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7. Ëåêöèÿ 7

Çäåñü ìû äîêàçûâàåì îäèí èç îñíîâíûõ ðåçóëüòàòîâ �óíêöè-

îíàëüíîãî àíàëèçà � òåîðåìó Õàíà�Áàíàõà. Äîêàçàòåëüñòâî íàì

ïðèäåòñÿ äåëàòü â äâà øàãà: ñíà÷àëà ìû äîêàæåì ýòó òåîðåìó äëÿ

âåùåñòâåííîãî âåêòîðíîãî ïðîñòðàíñòâà, à ïîòîì îáîáùèì åå íà íà

êîìïëåêñíîå.

7.1. Òåîðåìà Õàíà�Áàíàõà, âåùåñòâåííûé ñëó÷àé.

Òåîðåìà 7.1. Ïóñòü X � âåùåñòâåííîå âåêòîðíîå ïðîñòðàíñòâî,

p � âåùåñòâåííàÿ �óíêöèÿ, îïðåäåëåííàÿ íà X è óäîâëåòâîðÿþ-

ùàÿ óñëîâèþ p(αx+(1−α)y) ≤ αp(x)+(1−α)p(y) äëÿ âñåõ x, y ∈ X,

α ∈ [0, 1]. Ïðåäïîëîæèì, ÷òî λ � ëèíåéíûé �óíêöèîíàë, îïðåäå-

ëåííûé íà ïîäïðîñòðàíñòâå Y ⊂ X è óäîâëåòâîðÿþùèé íåðàâåí-

ñòâó λ(x) ≤ p(x) äëÿ âñåõ x ∈ Y . Òîãäà ñóùåñòâóåò ëèíåéíûé

�óíêöèîíàë Λ, îïðåäåëåííûé íà X, òàêîé, ÷òî Λ(x) ≤ p(x) äëÿ

âñåõ x ∈ X è Λ(x) = λ(x) äëÿ âñåõ x ∈ Y .

Äîêàçàòåëüñòâî. Èäåÿ äîêàçàòåëüñòâà ñîñòîèò â ñëåäóþùåì. Ñíà-

÷àëà ïîêàæåì, ÷òî åñëè z ∈ X , íî z /∈ Y , òî λ ìîæíî ïðîäîëæèòü

íà ïðîñòðàíñòâî, íàòÿíóòîå íà z è Y . À ïîòîì âîñïîëüçóåìñÿ ðàñ-

ñóæäåíèåì ïî ëåììå Öîðíà è ïîêàæåì, ÷òî ïîäîáíûé ïðîöåññ ïîç-

âîëÿåò ïðîäîëæèòü λ íà âñå ïðîñòðàíñòâî X .

Ïóñòü Ỹ � ïîäïðîñòðàíñòâî, íàòÿíóòîå íà Y è z. Ïóñòü λ̃ � ïðî-

äîëæåíèå λ íà Ỹ , îíî áóäåò îïèñàíî, êîëü ñêîðî ìû îïðåäåëèì

λ̃(z), ò.ê.

λ̃(uz + y) = uλ̃(z) + λ(y), u ∈ R.

Ïóñòü y1, y2 ∈ Y è ïóñòü α, β > 0. Òîãäà

βλ(y1) + αλ(y2) = λ(βy1 + αy2) = (α + β)λ
( β

α + β
y1 +

α

α + β
y2

)
≤

≤ (α + β)p
( β

α + β
(y1 − αz) +

α

α + β
(y2 + βz)

)
≤

≤ βp(y1 − αz) + αp(y2 + βz).

Çíà÷èò, äëÿ âñåõ α, β > 0 è y1, y2 ∈ Y

1

α

[
−p(y1 − αz) + λ(y1)

]
≤ 1

β

[
p(y2 + βz)− λ(y2)

]
,

à ïîòîìó ñóùåñòâóåò òàêîå âåùåñòâåííîå a, ÷òî

sup
y∈Y
α>0

1

α

[
−p(y − αz) + λ(y)

]
≤ a ≤ inf

y∈Y
α>0

1

α

[
p(y + αz)− λ(y)

]
.



3

Ïîëîæèì òîãäà λ̃(z) = a. Ëåãêî âèäåòü, ÷òî ïîëó÷åííîå ïðîäîëæå-

íèå óäîâëåòâîðÿåò íåðàâåíñòâó λ̃(x) ≤ p(x) ïðè âñåõ x ∈ Ỹ . Èòàê,
ìû ïîêàçàëè, ÷òî λ çà îäèí øàã ìîæåò áûòü ïðîäîëæåíî íà îäíî

èçìåðåíèå.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ ëåììîé Öîðíà.

Ïóñòü E � íàáîð ðàñøèðåíèé e �óíêöèîíàëà λ, óäîâëåòâîðÿþùèõ
óñëîâèþ e(x) ≤ p(x) íà òåõ ïîäïðîñòðàíñòâàõ, ãäå îíè îïðåäåëå-

íû. Ââåäåì â E ÷àñòè÷íîå óïîðÿäî÷åíèå, ïîëîæèâ e1 ≺ e2, åñëè e2
îïðåäåëåíî íà áîëüøåì ìíîæåñòâå, ÷åì e1 è e2(x) = e1(x) òàì, ãäå
îíè îáà îïðåäåëåíû. Ïóñòü {eα}α∈A � ëèíåéíî óïîðÿäî÷åííîå ïîä-

ìíîæåñòâî â E ; ïóñòü Xα � òî ïîäïðîñòðàíñòâî, íà êîòîðîì îïðå-

äåëåíî eα. Îïðåäåëèì e íà ∪α∈AXα, ïîëîæèâ e(x) = eα(x), åñëè
x ∈ Xα. Î÷åâèäíî, ÷òî eα ≺ e, òàê ÷òî âñÿêîå ëèíåéíî óïîðÿäî÷åí-
íîå ïîäìíîæåñòâî â E èìååò âåðõíþþ ãðàíü. Â ñèëó ëåììû Öîðíà

E ñîäåðæèò ìàêñèìàëüíûé ýëåìåíò Λ, îïðåäåëåííûé íà íåêîòîðîì
ìíîæåñòâå X ′

è óäîâëåòâîðÿþùèé óñëîâèþ Λ(x) ≤ p(x) ïðè x ∈ X ′
.

Íî X ′
äîëæíî ñîâïàäàòü ñî âñåì X , òàê êàê â ïðîòèâíîì ñëó÷àå

ìû ìîãëè áû ïðîäîëæèòü Λ íà áîëåå øèðîêîå ïðîñòðàíñòâî, äîáàâ-

ëÿÿ, êàê è âûøå, åùå îäíî èçìåðåíèå. Ïîñêîëüêó ýòî ïðîòèâîðå÷èò

ìàêñèìàëüíîñòè Λ, äîëæíî áûòü X = X ′
. Çíà÷èò ðàñøèðåíèå Λ

îïðåäåëåíî âñþäó.

7.2. Òåîðåìà Õàíà�Áàíàõà, êîìïëåêñíûé ñëó÷àé.

