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9.1 Äåéñòâèå è óðàâíåíèå Ãàìèëüòîíà-ßêîáè

Âåðíåìñÿ òåïåðü ê äèíàìèêå ãàìèëüòîíîâîé ñèñòåìû, ãåðåíèðóåìîé ãà-
ìèëüòîíèàíîì H èëè âåêòîðíûì ïîëåì ξH = ΩdH è ïîñìîòðèì íà ñîîò-
âåòñòâóþùóþ îäíîïàðàìåòðè÷åñêóþ ïîäãðóïïó ãðóïïû ñèìïëåêòîìîð-
ôèçìîâ, ñêàæåì çà âðåìÿ t ∈ (0, T ). Ðåøåíèå ñîîòâåòñòâóþùèõ êàíîíè-
÷åñêèõ óðàâíåíèé ìîæíî èíòåðïðåòèðîâàòü êàê êàíîíè÷åñêîå ïðåîáðà-
çîâàíèå

F : P = P (p, q), Q = Q(p, q)

(p, q) = (p0, q0) = (p(0), q(0)), (P,Q) = (p(T ), q(T ))
(1)

è ðàññìîòðåòü åãî ïðîèçâîäÿùóþ ôóíêöèþ

dS = PdQ− pdq, P =
∂S

∂Q
, p = −∂S

∂q
(2)
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âûðàæåííóþ S = S(q,Q;T ) ÷åðåç íà÷àëüíûå è êîíå÷íûå êîîðäèíàòû,
è çàâèñÿùóþ îò âðåìåííîãî èíòåðâàëà T êàê îò ïàðàìåòðà. Áîëåå òîãî,
â äàëüíåéøåì ÷àñòî áóäåò ïîëåçíî ñ÷èòàòü, ÷òî íà÷àëüíàÿ êîîðäèíàòà
q = q0 ôèêñèðîâàíà, è ìû ðàññìàòðèâàåì �ïó÷îê òðàåêòîðèé�, ïðîõîäÿ-
ùèõ ÷åðåç ýòó òî÷êó â �êîíôèãóðàöèîííîì ïðîñòðàíñòâå� (÷òî áû ýòî íè
çíà÷èëî!), ò.å. ñìîòðèì íà ôóíêöèè S = S(Q;T ), çàâèñÿùèå îò q = q0
êàê îò ïàðàìåòðà.

Òåîðåìà: Ïðîèçâîäÿùåé ôóíêöèåé êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ (1)
ÿâëÿåòñÿ äåéñòâèå ñèñòåìû

S(q,Q;T ) =

∫ T

0

dt(pq̇ −H) (3)

âû÷èñëåííîå íà ðåøåíèè óðàâíåíèé äâèæåíèÿ ñ ôèêñèðîâàííûìè êîîð-
äèíàòàìè íà êîíöàõ. Êàê ôóíêöèÿ S = S(Q;T ) âðåìåíè T è êîíå÷íîé
êîîðäèíàòû Q ýòî äåéñòâèå óäîâëåòâîðÿåò óðàâíåíèþ

∂S

∂T
+H

(
∂S

∂Q
,Q;T

)
= 0 (4)

íàçûâàåìûì óðàâíåíèåì Ãàìèëüòîíà-ßêîáè. Äðóãèìè ñëîâàìè, ôóíê-
öèÿ äåéñòâèÿ (3) óäîâëåòâîðÿåò ñîîòíîøåíèÿì

dS = PdQ− pdq,
∂S

∂T
= −H(P,Q;T ) (5)

9.2 Äîêàçàòåëüñòâî òåîðåìû è ïðèíöèï íàèìåíüøåãî

äåéñòâèÿ

Äîêàçàòåëüñòâî ïî÷òè î÷åâèäíî, õîòÿ ïî äîðîãå âñòðå÷àþòñÿ íóäíûå
òîíêîñòè. Ðåàëüíî îíî ñâîäèòñÿ ê î÷åðåäíîìó èñïîëüçîâàíèþ ïðèíöèïà
íàèìåíüøåãî äåéñòâèÿ.

