qi

∂L

∂q̇j

∂L
∂Qi

=
∂L

∂qj
∂qj

∂Qi
+

∂L

∂q̇j
∂2qj

∂Qi∂Qk
Q̇k

(2)
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ïîýòîìó óðàâíåíèÿ ÝË â íîâûõ êîîðäèíàòàõ

0 =
d

dt

∂L
∂Q̇i

− ∂L
∂Qi

=
d

dt

(
∂L

∂q̇j
∂qj

∂Qi

)
− ∂L

∂qj
∂qj

∂Qi
− ∂L

∂q̇j
∂2qj

∂Qi∂Qk
Q̇k =

=

(
d

dt

∂L

∂q̇j
− ∂L

∂qj

)
∂qj

∂Qi
+

∂L

∂q̇j

(
d

dt

∂qj

∂Qi
− ∂2qj

∂Qi∂Qk
Q̇k

)
=

=

(
d

dt

∂L

∂q̇j
− ∂L

∂qj

)
∂qj

∂Qi
= 0, i = 1, . . . , N

(3)

áëàãîïîëó÷íî âûïîëíÿþòñÿ â ñèëó óðàâíåíèé â ñòàðûõ êîîðäèíàòàõ.

8.2 Ñèìïëåêòîìîðôèçìû ôàçîâîãî ïðîñòðàíñòâà

Âåðíåìñÿ òåïåðü ê ãàìèëüòîíîâó ôîðìàëèçìó è ôàçîâîìó ïðîñòðàíñòâó,
ñèìïëåòè÷åñêîìó 2N -ìåðíîìó ìíîãîîáðàçèþM, îñíàùåííîìó íåâûðîæ-
äåííîé çàìêíóòîé 2-ôîðìîé

dω = 0, ωN ̸= 0 (4)

íà êîòîðîì åñòåñòâåííî ðàññìàòðèâàòü áîëåå îáùèå çàìåíû êîîðäèíàò �
ñèìïëåêòîìîðôèçìû, ñîõðàíÿþùèå ñèìïëåêòè÷åñêóþ ôîðìó

F : M 7→ M, F ∗(ω) = ω (5)

Ðàññìîòðèì òåïåðü �ôîðìó Ïóàíêàðå�

α : dα = ω (6)

òàêóþ, ÷òî â êîîðäèíàòàõ Äàðáó îíà èìååò âèä 1

α = pdq =
N∑
i=1

pidq
i (7)

Òåîðåìó Ëèóâèëëÿ î ñîõðàíåíèè ñèìïëåêòè÷åñêîé ôîðìû (èëè èíòå-
ãðàëüíî � ôàçîâîãî îáúåìà) ìîæíî ïåðåôîðìóëèðîâàòü îäíèì èç ñëå-
äóþùèõ �ëîêàëüíûõ� ñïîñîáîâ

1ßñíî, ÷òî âîîáùå ãîâîðÿ îíà îïðåäåëåíà ñ òî÷íîñòüþ äî íåêîòîðîé òî÷íîé ôîðìû

� äèôôåðåíöèàëà ôóíêöèè α ∼ α+ df .
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• Ñîõðàíÿåòñÿ ñàìà ôîðìà

F ∗(ω) = ω (8)

• Ñîõðàíÿþòñÿ ëþáûå ïëîùàäè∫
Σ

ω =

∫
ΣF

ω (9)

äëÿ ëþáûõ �ñóìì ïëîùàäåé ïðîåêöèé� ïîâåðõíîñòè.

• Ïî òåîðåìå Ñòîêñà îòñþäà ñëåäóåò äëÿ êîíòóðîâ γ = ∂Σ∫
γ

α =

∫
γF

αF (10)

Ïîñëåäíåå óòâåðæäåíèå ýêâèâàëåíòíî òîìó, ÷òî ïðè êàíîíè÷åñêèõ
ïðåîáðàçîâàíèÿõ

αF − α = F ∗α− α = dS (11)

ôîðìà Ïóàíêàðå α ïðåîáðàçóåòñÿ ñ òî÷íîñòüþ äî äèôôåðåíöèàëà íåêî-
òîðîé ôóíêöèè íà M, ïîñêîëüêó dαF −dα = 0. Ýòî óòâåðæäåíèå ÿâëÿåò-
ñÿ ÷àñòíûì ñëó÷àåì âàæíåéøåãî ôèçè÷åñêîãî ïîíÿòèÿ � �êàëèáðîâî÷íûõ
ïðåîáðàçîâàíèé�

α 7→ α + dS, ω 7→ ω (12)

äëÿ ñâÿçíîñòè α ∈ Ω1(M) è åå êðèâèçíû ω = dα. Òàêèì îáðàçîì, êàíî-
íè÷åñêîå ïðåîáðàçîâàíèå çàäàåòñÿ ïðîèçâîäÿùåé ôóíêöèåé S ∈ Fun(M)
íà ñèìïëåêòè÷åñêîì ìíîãîîáðàçèè � ôàçîâîì ïðîñòðàíñòâå.