Òåîðåìà 7.2. Ïóñòü X � êîìïëåêñíîå âåêòîðíîå ïðîñòðàíñòâî,

p � âåùåñòâåííàÿ ïîëîæèòåëüíàÿ �óíêöèÿ, îïðåäåëåííàÿ íà X è

óäîâëåòâîðÿþùàÿ óñëîâèþ p(αx+βy) ≤ |α|p(x)+|β|p(y) ïðè ëþáûõ

x, y ∈ X è ëþáûõ α, β ∈ C òàêèõ, ÷òî |α|+ |β| = 1. Ïóñòü λ � êîì-

ïëåêñíûé ëèíåéíûé �óíêöèîíàë, îïðåäåëåííûé íà ïîäïðîñòðàí-

ñòâå Y ⊂ X è óäîâëåòâîðÿþùèé óñëîâèþ |λ(x)| ≤ p(x) ïðè ëþáîì

x ∈ Y . Òîãäà ñóùåñòâóåò êîìïëåêñíî ëèíåéíûé �óíêöèîíàë Λ,
îïðåäåëåííûé íà X, óäîâëåòâîðÿþùèé óñëîâèþ |Λ(x)| ≤ p(x) ïðè
ëþáîì x ∈ X è òàêîé, ÷òî Λ(x) = λ(x) ïðè x ∈ Y .

Äîêàçàòåëüñòâî. Ïîëîæèì ℓ(x) = Re{λ(x)}, òàê ÷òî ℓ � âåùå-

ñòâåííî ëèíåéíûé �óíêöèîíàë íà Y è, ïîñêîëüêó

ℓ(ix) = Re{λ(ix)} = Re{iλ(x)} = − Imλ(x),

òî λ(x) = ℓ(x) − iℓ(ix). Ò.ê. ℓ � âåùåñòâåííî ëèíååí è p(αx + (1 −
α)y) ≤ αp(x)+(1−α)p(y) ïðè ëþáîì α ∈ [0, 1], òî ñóùåñòâóåò âåùå-
ñòâåííî ëèíåéíîå ðàñøèðåíèå L íà âñå X , óäîâëåòâîðÿþùåå óñëî-

âèþ L(x) ≤ p(x). Ïîëîæèì Λ(x) = L(x) − iL(ix). Ïî ïîñòðîåíèþ
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ýòî � âåùåñòâåííî ëèíåéíûé �óíêöèîíàë, ÿâëÿþùèéñÿ ðàñøèðåíè-

åì �óíêöèîíàëà λ. Íî ïîñêîëüêó Λ(ix) = L(ix) − iL(−x) = iΛ(x),
òî Λ � êîìïëåêñíî ëèíååí. Îñòàëîñü äîêàçàòü, ÷òî |Λ(x)| ≤ p(x).
Çàìåòèì, ÷òî p(αx) ≤ p(x) äëÿ ëþáîãî α òàêîãî, ÷òî |α| = 1. Îáî-
çíà÷èì θ = Arg(Λ(x)). Òîãäà â ñèëó ðàâåíñòâà ReΛ = L, èìååì:

|Λ(x)| = e−iθΛ(x) = Λ(e−iθx) = ReΛ(e−iθx) =

= L(e−iθx) ≤ p(e−iθx) ≤ p(x),

÷òî è òðåáîâàëîñü äîêàçàòü.

Ëèòåðàòóðà ê ëåêöèè 7: Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé

ìàòåìàòè÷åñêîé �èçèêè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�.
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8. Ëåêöèÿ 8

8.1. Ïðîñòðàíñòâà S è S ′
. Áàíàõîâû ïðîñòðàíñòâà îáëàäàþò

ìíîãèìè ñâîéñòâàìè ýâêëèäîâûõ: ýòî âåêòîðíûå ïðîñòðàíñòâà, íîð-

ìà â íèõ îïåðåäåëÿåò ïîíÿòèå ðàññòîÿíèÿ, à âñÿêàÿ ïîñëåäîâàòåëü-

íîñòü Êîøè èìååò ïðåäåë. Õîðîøèé ïðèìåð èñïîëüçîâàíèÿ ýòèõ

ïðîñòðàíñòâ äàåò òåîðèÿ îáîáùåííûõ �óíêöèé, êîòîðóþ ìû êðàòêî

ðàññìîòðèì çäåñü. Â îïèñàíèè îáîáùåííûõ �óíêöèé áàíàõîâû ïðî-

ñòðàíñòâà âîçíèêàþò ñëåäóþùèì îáðàçîì. Ââåäåì ïðîñòðàíñòâî

S = S (R) (äëÿ ïðîñòîòû èçëîæåíèÿ ìû ðàññìàòðèâàåì �óíê-

öèè îäíîé ïåðåìåííîé) áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé,

óáûâàþùèõ íà áåñêîíå÷íîñòè âìåñòå ñî âñåìè ñâîèìè ïðîèçâîä-

íûìè áûñòðåå ëþáîé îáðàòíîé ñòåïåíè x (ãîâîðÿò òàêæå: áûñòðåå

ëþáîãî ïîëèíîìà). Ââåäåì â S ñ÷åòíîå ÷èñëî íîðì, îïðåäåëåííûõ

êàê

(8.1) ‖φ‖(p) = sup
x∈R
α≤p

(1 + |x|2)p/2|∂αxφ(x)|, p = 0, 1, . . . .

Î÷åâèäíî, ÷òî

(8.2) ‖φ‖(0) ≤ ‖φ‖(1) ≤ ‖φ‖(2) ≤ . . . .

Çàäàäèì ñõîäèìîñòü â S ñëåäóþùèì îáðàçîì:

Îïðåäåëåíèå 8.1. Ïîñëåäîâàòåëüíîñòü �óíêöèé φ1, φ2, . . . èç S

ñõîäèòñÿ ê íóëþ, φk → 0 â S ïðè k → ∞, åñëè äëÿ âñåõ p = 0, 1, . . .
ïîñëåäîâàòåëüíîñòè ‖φk‖(p) → 0 ïðè k → ∞.

Èíûìè ñëîâàìè: φk → 0 â S ïðè k → ∞, åñëè xp∂αxφ(x) ñõîäèòñÿ
ê íóëþ ïðè âñåõ p ≥ α = 0, 1, . . . ðàâíîìåðíî ïî x ∈ R.

Ïóñòü Sp îçíà÷àåò ïîïîëíåíèå S ïî p-îé íîðìå. Êàæäîå Sp �

áàíàõîâî ïðîñòðàíñòâî è ñïðàâåäëèâû âëîæåíèÿ:

S0 ⊃ S1 ⊃ S2 ⊃ . . . ,

ïðè÷åì êàæäîå âëîæåíèå Sp+1 ⊂ Sp íåïðåðûâíî â ñèëó (8.2). Ìîæ-

íî äîêàçàòü, ÷òî ýòî âëîæåíèå âïîëíå íåïðåðûâíî (êîìïàêòíî), ò.å.

èç âñÿêîãî áåñêîíå÷íîãî îãðàíè÷åííîãî ìíîæåñòâà â Sp+1 ìîæíî

âûáðàòü ïîñëåäîâàòåëüíîñòü, ñõîäÿùóþñÿ â Sp.

Òåîðåìà 8.1. S � ïîëíîå ïðîñòðàíñòâî è S =
⋂

p≥0 Sp.

Äîêàçàòåëüñòâî. Ïóñòü fk �ïîñëåäîâàòåëüíîñòü Êîøè ïî êàæäîé
èç íîðì ‖ · ‖(p), ÷òî îçíà÷àåò ÷òî xp∂αx fk(x) → gp,α(x) ïðè k →
∞ è âñåõ p, α = 0, 1, . . . ðàâíîìåðíî ïî x ∈ R. Îáîçíà÷èì g =
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g0,0 è äîêàæåì, ÷òî g(x) íåïðåðûâíî äè��åðåíöèðóåìà è g′ = g0,1.
Äåéñòâèòåëüíî,

fk(x) = fk(0) +

x∫

0

dt f ′
k(t),

è ââèäó ðàâíîìåðíîñòè ñòðåìëåíèÿ f ′
k → g0,1 èìååì

g(x) = g(0) +

x∫

0

dt g0,1(t),

g ∈ C1 g = g0,1. Ïîâòîðÿÿ ýòîò ïðîöåññ, ïîëó÷àåì, ÷òî gp,α(x) =
xp∂αx g(x) è â òîïîëîãèè ïðîñòðàíñòâà S ïðåäåë limk→∞ fk = g. Òåî-
ðåìà äîêàçàíà.