• Â ëàãðàíæåâîé ôîðìóëèðîâêå

δS = δ

∫ T

0

dtL(q, q̇; t) =

∫ T

0

dt

(
∂L

∂qi
− d

dt

(
∂L

∂q̇i

))
δqi+

+
∂L

∂q̇i
δqi

∣∣∣∣T
0

(6)
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îáû÷íî ìû âûêèäûâàëè âòîðîå ñëàãàåìîå (ïîëàãàÿñü íà ãðàíè÷-
íûå óñëîâèÿ), è òðåáîâàëè óðàâíåíèé ÝË äëÿ çàíóëåíèÿ èíòåãðàëà.
Ìîæíî òî æå ñàìîå ïåðåôîðìóëèðîâàòü ïî-äðóãîìó: íàîáîðîò, íà
óðàâíåíèÿõ ÝË ïîëó÷àåì

δS =
∂L

∂q̇i
δqi

∣∣∣∣T
0

= PδQ− pδq (7)

÷òî ñîâïàäàåò ñ ôîðìóëîé äëÿ äèôôåðåíöèàëà ïðîèçâîäÿùåé ôóíê-

öèè ïðè èñïîëüçîâàíèè î÷åâèäíûõ îïðåäåëåíèé Pi = pi(T ) =
∂L
∂q̇i

∣∣∣
T

è pi = pi(0) =
∂L
∂q̇i

∣∣∣
0
.

Òàêæå äëÿ ëàãðàíæåâà äåéñâèÿ î÷åâèäíî, ÷òî dS
dT

= L(q, q̇;T ). Ïðè-
ìåíèì ýòî òåïåðü ê ôóíêöèè S = S(Q;T )

dS

dT
=

∂S

∂T
+

∂S

∂Q

dQ

dT
=

∂S

∂T
+ PQ̇ (8)

ãäå ìû âîñïîëüçîâàëèñü (2), (7). Äðóãèìè ñëîâàìè

dS

dt
=

∂S

∂t
+

∂S

∂q

dq

dt
=

∂S

∂t
+ pq̇ = L (9)

èëè, âîñïîëüçîâàâøèñü ïðåîáðàçîâàíèåì Ëåæàíäðà,

∂S(q; t)

∂t
= L− pq̇ = −H(p, q; t) (10)

ò.å. âûïîëíÿåòñÿ óðàâíåíèå Ãàìèëüòîíà-ßêîáè.

• Èç ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ â ãàìèëüòîíîâîé ôîðìóëèðîâ-
êå

δS =

∫ T

0

dt

(
δp

(
q̇ − ∂H

∂p

)
− δq

(
ṗ+

∂H

∂q

))
+ pδq|T0 (11)

ñëåäóåò, ÷òî íà ðåøåíèÿõ êàíîíè÷åñêèõ óðàâíåíèé Ãàìèëüòîíà (ò.å.
íà òðàåêòîðèè)

P = p(T ) =
∂S

∂Q
, Q = q(T )

p = p(0) = −∂S

∂q
, q = q(0)

(12)
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à êðîìå òîãî, èç ôîðìóëû (3) î÷åâèäíî, ÷òî

∂S

∂T
= −H(P,Q;T ) (13)

Ïîýòîìó íà ïðîñòðàíñòâå (Q;T ) äëÿ äèôôåðåíöèàëà ôóíêöèè S =
S(q,Q;T ) (ïðè ôèêñèðîâàííîì q!) ìîæíî íàïèñàòü

dS = PdQ−HdT (14)

Ýòîò äèôôåðåíöèàë îïðåäåëÿåò ôóíêöèþ

S(Q;T ) =

∫ (Q;T )

(q;0)

dS =

∫ (Q;T )

(q;0)

(pdq −Hdt) (15)

ò.ê. îí ÿâëÿåòñÿ òî÷íûì â ñèëó óðàâíåíèé Ãàìèëüòîíà ṗ = −∂H
∂q
.