Ïðèìåð: M = R2, ω = dp ∧ dq, îáùåå ïðåîáðàçîâàíèå M 7→ M

F : P = P (p, q), Q = Q(p, q) (13)

æåëàòåëüíî îáðàòèìîå. Òîãäà

dP ∧ dQ =

(
∂P

∂p
dp+

∂P

∂q
dq

)
∧
(
∂Q

∂p
dp+

∂Q

∂q
dq

)
=

=

(
∂Q

∂q

∂P

∂p
− ∂Q

∂p

∂P

∂q

)
dp ∧ dq = {Q,P}dp ∧ dq

(14)
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ò.å. ïðåîáðàçîâàíèå êàíîíè÷åñêîå, åñëè {Q,P} = 1. Ïîëó÷èëè ÷àñòíûé
ñëó÷àé îáùåãî ïðîñòîãî ñëåäñòâèÿ: åñëè ïðåîáðàçîâàíèå ñîõðàíÿåò ñèì-
ïëåêòè÷åñêóþ ôîðìó ω, òî îíî ñîõðàíÿåò è ñêîáêó Ïóàññîíà.

Êàçàëîñü áû ó íàñ îñòàëîñü äâå ôóíêöèè {P (p, q), Q(p, q)} ñ åäèí-
ñòâåííûì íà íèõ óñëîâèåì. Íî åñëè âçÿòü óæå èíôèíèòåçèìàëüíóþ ôîð-
ìó

P (p, q) = p+ π(p, q) + . . . , Q(p, q) = q + ϑ(p, q) + . . . (15)

òî

{Q,P} =
∂Q

∂q

∂P

∂p
− ∂Q

∂p

∂P

∂q
=

(
1 +

∂ϑ

∂q

)(
1 +

∂π

∂p

)
− ∂ϑ

∂p

∂π

∂q
+ . . . =

= 1 +
∂ϑ

∂q
+

∂π

∂p
+ . . .

(16)
÷òî îçíà÷àåò, ÷òî óæå â ïåðâîì ïîðÿäêå

∂ϑ

∂q
+

∂π

∂p
= 0 (17)

èëè äèôôåðåíöèàë
ϑdp− πdq = d(. . .) (18)

ÿâëÿåòñÿ òî÷íûì (ñð. ñ ôîðìóëîé Ñòîêñà). Äðóãèìè ñëîâàìè � êàíîíè-
÷åñêèå ïðåîáðàçîâàíèÿ îïðåäåëÿþòñÿ îäíîé ïðîèçâîäÿùåé ôóíêöèåé íà
ôàçîâîì ïðîñòðàíñòâå, ýòî ðàññóæäåíå ëåãêî îáîáùèòü íà ïðîèçâîëüíûé
ñëó÷àé.

8.3 Óðàâíåíèå Ãàìèëüòîíà-ßêîáè

Ïîïðîáóåì ïîñìîòðåòü íà âñå ýòî ñ äðóãîé òî÷êè çðåíèÿ. Íà÷íåì ñ òîãî,
÷òî:

Ëåììà: Ãàìèëüòîíîâû ïîòîêè íà M ñîõðàíÿþò ñèìïëåêòè÷åñêóþ
ôîðìó ω, ò.å. ÿâëÿþòñÿ ïðèìåðàìè êàíîíè÷åñêèõ ïðåîáðàçîâàíèÿ.