Îïðåäåëåíèå 8.2. Òîïîëîãè÷åñêè ñîïðÿæåííîå ïðîñòðàíñòâî ê

S (R), îáîçíà÷àåìîå S ′(R), íàçûâàåòñÿ ïðîñòðàíñòâîì îáîáùåí-

íûõ �óíêöèé (ðàñïðåäåëåíèé) óìåðåííîãî ðîñòà.

Äëÿ òîãî, ÷òîáû ëèíåéíûé �óíêöèîíàë T íà S áûë íåïðåðûâåí,

äîëæíà ñóùåñòâîâàòü íîðìà ‖ · ‖(p) òàêàÿ, ÷òî |T (ϕ)| ≤ C‖ϕ‖(p)
äëÿ âñåõ ϕ ∈ S . Äàåéñòâèòåëüíî, åñëè èìååòñÿ ïîñëåäîâàòåëüíîñòü

Êîøè {ϕk} â S , òî îíà ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòüþ Êîøè äëÿ

ëþáîé íîðìû ‖ · ‖(p). À òîãäà è T (ϕk) � ïîñëåäîâàòåëüíîñòü Êîøè.

8.2. Ïðèìåðû îáîáùåííûõ �óíêöèé. Ïðèìåð 1. �åãóëÿð-

íûå îáîáùåííûå �óíêöèè. Ïóñòü g ∈ S . Îïðåäåëèì �óíêöèî-

íàë g(·) íà S êàê

(8.3) g(ϕ) =

+∞∫

−∞

dx g(x)ϕ(x).

Îí, î÷åâèäíî, ëèíååí è íåïðåðûâåí, ïîñêîëüêó

|g(ϕ)| ≤ ‖g‖L1(R)‖ϕ‖(0)

. Òàêèì îáðàçîì ìû ïîëó÷àåì, ÷òî S ⊂ S ′
. Àíàëîãè÷íî ìîæíî ïî-

êàçàòü, ÷òî Lq ⊂ S ′
. Îáîáùåííûå �óíêöèè, çàäàííûå èíòåãðàëîì

(8.3), íàçûâàþòñÿ ðåãóëÿðíûìè. ×àñòî ïî àíàëîãèè ñî ñêàëÿðíûì

ïðîèçâåäåíèåì èñïîëüçóåòñÿ îáîçíà÷åíèå

(8.4) (g, ϕ) =

+∞∫

−∞

dx g(x)ϕ(x),
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íî â îòëè÷èè îò ñêàëÿðíîãî ïðîèçâåäåíèÿ çäåñü íåò êîìïëåêñíî-

ãî ñîïðÿæåíèÿ. Îäèí èç íàèáîëåå èçâåñòíûõ ïðèìåðîâ ðåãóëÿðíîé

îáîáùåííîé �óíêöèè � �óíêöèÿ Õåâèñàéäà:

(8.5) (θ, ϕ) =

+∞∫

0

dxϕ(x) ≡
+∞∫

−∞

dx θ(x)ϕ(x),

ãäå

θ(x) =

{
1, x > 0
0, x < 0

.

Ïðèìåð 2. �ëàâíîå çíà÷åíèå èíòåãðàëà â ñìûñëå Êîøè.

Îïðåäåëèì (
1

x
, ϕ

)
= lim

ε→+0

∫

|x|>ε

dx
ϕ(x)

x
.

Ýòîò èíòåãðàë êîíå÷åí, ïîñêîëüêó

(
1

x
, ϕ

)
=

∫
dx
ϕ(x)− ϕ(−x)

x
.

Áîëåå òîãî,

∣∣∣∣
ϕ(x)− ϕ(−x)

x

∣∣∣∣ ≤
1

x

x∫

−x

dt |ϕ′(t)| ≤ 2‖ϕ‖(1).

Òàê ÷òî

∣∣∣∣
(
1

x
, ϕ

)∣∣∣∣ ≤ 2

1∫

0

dx‖ϕ‖(1) + 2

∣∣∣∣∣

∞∫

1

dx

x2
(xϕ(x))

∣∣∣∣∣ ≤ 4‖ϕ‖(1).

Ïðèìåð 3. Äåëüòà-�óíêöèÿ. Ïðåæäå âñåãî íåîáõîäèìî ïîì-

íèòü, ÷òî äåëüòà-�óíêöèÿ (Äèðàêà) åñòü íå �óíêöèÿ, à �óíêöèî-

íàë, çàäàííûé �îðìóëîé

(8.6) (δ, ϕ) = ϕ(0),

ãäå ϕ(x) ∈ S . Ýòî ðàâåíñòâî îáû÷íî çàïèñûâàþò â âèäå

(8.7)

∫
dx δ(x)ϕ(x) = ϕ(0),

íî ëåãêî âèäåòü, ÷òî �óíêöèè δ(x) òàêîé, ÷òî âûïîëíåíî (8.7) íå

ñóùåñòâóåò. Ïîýòîìó (8.7) åñòü ïðîñòî �îðìàëüíàÿ çàïèñü (8.6).

Ëèíåéíîñòü è íåïðåðûâíîñòü ýòîãî �óíêöèîíàëà ëåãêî ñëåäóþò èç

(8.6).

Ëèòåðàòóðà ê ëåêöèè 8:
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Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçè-

êè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�;

Â.Ñ.Âëàäèìèðîâ �Îáîáùåííûå �óíêöèè â ìàòåìàòè÷åñêîé �è-

çèêå�;

È.Ì.�åëü�àíä, �.Å.Øèëîâ �Îáîáùåííûå �óíêöèè è äåéñòâèÿ íàä

íèìè�, ãë. I;

Â.Ñ.Âëàäèìèðîâ , Â.Â.Æàðèíîâ �Óðàâíåíèÿ ìàòåìàòè÷åñêîé �è-

çèêè�.
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9. Ëåêöèÿ 9

9.1. Îïåðàöèè íàä îáîáùåííûìè �óíêöèÿìè. Çàìåíà ïå-

ðåìåííûõ. Ïóñòü äàíû ëîêàëüíî èíòåãðèðóåìàÿ �óíêöèÿ f(x)
è áåñêîíå÷íî äè��åðåíöèðóåìàÿ ñòðîãî ìîíîòîííî âîçðàñòàþùàÿ

�óíêöèÿ a(x), âîçðàñòàþùàÿ íà áåñêîíå÷íîñòè. Òîãäà äëÿ ëþáîé

îñíîâíîé �óíêöèè φ(x)
∫
dx f(a(x))φ(x) =

∫
dy (a−1(y))′f(y)φ(a−1(y))

ãäå y = a(x) è a−1
îçíà÷àåò îáðàòíóþ �óíêöèþ. Ïîñêîëüêó ïðî-

èçâåäåíèå (a−1(y))′φ(a−1(y)) òàêæå ÿâëÿåòñÿ îñíîâíîé �óíêöèåé (â
ïðîñòðàíñòâå S ñëåäóåò ïîòðåáîâàòü ðîñòà a(x) íà áåñêîíå÷íîñòè).
Ïîýòîìó êàæäîé îáîáùåííîé �óíêöèè f ìû ñîïîñòàâëÿåì îáîá-

ùåííóþ �óíêöèþ f(a) ïî ïðàâèëó:

(f(a), φ) = (f, (a−1)′φ(a−1))

Â ÷àñòíîñòè

(δ(a), φ) = (a−1(y))′φ(a−1(y))|y=0.