9.3 Êàíîíè÷åñêèå ïðåîáðàçîâàíèÿ è ãàìèëüòîíèàí

Ïóñòü òåïåðü (p, q) è (P,Q) îïÿòü äâà ðàçíûõ àáñòðàêòíûõ âûáîðà êî-
îðäèíàò Äàðáó íà M, ñâÿçàííûõ êàíîíè÷åñêèì ïðåîáðàçîâàíèåì. Ïî-
ñòàâèì âîïðîñ î òîì, êàê âûãëÿäÿò â íîâûõ ïåðåìåííûõ êàíîíè÷åñêèå
óðàâíåíèÿ: ò.å. êàêîâà äëÿ íèõ ôóíêöèÿ Ãàìèëüòîíà H(P,Q; t). Ïîñêîëü-
êó è â òåõ è â äðóãèõ ïåðåìåííûõ êàíîíè÷åñêèå óðàâíåíèÿ ñëåäóþò èç
ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ, ò.å.

δS = δ

∫
(pdq −Hdt) = 0 (16)

è

δS = δ

∫
(PdQ−Hdt) = 0 (17)

òî äåéñòâèÿ â òåõ è äðóãèõ ïåðåìåííûõ äîëæíû ñîâïàäàòü ñ òî÷íîñòüþ
äî ïîëíûõ ïðîèçâîäíûõ, ò.å.

PdQ−Hdt = pdq −Hdt− dF (18)

(äëÿ äàëüíåéøåãî óäîáñòà âçÿëè dF ñ ìèíóñîì), è ýòî ðàâåíñòâî èìååò
ñìûñë êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ íà ðàñøèðåííîì (âðåìåíåì) ôàçî-
âîì ïðîñòðàíñòâå ñ ïðîèçâîäÿùåé ôóíêöèåé F = F (Q, q; t), òàêîé ÷òî

P = −∂F

∂Q
, p =

∂F

∂q
, H =

∂F

∂t
+H (19)
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Ïîíÿòíî, ÷òî äîáàâëÿÿ ê (18) ïîëíûé äèôôåðåíöèàë, ìîæíî (ïðåîáðà-
çîâàíèåì Ëåæàíäðà!) çàäàòü ïðîèçâîäÿùóþ ôóíêöèþ Φ = Φ(P, q; t) =
F − PQ äëÿ êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ

QdP −Hdt = pdq −Hdt− dΦ

Q = −∂Φ

∂P
, p =

∂Φ

∂q
, H =

∂Φ

∂t
+H

(20)

9.4 Ðåøåíèå óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè è êàíîíè-

÷åñêèå ïðåîáðàçîâàíèÿ

Íà óðàâíåíèå Ãàìèëüòîíà-ßêîáè (òî÷íåå - íà åãî ðåøåíèÿ) âîçìîæåí è
äðóãîé âçãëÿä ñ òî÷êè çðåíèÿ êàíîíè÷åñêèõ ïðåîáðàçîâàíèé. Ïîñìîòðèì
íà óðàâíåíèå (4) çàáûâ, ÷òî S = S(Q, T ) êàê-òî ñâÿçàíî ñ íà÷àëüíûìè
êîîðäèíàòàìè, ò.å. íàïèñàâ

∂S

∂t
+H

(
∂S

∂q
, q; t

)
= 0 (21)

ãäå S = S(q; t) åñòü ôóíêöèÿ âðåìåíè è N êîîðäèíàò, è ðàññìàòðèâàÿ
(21) ïðîñòî êàê óðàâíåíèå ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ. Êàê
ðåøåíèå çàäà÷è Êîøè óðàâíåíèå (21) çàâèñåëî áû îò âûáîðà ïðîèçâîëü-
íîé (íà÷àëüíîé) ôóíêöèè S|t=0 = S0(q1, . . . , qN), îäíàêî äëÿ öåëåé èí-
òåãðèðîâàíèÿ êàíîíè÷åñêèõ óðàâíåíèé äîñòàòî÷íî íàéòè ðåøåíèÿ (21),
çàâèñÿùåå îò N + 1 ïðîèçâîëüíûõ ïîñòîÿííûõ (ò.í. ïîëíûé èíòåãðàë).

