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10.1 Ðåøåíèå óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè è êàíî-

íè÷åñêèå ïðåîáðàçîâàíèÿ

Âåðíåìñÿ îïÿòü ê òîìó, ÷òî äåéñòâèå íà ðåøåíèè óðàâíåíèé äâèæåíèÿ �
êàê ôóíêöèÿ êîíå÷íûõ êîîðäèíàò è âðåìåíè S = S(q, t) óäîâëåòâîðÿåò
óðàâíåíèþ Ãàìèëüòîíà-ßêîáè

∂S

∂t
+H

(
∂S

∂q
, q; t

)
= 0 (1)
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ãäå S = S(q; t) åñòü ôóíêöèÿ âðåìåíè èN êîîðäèíàò, è ìîæíî ðàññìàòðè-
âàòü (1) ïðîñòî êàê óðàâíåíèå ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ.
Êàê ðåøåíèå çàäà÷è Êîøè óðàâíåíèå (1) çàâèñåëî áû îò âûáîðà ïðîèç-
âîëüíîé (íà÷àëüíîé) ôóíêöèè S|t=0 = S0(q1, . . . , qN), îäíàêî äëÿ öåëåé
èíòåãðèðîâàíèÿ êàíîíè÷åñêèõ óðàâíåíèé äîñòàòî÷íî íàéòè ðåøåíèÿ (1),
çàâèñÿùåå îò N + 1 ïðîèçâîëüíûõ ïîñòîÿííûõ (ò.í. ïîëíûé èíòåãðàë).

Â ÷àñòíîñòè, ìû ðàññìîòðåëè ïðèìåð ñâîáîäíîé ÷àñòèöû

∂S

∂t
+

1

2m

(
∂S

∂q

)2

= 0 (2)

äëÿ êîòîðîãî ðåøåíèå èìååò äîñòàòî÷íî íåïðèâû÷íûé íà ïåðâûé âçãëÿä
âèä

S = −Et+
√
2mE q + C (3)

ãäå E � îäíà èç òàêèõ êîíñòàíò, ëåãêî îòîæäåñòâëÿåìàÿ ñ ýíåðãèåé ñè-
ñòåìû.

Òåîðåìà ßêîáè: Åñëè íàéäåí ïîëíûé èíòåãðàë (1), ò.å. ðåøåíèå

S = f(t; q1, . . . , qN ;α1, . . . , αN) + C (4)

òî êàíîíè÷åñêèå óðàâíåíèÿ Ãàìèëüòîíà ðåøàþòñÿ â êâàäðàòóðàõ.

Äîêàçàòåëüñòâî îïÿòü æå âûòåêàåò èç òîãî, ÷òî òåïåðü óæå ôîðìóëà
(4) èìååò ñìûñë êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ, åñëè ðàññìàòðèâàòü ïà-
ðàìåòðû {α} êàê íàáîð íîâûõ êîîðäèíàò (èëè èìïóëüñîâ). Ïðè ýòîì â
ñèëó (1)

H =
∂S

∂t
+H = 0 (5)

ò.å. íîâûå ïåðåìåííûå {α} (è èì ñîïðÿæåííûå {β}!) óäîâëÿòâîðÿþò êà-
íîíè÷åñêèì óðàâíåíèÿì ñ íóëåâûì ãàìèëüòîíèàíîì

α̇i = 0, β̇i = 0, i = 1, . . . , N (6)

à çíà÷èò ðåøåíèå (4) ïðèâîäèò ê ñèñòåìå

∂S

∂αi

=
∂f

∂αi

= βi, i = 1, . . . , N (7)

èç N àëãåáðàè÷åñêèõ óðàâíåíèé, èç êîòîðûõ ìîæíî â ïðèíöèïå íàéòè

qi = qi(t;α, β), i = 1, . . . , N (8)
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ò.å. èíòåðåñóþùèå íàñ êîîðäèíàòû ñèñòåìû êàê ôóíêöèè âðåìåíè è 2N
ïîñòîÿííûõ (ñâÿçàííûõ, íàïðèìåð) ñ ãðàíè÷íûìè óñëîâèÿìè.