Ïóñòü x0 � åäèíñòâåííûé íîëü �óíêöèè a(x), a(x0) = 0. Òîãäà

δ(a(x)) = δ(x−x0)
a′(x0)

. Â íåêîòîðûõ ñëó÷àÿõ ìîæíî îòêàçàòüñÿ îò òðåáî-

âàíèÿ ìîíîòîííîñòè. Íàïðèìåð, åñëè âñå íóëè �óíêöèè a(x) ïðî-
ñòûå, òî ìîæíî ïîêàçàòü, ÷òî

δ(a(x)) =
∑

j

δ(x− xj)

|a′(xj)|
,

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì íóëÿì xj �óíêöèè a(x).
Ìóëüòèïëèêàòîðû è ñâåðòêà îáîáùåííûõ �óíêöèé ñ îñ-

íîâíûìè. Îáùåå îïðåäåëåíèå ïðîèçâåäåíèÿ îáîáùåííûõ �óíêöèé

íåâîçìîæíî. Îäíàêî, åñëè ðåãóëÿðíàÿ �óíêöèÿ a(x) òàêîâà, ÷òî
äëÿ ëþáîé îñíîâíîé �óíêöèè φ(x) ïðîèçâåäåíèå a(x)φ(x) òàêæå
ÿâëÿåòñÿ îñíîâíîé �óíêöèåé, ïðè÷åì äëÿ ëþáîé ñõîäÿùåéñÿ ïîñëå-

äîâàòåëüíîñòè φn(x) ïîñëåäîâàòåëüíîñòü a(x)φn(x) òàêæå ÿâëÿåòñÿ
ñõîäÿùåéñÿ, òî óìíîæåíèå îáîáùåííîé �óíêöèè íà òàêóþ ðåãóëÿð-

íóþ îïðåäåëÿåòñÿ �îðìóëîé

(9.1) (af, φ) = (f, aφ),

÷òî äàåò ëèíåéíûé è íåïðåðûâíûé (â ñèëó ñêàçàííîãî âûøå) �óíê-

öèîíàë íà ïðîñòðàíñòâå îñíîâíûõ �óíêöèé, à �óíêöèÿ a(x) íàçû-
âàåòñÿ ìóëüòèïëèêàòîðîì. Íàïðèìåð, ìóëüòèïëèêàòîðàìè ÿâëÿ-

þòñÿ âñå áåñêîíå÷íî äè��åðåíöèðóåìûå �óíêöèè a(x), ðàñòóùèå
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íà áåñêîíå÷íîñòè íå áûñòðåå ïîëèíîìà. Â ÷àñòíîñòè èç (9.1) ñëåäó-

åò, ÷òî

(9.2) xδ(x) = 0.

Åñëè φ(x) � îñíîâíàÿ �óíêöèÿ â îäíîì èç òðåõ ïðîñòðàíñòâ, òî

äëÿ ëþáîãî êîíå÷íîãî y �óíêöèÿ φ(x − y) òàêæå ÿâëÿåòñÿ îñíîâ-

íîé â òîì æå ïðîñòðàíñòâå. Ïîýòîìó ñâåðòêó (φ ∗ f)(x) îñíîâíîé
�óíêöèè ñ îáîáùåííîé ìîæíî îïðåäåëèòü êàê

(φ ∗ f)(x) = (f, φ(· − x)),(9.3)

÷òî, î÷åâèäíî, äàåò îáû÷íóþ áåñêîíå÷íî äè��åðåíöèðóåìóþ �óíê-

öèþ.

9.2. Äè��åðåíöèðîâàíèå îáîáùåííûõ �óíêöèé. Îñíîâíûì

äîñòîèíñòâîì îáîáùåííûõ �óíêöèé, îïðåäåëÿþùèì èõ ïðèëîæè-

ìîñòü ê èññëåäîâàíèþ äè��åðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ èõ

áåñêîíå÷íàÿ äè��åðåíöèðóåìîñòü â ñìûñëå ñëåäóþùåãî îïðåäåëå-

íèÿ.

Îïðåäåëåíèå 9.1. Äëÿ çàäàííîé îáîáùåííîé �óíêöèè f åå ïðî-

èçâîäíàÿ ïî x îïðåäåëÿåòñÿ êàê:

(9.4) (f ′, φ) = −(f, φ′).

Ëåãêî âèäåòü, ÷òî äàííîå îïðåäåëåíèå äàåò îáîáùåííóþ �óíê-

öèþ óìåðåííîãî ðîñòà.

Ïðèìåð 1. Äëÿ ïðîèçâîäíîé �óíêöèè Õåâèñàéäà èìååì:

(θ′, φ) = −(θ, φ′) = −
∫ +∞

x

dxφ′(x) = φ(0),

òàê ÷òî

(9.5) θ′ = δ,

Ïðèìåð 2. Ïîêàçàòü, ÷òî â ñìûñëå ãëàâíûõ çíà÷åíèé:

(
1

x

)′

= − 1

x2
,

ãäå îáîáùåííàÿ �óíêöèÿ

1

x2
â ñìûñëå ãëàâíîãî çíà÷åíèÿ îïðåäå-

ëÿåòñÿ êàê

(
1

x2
, φ

)
= p.v.

∫
dx
φ(x)− φ(0)

x2
≡

∞∫

0

dx
φ(x) + φ(−x)− 2φ(0)

x2
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9.3. Ïåðâîîáðàçíûå îáîáùåííûõ �óíêöèé. Ïóñòü η(x) � ïåð-
âîîáðàçíàÿ îñíîâíîé �óíêöèè φ(x) èç S . Ôóíêöèÿ η(x) ïðèíàäëå-
æèò S è îäíîçíà÷íî îïðåäåëÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà

(9.6)

∫
dxφ(x) = 0.

Ïóñòü ñóùåñòâóåò η(x) ∈ S , çàäàííàÿ ïîñðåäñòâîì η′(x) = φ(x).
Òîãäà ∫

dx φ(x) =

∫
dx η′(x) = 0,

ò.å. (9.6) âûïîëíåíî. Îáðàòíî, ïîëîæèì, ÷òî (9.6) âûïîëíåíî è îïðå-

äåëèì η(x) =
∫ x

−∞
dy φ(y). Î÷åâèäíî, ÷òî ïðè áîëüøèõ x ýòà �óíê-

öèÿ êîíñòàíòà (îãðàíè÷åíà). Ïîíÿòíî, ÷òî â ñèëó óñëîâèÿ (9.6) η(x)
ñòðåìèòñÿ ê íóëþ íà îáîèõ áåñêîíå÷íîñòÿõ. Åäèíñòâåííîñòü òàêîé

�óíêöèè è åå áåñêîíå÷íàÿ äè��åðåöèðóåìîñòü î÷åâèäíû. Îöåíêè

|xmη(n)(x)| âûïîëíåíû ïðè âñåõ n ≥ 1, à ïðè n = 0 îíè ñëåäóþò

òðèâèàëüíî.

Òåîðåìà 9.1. Ëþáàÿ îáîáùåííàÿ �óíêöèÿ f èç S
′
îáëàäàåò ïåðâî-

îáðàçíîé g, g′ = f , ïðèíàäëåæàùåé ïðîñòðàíñòâó èç S ′
, ïðè÷åì

òàêàÿ ïåðâîîáðàçíàÿ åäèíñòâåííà ñ òî÷íîñòüþ äî ïðîèçâîëüíîé

êîíñòàíòû.