Òåîðåìà ßêîáè: Åñëè íàéäåí ïîëíûé èíòåãðàë (21), ò.å. ðåøåíèå

S = f(t; q1, . . . , qN ;α1, . . . , αN) + C (22)

çàâèñÿùåå îò N+1 ïðîèçâîëüíûõ {α1, . . . , αN ;C}, òî êàíîíè÷åñêèå óðàâ-
íåíèÿ Ãàìèëüòîíà ðåøàþòñÿ â êâàäðàòóðàõ.

Äîêàçàòåëüñòâî îïÿòü æå âûòåêàåò èç òîãî, ÷òî òåïåðü óæå ôîðìó-
ëà (22) èìååò ñìûñë êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ (18) (èëè (20)), åñëè
ðàññìàòðèâàòü ïàðàìåòðû {α} êàê íàáîð íîâûõ êîîðäèíàò (èëè èìïóëü-
ñîâ). Ïðè ýòîì â ñèëó (21)

H =
∂S

∂t
+H = 0 (23)
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ò.å. íîâûå ïåðåìåííûå {α} (è èì ñîïðÿæåííûå {β}!) óäîâëÿòâîðÿþò êà-
íîíè÷åñêèì óðàâíåíèÿì ñ íóëåâûì ãàìèëüòîíèàíîì

α̇i = 0, β̇i = 0, i = 1, . . . , N (24)

à çíà÷èò ðåøåíèå (22) ïðèâîäèò ê ñèñòåìå

∂S

∂αi

=
∂f

∂αi

= βi, i = 1, . . . , N (25)

èç N àëãåáðàè÷åñêèõ óðàâíåíèé, èç êîòîðûõ ìîæíî â ïðèíöèïå íàéòè

qi = qi(t;α, β), i = 1, . . . , N (26)

ò.å. èíòåðåñóþùèå íàñ êîîðäèíàòû ñèñòåìû êàê ôóíêöèè âðåìåíè è 2N
ïîñòîÿííûõ (ñâÿçàííûõ, íàïðèìåð) ñ ãðàíè÷íûìè óñëîâèÿìè.

×òîáû ïîíÿòü, ÷òî ðåøåíèå óðàâíåíèå Ãàìèëüòîíà-ßêîáè èìååò äî-
ñòàòî÷íî íåïðèâû÷íûé íà ïåðâûé âçãëÿä âèä, ðàññìîòðèì:

Ïðèìåð: Ñâîáîäíàÿ ÷àñòèöà

∂S

∂t
+

1

2m

(
∂S

∂q

)2

= 0 (27)

Áóäåì èñêàòü ðåøåíèå â âèäå ðàçäåëÿþùèõñÿ ïåðåìåííûõ (áîëåå èëè
ìåíåå åäèíñòâåííûé ñóùåñòâóþùèé ìåòîä), ò.å.

S = A(t) +B(q) + C

A′(t) +
1

2m
B′(q)2 = 0

(28)

ò.å.

A(t) = −αt, B(q) =
√
2mα q (29)

èëè
S = −αt+

√
2mα q + C

∂S

∂α
= −t+

√
m

2α
q = β

(30)

Îòñþäà ïîëó÷àåì

q =

√
2α

m
(t+ β) (31)

ãäå äâå ïîÿâèâøèåñÿ êîíñòàíòû èìåþò î÷åâèäíûé ñìûñë

α =
mv20
2

= E, β = q0

√
m

2E
=

q0
v0

(32)
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