Äîêàçàòåëüñòâî: âîñïîëüçóåìñÿ êîîðäèíàòàìè Äàðáó. Òîãäà

ω̇ =
N∑
i=1

(dṗi ∧ dqi + dpi ∧ dq̇i) (19)
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è âñëåäñòâèå êàíîíè÷åñêèõ óðàâíåíèé

dq̇i = d
∂H

∂pi
=

∑
j

dqj
∂2H

∂qj∂pi
+
∑
j

dpj
∂2H

∂pj∂pi

dṗi = −d
∂H

∂qi
= −

∑
j

dqj
∂2H

∂qj∂qi
−
∑
j

dpj
∂2H

∂pj∂qi

(20)

ïîëó÷àåì

ω̇ =
∑
i,j

(
dpi ∧ dpj

∂2H

∂pj∂pi
+ dqi ∧ dqj

∂2H

∂qj∂qi

)
+

+
∑
i,j

(
dpi ∧ dqj

∂2H

∂qj∂pi
− dpj ∧ dqi

∂2H

∂pj∂qi

)
= 0

(21)

Âåðíåìñÿ òåïåðü ê äèíàìèêå ãàìèëüòîíîâîé ñèñòåìû, ãåðåíèðóåìîé
ãàìèëüòîíèàíîì H èëè âåêòîðíûì ïîëåì ξH = ΩdH è ïîñìîòðèì íà
ñîîòâåòñòâóþùóþ îäíîïàðàìåòðè÷åñêóþ ïîäãðóïïó ãðóïïû ñèìïëåêòî-
ìîðôèçìîâ, ñêàæåì çà âðåìÿ t ∈ (0, T ). Ðåøåíèå ñîîòâåòñòâóþùèõ êàíî-
íè÷åñêèõ óðàâíåíèé ìîæíî èíòåðïðåòèðîâàòü êàê êàíîíè÷åñêîå ïðåîá-
ðàçîâàíèå

F : P = P (p, q), Q = Q(p, q)

(p, q) = (p0, q0) = (p(0), q(0)), (P,Q) = (p(T ), q(T ))
(22)

è ðàññìîòðåòü åãî ïðîèçâîäÿùóþ ôóíêöèþ

dS = PdQ− pdq, P =
∂S

∂Q
, p = −∂S

∂q
(23)

âûðàæåííóþ S = S(q,Q;T ) ÷åðåç íà÷àëüíûå è êîíå÷íûå êîîðäèíàòû,
è çàâèñÿùóþ îò âðåìåííîãî èíòåðâàëà T êàê îò ïàðàìåòðà. Áîëåå òîãî,
â äàëüíåéøåì ÷àñòî áóäåò ïîëåçíî ñ÷èòàòü, ÷òî íà÷àëüíàÿ êîîðäèíàòà
q = q0 ôèêñèðîâàíà, è ìû ðàññìàòðèâàåì �ïó÷îê òðàåêòîðèé�, ïðîõîäÿ-
ùèõ ÷åðåç ýòó òî÷êó â �êîíôèãóðàöèîííîì ïðîñòðàíñòâå� (÷òî áû ýòî íè
çíà÷èëî!), ò.å. ñìîòðèì íà ôóíêöèè S = S(Q;T ), çàâèñÿùèå îò q = q0
êàê îò ïàðàìåòðà.
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Òåîðåìà: Ïðîèçâîäÿùåé ôóíêöèåé êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ (22)
ÿâëÿåòñÿ äåéñòâèå ñèñòåìû

S(q,Q;T ) =

∫ T

0

dt(pq̇ −H) (24)

âû÷èñëåííîå íà ðåøåíèè êàíîíè÷åñêèõ óðàâíåíèé ñ ôèêñèðîâàííûìè êî-
îðäèíàòàìè íà êîíöàõ. Êàê ôóíêöèÿ S = S(Q;T ) âðåìåíè T è êîíå÷íîé
êîîðäèíàòû Q ýòî äåéñòâèå óäîâëåòâîðÿåò óðàâíåíèþ

∂S

∂T
+H

(
∂S

∂Q
,Q;T

)
= 0 (25)

íàçûâàåìûì óðàâíåíèåì Ãàìèëüòîíà-ßêîáè.

Ïðèìåð: Äëÿ ñâîáîäíîé ÷àñòèöû èìååì:

H =
p2

2m
, q̇ =

p

m
, ṗ = 0

q(t) = q0 +
p

m
t = q +

Q− q

T
t

S = m
(Q− q)2

2T

(26)

îòêóäà

P =
∂S

∂Q
= −∂S

∂q
= m

Q− q

T
= p

∂S

∂T
= −m

(Q− q)2

2T 2
= − p2

2m
= − P 2

2m
= −H

(27)

è óðàâíåíèå Ãàìèëüòîíà-ßêîáè ñ î÷åâèäíîñòüþ âûïîëíÿåòñÿ.

Çàäà÷à: ïðîâåðèòü ýòî óòâåðæäåíèå äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà.
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