Äîêàçàòåëüñòâî. Ïóñòü ψ(x) è ω(x) � ïðîèçâîëüíûå îñíîâíûå

�óíêöèè èç S , ïðè÷åì

∫
dxω(x) = 1. Ïî ñêàçàííîìó âûøå òîãäà

íàéäåòñÿ òàêàÿ îñíîâíàÿ �óíêöèÿ φ(x), ÷òî

ψ(x) = ϕ′(x) + ω(x)

∫
dy ψ(y),

ãäå φ′(x) îïðåäåëåíî äàííûì ðàâåíñòâîì è

∫
dxϕ′(x) = 1. Ïîëîæèì

òåïåðü

(9.7) (g, ψ) ≡ (g, ϕ′) + (g, ω)(1, ψ) = −(f, ϕ) + (g, ω)(1, ψ),

÷òî, î÷åâèäíî, çàäàåò ëèíåéíûé íåïðåðûâíûé �óíêöèîíàë èç S ′
.�

9.4. Ñõîäèìîñòü îáîáùåííûõ �óíêöèé. Ìû ãîâîðèì, ÷òî ïî-

ñëåäîâàòåëüíîñòü îáîáùåííûõ �óíêöèé f1, f2, . . . ñõîäèòñÿ ê îáîá-

ùåííîé �óíêöèè f , åñëè äëÿ ëþáîé îñíîâíîé �óíêöèè φ

lim
n→∞

(fn, φ) = (f, φ).

Òîãäà äè��åðåíöèðîâàíèå � íåïðåðûâíàÿ îïåðàöèÿ. Äåéñòâèòåëü-

íî, åñëè ïîñëåäîâàòåëüíîñòü îáîáùåííûõ �óíêöèé fn → f , n→ ∞,

òî (
∂fn
∂x

, φ

)
= −

(
fn,

∂φ

∂x

)
→ −

(
f,
∂φ

∂x

)
=

(
∂f

∂x
, φ

)
.
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Ïðèìåð: fn(x) =
einx

n
→ 0 â ñìûñëå ïðîñòðàíñòâà S ′

ïðè n → ∞.

Íî òîãäà è einx → 0 â ñìûñëå S ′
ïðè n→ ∞.

Äëÿ äàëüíåéøåãî íàì ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 9.1. Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü �óíêöèîíàëîâ {fk}
èç ñëàáî îãðàíè÷åííîãî ìíîæåñòâà M ′ ⊂ S ′

, ò.å. |(f, φ)| < Cφ äëÿ

âñåõ f ∈M ′
è φ ∈ S . Ïóñòü {φk} � ïîñëåäîâàòåëüíîñòü îñíîâíûõ

�óíêöèé, ñõîäÿùàÿñÿ ê íóëþ: φk
S→0, ïðè k → ∞. Òîãäà (fk, φk) → 0

ïðè k → ∞.

Äîêàçàòåëüñòâî ëåììû. Ïðåäïîëîæèì, ÷òî äàííîå óòâåðæäåíèå

íåâåðíî. Òîãäà èç äàííûõ ïîñëåäîâàòåëüíîñòåé ìîæíî âûäåëèòü

òàêèå ïîäïîñëåäîâàòåëíîñòè, ÷òî |(fk, φk)| ≥ c > 0. Ñõîäèìîñòü
ïîñëåäîâàòåëüíîñòè φk â S ê íóëþ ýêâèâàëåíòíî ìîæíî ñ�îðìó-

ëèðîâàòü êàê ñõîäèìîñòü ê íóëþ ïî ìåòðèêå ρ(φk) → 0, ãäå

(9.8) ρ(φ) =

∞∑

p=0

2−p‖φ‖(p)
1 + ‖φ‖(p) .

Ïåðåõîäÿ ê ïîäïîñëåäîâàòåëüíîñòè, âñåãäà ìîæåì ñ÷èòàòü, ÷òî âû-

ïîëíÿåòñÿ: ρ(φk) ≤ 1

4k
. Ââåäåì ψk = 2kφk, òàê ÷òî ïðè k → ∞:

ρ(ψk) → 0, ò.å. ψk
S→0, è

(9.9) |(fk, ψk)| ≥ 2kc→ ∞, k → ∞.

Âûäåëèì òåïåðü ïîäïîñëåäîâàòåëüíîñòè fkn è ψkn ñëåäóþùèì ïî-

ñòðîåíèåì ïî èíäóêöèè. Âûáåðåì fk1 è ψk1 òàê, ÷òîáû |(fk1, ψk1)| ≥
2. Ïóñòü fkj è ψkj ïðè j = 1, 2, . . . , n − 1 óæå ïîñòðîåíû. Ïîñòðî-

èì fkn è ψkn . Â ñèëó ψk
S→0, èìååì (fkj , ψk) → 0 ïðè k → ∞ è

j = 1, 2, . . . , n− 1. Ïîýòîìó íàéäåòñÿ òàêîé íîìåð N , ÷òî ïðè âñåõ

k ≥ N

(9.10) (fkj , ψk) ≤
1

2n−j
, j = 1, . . . , n− 1.

Ñ äðóãîé ñòîðîíû, ïî óñëîâèþ |(fk, ψkj)| ≤ ckj ïðè j = 1, 2, . . . , n−1.
Äàëåå, ïî (9.9) âûáåðåì òàêîé íîìåð kn ≥ N , ÷òî

(9.11) |(fkn, ψkn)| ≥
∑

1≤j≤n−1

ckj + n + 1.
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Èòàê, ìû ââåëè fkn è ψkn òàêèå, ÷òî ïî (9.9) è (9.10)

(fkj , ψkn) ≤
1

2n−j
, j = 1, . . . , n− 1.(9.12)

|(fkn, ψkn)| ≥
∑

1≤j≤n−1

|(fkn, ψkj)|+ n+ 1.(9.13)

Ïîëîæèì ψ =
∑∞

j=1 ψkj . Ïîñêîëüêó ρ(ψk) ≤ 2−k
, ðÿä ñõîäèòñÿ â S

è ψ ∈ S , à òîãäà

(fkn, ψ) = (fkn , ψkn) +
∑

j 6=n

(fkn, ψkj ).

Òîãäà â ñèëó (9.12) è (9.13) èìååì îöåíêó

|(fkn, ψ)| ≥ |(fkn, ψkn)| −
∑

1≤j≤n−1

|(fkn, ψkj )| −
∞∑

j≥n+1

|(fkn, ψkj)| ≥

n + 1−
∞∑

j≥n+1

1

2j−n
= n,

ò.å. (fkn , ψ) → ∞ ïðè n→ ∞, ÷òî ïðîòèâîðå÷èò óñëîâèþ ëåììû. �

Ëèòåðàòóðà ê ëåêöèè 9: Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåí-

íîé ìàòåìàòè÷åñêîé �èçèêè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�;

Â.Ñ.Âëàäèìèðîâ �Îáîáùåííûå �óíêöèè â ìàòåìàòè÷åñêîé �èçè-

êå�.
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10. Ëåêöèÿ 10.

10.1. Òåîðåìà Ëîðàíà Øâàðöà.

Òåîðåìà 10.1. Ïóñòü M ′
� ñëàáî îãðàíè÷åííîå ìíîæåñòâî �óíê-

öèîíàëîâ èç S ′
, ò.å. |(f, φ)| < Cφ äëÿ âñåõ f ∈M ′

è φ ∈ S . Òîãäà

ñóùåñòâóþò òàêèå ÷èñëà K ≥ 0 è m ≥ 0, ÷òî

(10.1) |(f, φ)| ≤ K‖φ‖m, f ∈ M ′, φ ∈ S .