Óæå ïðèìåð ñâîáîäíîé ÷àñòèöû (2), (3) ïðèâîäèò ê ìûñëè, ÷òî âåðíî:

Çàìå÷àíèå: Âîîáùå, â ñëó÷àå ñîõðàíÿþùåéñÿ ýíåðãèè, äåéñòâèå ìîæ-
íî ïðåäñòàâèòü â âèäå

S(q, t) = S̃(q)− Et (9)

ãäå ôóíêöèÿ S̃(q) óäîâëåòâîðÿåò óæå óðàâíåíèþ Ãàìèëüòîíà-ßêîáè

H

(
∂S̃

∂q
, q

)
= E (10)

Äåéñòâèòåëüíî, â ñèëó òîãî, ÷òî

dS = pdq −Hdt

S =

∫
pdq −

∫
Hdt =

H=E=const

∫
pdq − Et = S̃(q)− Et

p =
∂S̃

∂q

(11)

óðàâíåíèå (1) ïðè ïîñòîÿííîé ýíåðãèè ñâîäèòñÿ ê (10).

Ó ýòîãî ðàññóæäåíèÿ åñòü çàìå÷àòåëüíûé êâàíòîâûé àíàëîã, êîãäà
íåñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà

i~
∂Ψ

∂t
= ĤΨ (12)

ïåðåõîäèò â óðàâíåíèå íà ñïåêòð ãàìèëüòîíèàíà

ĤΨ̃ = EΨ̃ (13)

ïðè ïîäñòàíîâêå Ψ = e−
i
~EtΨ̃ è êâàçèêëàññè÷åñêîì ñîîòâåòñòâèè

Ψ ∼
~→0

e
i
~S, Ψ̃ ∼

~→0
e

i
~ S̃ (14)
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10.2 Ðàçäåëåíèå ïåðåìåííûõ

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè ðåàëüíî ðåøàåòñÿ òîëüêî â ñëó÷àå ðàçäå-
ëåíèÿ ïåðåìåííûõ, ò.å. êîãäà (áóäåì äëÿ ïðîñòîòû ãîâîðèòü î ôîðìå (10),
äëÿ çàâèñÿùåãî îò âðåìåíè óðàâíåíèÿ (1) ðàññóæäåíèÿ àíàëîãè÷íû) ðàç-
äåëåíèÿ ïåðåìåííûõ, ò.å. êîãäà ìîæíî âûáðàòü òàêèå êîîðäèíàòû, ÷òî,
íàïðèìåð, ãàìèëüòîíèàí ñèñòåìû ñõåìàòè÷íî ìîæíî ïðåäñòàâèòü êàê

H

(
∂S̃

∂q
, q

)
= H

(
h1

(
∂S̃

∂q1
, q1;h

)
, . . . , hN

(
∂S̃

∂qN
, qN ;h

))
(15)

äëÿ íàáîðà ôóíêöèé äâóõ ïåðåìåííûõ {hi = hi(p, q)}, i = 1, . . . , N . Äåé-
ñòâèòåëüíî, òîãäà èùåì ðåøåíèå (10) â âèäå

S̃(q1, . . . , qN) =
N∑
j=1

Ŝj(qj;α) (16)

è, ïîäñòàâëÿÿ ýòîò àíçàö â (15), ïîëó÷àåì

hi

(
dŜ

dqi
, qi;α

)
= αi, i = 1, . . . , N (17)

ãäå N èíòåãðàëîâ äâèæåíèÿ {α} ëåæàò íà ïîâåðõíîñòè

H(α1, . . . , αN) = E (18)

Êàæäîå èç óðàâíåíèé (17) ðåøàåòñÿ â êâàäðàòóðàõ, ÷òî ñ ïîìîùüþ (16)
äàåò ïîëíûé èíòåãðàë

S(q1, . . . , qN ; t) =
N∑
j=1

Ŝj(qj;αj)− E(α1, . . . , αN)t+ C (19)

÷òî ïîçâîëÿåò ïðèìåíèòü òåîðåìó ßêîáè, è íàéòè ðåøåíèå èç àëãåáðàè-
÷åñêèõ óðàâíåíèé (7).

Ïðèìåð: Çàäà÷à Êåïëåðà î äâèæåíèè â öåíòðàëüíî-ñèììåòðè÷íîì ïî-
ëå ñ ãàìèëüòîíèàíîì

H =
p2r
2m

+
p2θ

2mr2
+

p2ϕ
2mr2 sin2 θ

+ U(r) (20)

4



ðàçäåëÿåòñÿ â ñôåðè÷åñêèõ êîîðäèíàòàõ (r, θ, ϕ). Áóêâàëüíî ìîæíî íà-
ïèñàòü

hϕ =
p2ϕ
2m

, hθ =
p2θ
2m

+
hϕ

sin2 θ

hr =
p2r
2m

+
hθ

r2
+ U(r)

(21)

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè (10) ïðèíèìàåò âèä

1

2m

(
∂S̃

∂r

)2

+ U(r) +
1

2mr2

(
∂S̃

∂θ

)2

+
1

2mr2 sin2 θ

(
∂S̃

∂ϕ

)2

= E (22)