Äîêàçàòåëüñòâî. Åñëè íåðàâåíñòâî (10.1) íåñïðàâåäëèâî, òî íàé-

äóòñÿ ïîñëåäîâàòåëüíîñòè {fk} � �óíêöèîíàëîâ èçM ′
è φk � �óíê-

öèé èç S òàêèå, ÷òî

|(fk, φk)| ≥ k‖φk‖(k), k = 1, 2, . . . .

Ïîñëåäîâàòåëüíîñòü �óíêöèé

ψk(x) =
φk(x)√
k‖φk‖(k)

, k = 1, 2, . . .

ñòðåìèòñÿ ê 0 â S , èáî ïðè k ≥ p:

‖ψk‖(p) =
‖φk‖(p)√
k‖φk‖(k)

≤ 1√
k
.

Ïîñëåäîâàòåëüíîñòü �óíêöèîíàëîâ {fk} îãðàíè÷åíà íà êàæäîé îñ-
íîâíîé �óíêöèè φ èç S . Ïîýòîìó ïî äîêàçàííîé âûøå ëåììå èìååì

(fk, ψk) → 0 ïðè k → ∞. Ñ äðóãîé ñòîðîíû, íåðàâåíñòâî (10.1) äàåò

|(fk, ψk)| =
|(fk, φk)|√
k‖φk‖(k)

≥
√
k.

Ïîëó÷åííîå ïðîòèâîðå÷åå è äîêàçûâàåò òåîðåìó. �

Ñëåäñòâèå 10.1. Âñÿêàÿ îáîáùåííàÿ �óíêöèÿ óìåðåííîãî ðîñòà

èìååò êîíå÷íûé ïîðÿäîê, ò.å. äîïóñêàåò ïðîäîëæåíèå êàê ëèíåé-

íûé íåïðåðûâíûé �óíêöèîíàë èç íåêîòîðîãî (íàèìåíüøåãî) ñîïðÿ-

æåííîãî ïðîñòðàíñòâà S
′
m, ïðè ýòîì íåðàâåíñòâî (10.1) ïðèíè-

ìàåò âèä

(10.2) |(f, φ)| ≤ ‖f (−m)‖φ‖(m), φ ∈ S .

ãäå ‖f‖(−m)
� íîðìà �óíêöèîíàëà f â S ′

m, m � ïîðÿäîê f .

Òàêèì îáðàçîì ñïðàâåäëèâû ñîîòíîøåíèÿ

S
′
0 ⊂ S

′
1 ⊂ S

′
2 ⊂ . . . , S

′ =
⋃

p≥0

S
′
p.

Ìîæíî ïîêàçàòü, ÷òî êàæäàÿ ñëàáî ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü

�óíêöèîíàëîâ èç S ′
p ñõîäèòñÿ ïî íîðìå â S ′

p+1. À òîãäà ïî òåîðåìå
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Øâàðöà, âñÿêàÿ ñëàáî ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü îáîáùåííûõ

�óíêöèé ìåäëåííîãî ðîñòà ñëàáî ñõîäèòñÿ â íåêîòîðîì ïðîñòðàí-

ñòâå S
′
p è, çíà÷èò, ñõîäèòñÿ ïî íîðìå â S

′
p+1, ïîñêîëüêó âñÿêàÿ ñëà-

áî ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü â S ′
åñòü ñëàáî îãðàíè÷åííîå

ìíîæåñòâî â S ′
. Ïðîñòðàíñòâî S ′

ïîëíî.

10.2. Ñòðóêòóðà îáîáùåííûõ �óíêöèé ìåäëåííîãî ðîñòà.

Òåîðåìà 10.2. Åñëè f ∈ S ′(Rn), òî ñóùåñòâóåò íåïðåðûâíàÿ

�óíêöèÿ g ìåäëåííîãî ðîñòà íà R
n
è öåëîå ÷èñëî m ≥ 0 òàêèå,

÷òî f(x) = Dm
1 . . .D

m
n g(x).

Äîêàçàòåëüñòâî. Ïðîâåäåì åãî äëÿ ñëó÷àÿ n = 1. Ïî òåîðåìå

Øâàðöà ñóùåñòâóþò ÷èñëà K è p òàêèå, ÷òî äëÿ ëþáîé ϕ ∈ S

èìååì

|(f, ϕ)| ≤ K‖ϕ‖(p).
Íî ïî (8.1) ìû ìîæåì çàïèñàòü

‖ϕ‖(p) = sup
x∈R
α≤p

∣∣∣∣∣

x∫

−∞

dy
d

dy
[(1 + x2)p/2ϕ(α)(x)]

∣∣∣∣∣ ≤

≤ max
α≤p

∫
dx

∣∣∣∣
d

dx
[(1 + x2)p/2ϕ(α)(x)]

∣∣∣∣,

òàê ÷òî

|(f, ϕ)| ≤ Kmax
α≤p

∥∥∥∥
d

dx
[(1 + x2)p/2ϕ(α)(x)]

∥∥∥∥
L1

.

Ïîëîæèì ψα =
d

dx
[(1 + x2)p/2ϕ(α)(x)]. Ýòî ñîïîñòàâëÿåò êàæäîé

�óíêöèè ϕ ∈ S íàáîð {ψα}, ò.å. ìû èìååì îòîáðàæåíèå ϕ→ {ψα}
èç ïðîñòðàíñòâà S â ïðîñòðàíñòâî ⊕α≤pL1

ñ íîðìîé ‖{fα}‖ =
maxα≤p ‖fα‖L1

. Íà ëèíåéíîì ïîäìíîæåñòâå {{ψα}, ϕ ∈ S } ïðî-

ñòðàíñòâà ⊕α≤pL1
ââåäåì ëèíåéíûé �óíêöèîíàë f ∗

ïîñðåäñòâîì

ðàâåíñòâà (f ∗, {ψα}) = (f, ϕ). Â ñèëó äîêàçàííîãî âûøå

|(f ∗, {ψα})| = |(f, ϕ)| ≤ Kmax
α≤p

‖ψα‖L1 ≤ K‖{ψα}‖,

òàê ÷òî �óíêöèîíàë f ∗
íåïðåðûâåí. Òîãäà â ñèëó òåîðåìû Õàíà�

Áàíàõà îí íåïðåðûâíî ïðîäëåâàåòñÿ íà âñå ïðîñòðàíñòâî ⊕α≤pL1
.

Íî, êàê èçâåñòíî (L1)∗ = L∞
, òàê ÷òî â ñîïðÿæåííîì ïðîñòðàíñòâå

⊕α≤pL∞
ñóùåñòâóåò âåêòîð {χα} òàêîé, ÷òî

(f ∗, {ψα}) =
∑

α≤p

∫
dxχα(x)ψα(x).
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Èòàê, äëÿ ëþáîãî ϕ ∈ S :

(f, ϕ) =
∑

α≤p

∫
dxχα(x)

d

dx
[(1 + x2)p/2ϕ(α)(x)] =

=
∑

α≤p

∫
dxgα(x)ϕ

(α+2)(x).