è ïðè èñïîëüçîâàíèè ïîäñòàíîâêè (16) ïîëó÷àåì

S̃(t, θ, ϕ) = Ŝr(r) + Ŝθ(θ) + Ŝϕ(ϕ)

1

2m

(
dŜr

dr

)2

+ U(r) +
1

2mr2

(dŜθ

dθ

)2

+
1

sin2 θ

(
dŜϕ

dϕ

)2
 = E

(23)

èëè (
dŜϕ

dϕ

)2

= αϕ,

(
dŜθ

dθ

)2

+
αϕ

sin2 θ
= αθ

1

2m

(
dŜr

dr

)2

+ U(r) +
αθ

2mr2
= E

(24)

îòêóäà

Ŝϕ =
√
αϕϕ, Ŝθ =

∫ θ

dζ

√
αθ −

αϕ

sin2 ζ

Ŝr(r) =
√
2m

∫ r

ds

√
E − αθ

2ms2
− U(s)

(25)

10.3 Èíòåãðèðóåìîñòü: èíòåãðàëû äâèæåíèÿ

Äàâàéòå åùå ðàç âçãëÿíåì íà ðåøåíèå óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè â
�óêîðî÷åííîé ôîðìå� (10). ×òî íà ñàìîì äåëå óòâåðæäàåòñÿ

• Åñëè ýòî óðàâíåíèå ðåøàåòñÿ, òî ñóùåñòâóåò ôóíêöèÿ S̃ = S̃(q, α),
îñóùåñòâëÿþùàÿ êàíîíè÷åñêîå ïðåîáðàçîâàíèå îò êîîðäèíàò {q} ê
íîâûì êîîðäèíàòàì (à ëó÷øå � èìïóëüñàì) {α}.
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• Óðàâíåíèå (10) óòâåðæäàåò

H

(
∂S̃

∂q
, q

)
= E(α) (26)

÷òî â íîâûõ ïåðåìåííûõ ãàìèëüòîíèàí çàâèñèò òîëüêî îò ïîëîâèíû
êîîðäèíàò íà ôàçîâîì ïðîñòðàíñòâå.

• Òàêèì îáðàçîì, â íîâûõ ïåðåìåííûõ ìîæíî íàïèñàòü

ω = dp ∧ dq = dα ∧ dβ̃

α̇i = 0, ˙̃βi =
∂E

∂αi

, i = 1, . . . , N

{αi, αj} = 0, i, j = 1, . . . , N

(27)

Âàæíî, ÷òî èíòåãðàëû äâèæåíèÿ âûñòóïàþò â êà÷åñòâå íîâûõ èì-
ïóëüñîâ (ìîæíî � èëè êîîðäèíàò!?), êîòîðûå íàõîäÿòñÿ â ïóàññîíî-
âîé èíâîëþöèè, ò.å. �èíòåðåñ ïðåäñòàâëÿþò� èíòåãðàëû äâèæåíèÿ,
êîòîðûå êîììóòèðóþò äðóã ñ äðóãîì.

Äåéñòâèòåëüíî, ìû óæå ðåøàëè óðàâíåíèå Ãàìèëüòîíà-ßêîáè ñ ïî-
ìîùüþ ôóíêöèè

S(q, α; t) = S̃(q, α)− E(α)t (28)

è ñîîòíîøåíèé
∂S

∂α
= β = const (29)

Èç ïîñëåäíèõ ñîîòíîøåíèé â ÷àñòíîñòè ñëåäóåò, ÷òî

β̃i =
∂S̃

∂αi

=
∂S

∂αi

+
∂E

∂αi

t = βi +
∂E

∂αi

t, i = 1, . . . , N (30)

äåéñòâèòåëüíî ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè âðåìåíè.

Êîãäà ñ ïîìîùüþ êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ ìîæíî ïåðåéòè ê
íîâûì ïåðåìåííûì, äëÿ êîòîðûõ âûïîëíÿþòñÿ ñîîòíîøåíèÿ (27), òî ãî-
âîðÿò, ÷òî ñèñòåìó ìîæíî ïîëíîñòüþ ïðîèíòåãðèðîâàòü. Íàì îñòàëîñü
ïîíÿòü êàê ýòî ýôôåêòèâíî äåëàòü â òåõ ñëó÷àÿõ, êîãäà ïåðåìåííûå íå
ðàçäåëÿþòñÿ â óðàâíåíèè Ãàìèëüòîíà-ßêîáè, íî äëÿ íà÷àëà óñòàíîâèòü
íåêîòîðûå îñíîâíûå îáùèå ñâîéñòâà èíòåãðèðóåìûõ ñèñòåì.
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