Çäåñü äîáàâëåíà îäíà ïðîèçâîäíàÿ â ϕ(α+2)
, ÷òîáû îáåñïå÷èòü íåïðå-

ðûâíîñòü �óíêöèè gα, ÿâëÿþùåéñÿ ïåðâîîáðàçíîé ìíîæèòåëåé �ó-
íêöèé ϕ(α+1)(x) â ïåðâîé ñòðî÷êå. Îêîí÷àòåëüíî ïîëó÷àåì:

f(x) =
dm

dxm
g(x), ãäå m = p+ 2. �

10.3. Ïðÿìîå ïðîèçâåäåíèå îáîáùåííûõ �óíêöèé è ñâåðò-

êà. Ïóñòü çàäàíû îáîáùåííûå �óíêöèè f(x) è g(x). Ïóñòü φ(x, y) �
îñíîâíàÿ �óíêöèÿ. Òîãäà ïðÿìîå ïðîèçâåäåíèå f × g îïðåäåëÿåòñÿ
êàê

(f(x)× g(y), φ(x, y)) = (f(x), (g(y), φ(x, y))).

Ñâîéñòâà:

Êîììóòàòèâíîñòü: f(x)× g(y) = g(y)× f(x),

Àññîöèàòèâíîñòü: f(x)× {g(y)× h(z)} = {f(x)× g(y)} × h(z).

Äîêàçàòåëüñòâî ñëåäóåò èç òîãî �àêòà, ÷òî ëþáóþ îñíîâíóþ �óíê-

öèþ φ(x, y) ìîæíî ïðèáëèçèòü ñóììàìè

∑n
j=1 φj(x)ψj(y), ãäå j =

1, 2, . . ., n = 1, 2, . . . è φj(x) è ψj(y) � ïîñëåäîâàòåëüíîñòè îñíîâíûõ

�óíêöèé ñâîèõ ïåðåìåííûõ. Êðîìå òîãî,

(f(x)× g(y), φ(x)ψ(y)) = (f(x), φ(x))(g(y), ψ(y)).

Äëÿ äàëüíåéøåãî íàì ïîòðåáóåòñÿ ïîíÿòèå ñâåðòêè �óíêöèé.

Åñëè f(x) è g(x) � äâå àáñîëþòíî èíòåãðèðóåìûõ �óíêöèè íà ïðÿ-
ìîé, òî èõ ñâåðòêà îïðåäåëÿåòñÿ êàê

(f ∗ g)(x) =
∫
dyf(y)g(x− y) ≡

∫
dyf(x− y)g(y).

(1) Ñâåðòêà ëèíåéíà ïî êàæäîìó àðãóìåíòó.

(2) Ñâåðòêà êîììóòàòèâíà: f ∗ g = g ∗ f .
(3) Äèñòðèáóòèâíîñòü: f ∗ (g + h) = f ∗ g + f ∗ h.
(4) Àññîöèàòèâíîñòü: f ∗ (g ∗ h) = (f ∗ g) ∗ h (Òðåáóåò äëÿ ñâîå-

ãî äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ è ïåðåñòàíîâî÷íîñòè âñåõ

èíòåãðàëîâ.)
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Òàê ÷òî äëÿ ëþáîé îñíîâíîé �óíêöèè φ(x):

((f ∗ g)(x), φ(x)) =
∫
dx

∫
dyf(y)g(x)φ(x+ y).

Ïîýòîìó äëÿ îáîáùåííûõ �óíêöèé f è g ìû îïðåäåëèì ñâåðòêó

êàê

(f ∗ g, φ) = (f(x)× g(y), φ(x+ y)),

åñëè óêàçàííûé �óíêöèîíàë ñóùåñòâóåò. Âàæíî ïîìíèòü, ÷òî φ(x+
y) íå åñòü îñíîâíàÿ �óíêöèÿ äâóõ ïåðåìåííûõ x è y, òàê ÷òî îí

íå îáÿçàí ñóùåñòâîâàòü. Â ÷àñòíîñòè, ýòî îïðåäåëåíèå îñìûñëåíî,

åñëè

1) îäíà èç îáîáùåííûõ �óíêöèé èìååò îãðàíè÷åííûé íîñèòåëü;

2) íîñèòåëè îáîèõ îáîáùåííûõ �óíêöèé îãðàíè÷åíû ñ îäíîé è

òîé æå ñòîðîíû, íàïðèìåð, f = 0 ïðè x < a è g = 0 ïðè y < b.
Äëÿ äîêàçàòåëüñòâà ñëåäóåò ðàññìîòðåòü âûðàæåíèÿ (f(x), φ(x+

y)). Òàê â ñëó÷àå 1) ýòî � îñíîâíàÿ �óíêöèÿ îò y. Ëåãêî ïðîâåðèòü,
÷òî

δ ∗ f = f äëÿ ëþáîé îáîáùåííîé �óíêöèè f,

f ∗ g = g ∗ f, ïî êðàéíåé ìåðå â ñëó÷àÿõ 1) è 2),

(f ∗ g) ∗ h = f ∗ (g ∗ h),
åñëè íîñèòåëè äâóõ èç òðåõ �óíêöèîíàëîâ îãðàíè÷åíû, èëè êîãäà

íîñèòåëè âñåõ òðåõ îãðàíè÷åíû ñ îäíîé ñòîðîíû, êðîìå òîãî äëÿ

ëþáîãî äè��åðåíöèàëüíîãî îïåðàòîðà D âûïîíÿåòñÿ

D(f ∗ g) = Df ∗ g = f ∗Dg.
Óñëîâèÿ íåïðåðûâíîñòè ñâåðòêè, à òàêæå ðàâåíñòâî

∂x(f ∗ g) = (∂xf) ∗ g ≡ f ∗ ∂xg.
íóæíî ïðîâåðÿòü ñïåöèàëüíî. Ïðîèçâåäåíèÿ îáîáùåííûõ �óíêöèé,

âîîáùå ãîâîðÿ, íåîïðåäåëåíû. Ïðèìåðû:

1

x
δ(x), x

1

x
δ(x). Îäíàêî,

âîçìîæíû è èñêëþ÷åíèÿ, íàïðèìåð:

θ(x)θ(x− a) = θ(x− a), a ≥ 0.

Ñâåðòêà äâóõ ïðîèçâîëüíûõ îáîáùåííûõ �óíêöèé òàêæå íå îáÿ-

çàíà ñóùåñòâîâàòü. Ïðîñòåéøèé ïðèìåð � ñâåðòêà äâóõ �óíêöèé,

òîæäåñòâåííî ðàâíûõ åäèíèöå. Îäíàêî, êîãäà îäíà èç îáîáùåííûõ

�óíêöèé èç S ′
, à äðóãàÿ � îáîáùåííàÿ �óíêöèÿ ñ êîìïàêòûì íîñè-

òåëåì, èëè êîãäà èõ íîñèòåëè îãðàíè÷åíû ñ îäíîé è òîé æå ñòîðîíû,

òî ñâåðòêà ñóùåñòâóåò. Ïðèìåð:

(10.3) (θ ∗ θ)(x) = θ(x)x.
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Ëèòåðàòóðà ê ëåêöèè 10:

Â.Ñ.Âëàäèìèðîâ �Îáîáùåííûå �óíêöèè â ìàòåìàòè÷åñêîé �è-

çèêå�;

È.Ì.�åëü�àíä, �.Å.Øèëîâ �Îáîáùåííûå �óíêöèè è äåéñòâèÿ íàä

íèìè�, ãë. I;
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11. Ëåêöèÿ 11.

11.1. Ôîðìóëû Ñîõîöêîãî�Ïëåìåëÿ. �àññìîòðèì ïðè x ∈ R1

�óíêöèþ (x + iε)−1
, ãäå ε > 0. Ýòà �óíêöèÿ, î÷åâèäíî çàäàåò ðå-

ãóëÿðíóþ îáîáùåííóþ �óíêöèþ èç S ′
:

(
(x+ iε)−1, ϕ(x)

)
=

∫
dxϕ(x)

x+ iε
,

à èç ïîëíîòû S ′
ñëåäóåò, ÷òî ñóùåñòâèåò ïðåäåë ïðè ε → 0, êîòî-

ðûé îáîçíà÷àåòñÿ

(11.1)

(
(x+ i0)−1, ϕ(x)

)
= lim

ε→0

∫
dxϕ(x)

x+ iε
.

Ñâÿçü ýòèõ îáîáùåííûõ �óíêöèé ñ äðóãèíè, ðàññìîòðåííûìè íà-

ìè, äàåòñÿ �îðìóëû Ñîõîöêîãî�Ïëåìåëÿ (ñïðàâåäëèâûìè â áîëåå

øèðîêîé îáëàñòè), êîòîðûå äëÿ ïðîñòðàíñòâà S ′
èìåþò âèä

(11.2)

1

x+ i0
= p.v.

1

x
− πiδ(x),

1

x− i0
= p.v.

1

x
+ πiδ(x).

Äîêàæåì èõ.

(
(x+ i0)−1, ϕ(x)

)
=

= lim
ε→0

{ +1∫

−1

dxϕ(x)

x+ iε
+

∫

|x|>1

dxϕ(x)

x+ iε

}
=

= lim
ε→0

+1∫

−1

dxϕ(x)

x+ iε
+

∫

|x|>1

dxϕ(x)

x
=

=

+1∫

−1

dx (ϕ(x)− ϕ(0))

x
+

∫

|x|>1

dxϕ(x)

x
+ ϕ(0) lim

ε→0

+1∫

−1

dx (x− iε)

x2 + ε2
=

=

(
1

x
, ϕ

)
− 2iϕ(0) lim

ε→0
arctg

1

ε
.

Âûðàçèì èç ýòèõ �îðìóë îáîáùåííûå �óíêöèè δ(x) è 1/x â ñìûñëå
ãëàâíîãî çíà÷åíèÿ:

δ(x) =
i

2π

(
1

x+ i0
− 1

x− i0

)
,

1

x
=

1

2

(
1

x+ i0
+

1

x− i0

)
(11.3)
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11.2. Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ �óíêöèé èç S ′
.

Äëÿ ïðîèçâîëüíîé îñíîâíîé �óíêöèè îïðåäåëèì ïðåîáðàçîâàíèå

Ôóðüå ïîñðåäñòâîì

F [φ](k) =

∫
dx eixkφ(x), F−1[ψ](x) =

1

2π

∫
dk e−ixkψ(k).

×àñòî èñïîëüçóåòñÿ îáîçíà÷åíèå φ̃(k) = F [φ](k). Ïîñêîëüêó φ(x)
óáûâàåò íà áåñêîíå÷íîñòè áûñòðåå ëþáîé ñòåïåíè x, åå ïðåîáðàçî-
âàíèå Ôóðüå ìîæíî äè��åðåíöèðîâàòü ïîä çíàêîì èíòåãðàëà ëþ-

áîå ÷èñëî ðàç:

∂αF [φ](k) =

∫
dx (ix)αeixkφ(x),

òàê ÷òî F [φ](k) ∈ C∞
. Àíàëîãè÷íî, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷à-

åì

kβ∂αF [φ](k) = iα+β

∫
dx eixkxα∂βφ(x).

Îòñþäà ñëåäóåò, ÷òî ïðè âñåõ α è β �óíêöèè kβ∂αF [φ](k) ðàâíî-
ìåðíî îãðàíè÷åíû ïî k íà R:

|kβ∂αF [φ](k)| ≤
∫
dx |xα∂βφ(x)|.

Òàêèì îáðàçîì F (φ) ∈ S . Ò.å. S ïåðåõîäèò â S , ïðè÷åì ýòî îòîá-

ðàæåíèå íåïðåðûâíî â ñìûñëå òîïîëîãèè S . Àíàëîãè÷íîå óòâåð-

æäåíèå ëåãêî ïîëó÷èòü è äëÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå.

Òàê êàê ïðåîáðàçîâàíèå Ôóðüå F [φ](k) îñíîâíîé �óíêöèè φ ∈ S

åñòü èíòåãðèðóåìàÿ è íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ íà

R, òî ñîãëàñíî îáùåé òåîðèè ïðåîáðàçîâàíèÿ Ôóðüå �óíêöèÿ φ
âîññòàíàâëèâàåòñÿ ïî F [φ](k) îïåðàöèåé îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå:

φ = F [F−1[φ]] = F−1[F [φ]],

ãäå

F−1[ψ](x) =
1

2π
F [ψ](−x) = 1

2π
F [ψ(−k)](x),

òàê ÷òî, ÷òî âñÿêàÿ �óíêöèÿ φ ∈ S åñòü ïðåîáðàçîâàíèå Ôóðüå

�óíêöèè ψ = F−1[φ], ò.å. φ = F [ψ], ïðè÷åì, åñëè F [φ] = 0, òî è

φ = 0. Äðóãèìè ñëîâàìè, ïðåîáðàçîâàíèå Ôóðüå âçàèìíî îäíîçíà÷-
íî îòîáðàæàåò S íà S , ïðè÷åì îïåðàöèÿ ïðåîáðàçîâàíèÿ Ôóðüå

íåïðåðûâíà èç S â S (ëèíåéíàÿ âçàèìíî íåïðåðûâíàÿ áèåêöèÿ),

êàê ñëåäóåò èç ïðåäûäóùèõ �îðìóë.
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Åñëè îáîáùåííàÿ �óíêöèÿ f çàäàåòñÿ àáñîëþòíî èíòåãðèðóåìîé
�óíêöèåé f(x), òî åå ïðåîáðàçîâàíèå Ôóðüå ñóùåñòâóåò

F [f ](k) =

∫
dx eikxf(x)

è åñòü íåïðåðûâíàÿ, îãðàíè÷åííàÿ â R �óíêöèÿ, è, ñëåäîâàòåëüíî,

îïîïðåäåëÿåò îáîáùåííóþ �óíêöèþ èç S
′
:

(F [f ], φ) =

∫
dk F [f ](k)φ(k).

Èñïîëüçóÿ òåîðåìó î ïåðåìåíå ïîðÿäêà èíòåãðèðîâàíèÿ, ïðåîáðà-

çóåì ïîñëåäíèé èíòåãðàë:

∫
dk F [f ](k)φ(k) =

∫
dk

(∫
dx eikxf(x)

)
φ(k) =

∫
dx f(x)

(∫
dk eikxφ(k)

)
,

òàê ÷òî äëÿ îñíîâíîé �óíêöèè φ âûïîëíÿåòñÿ ðàâåíñòâî

(F [f ](k), φ(k)) = (f(x), F [φ](x)).

Äëÿ ïðîèçâîëüíîé îáîáùåííîé �óíêöèè èç S ′
ïîñëåäíåå ðàâåíñòâî

ÿâëÿåòñÿ îïðåäåëåíèåì ïðåîáðàçîâàíèÿ Ôóðüå:

(F [f ](k), φ(k)) = (f(x), F [φ](x)),

ïðè÷åì ýòî ïðåîáðàçîâàíèå, êàê î÷åâèäíî, òàêæå ÿâëÿåòñÿ íåïðå-

ðûâíûì. Îáðàòíîå ïðåîáðàçîâàíèå îïðåäåëÿåòñÿ àíàëîãè÷íî.

Ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå:

• ∂nk (F [f ](k)) = F [(ix)nf ](k),
• F [∂nxf ] = (−ik)nF [f ],
• F [f(x− x0)](k) = eix0kF [f ](k),
• F [f ](k + a) = F [eixaf(x)](k), ãäå a = const,
• F [f(x)× g(x′)] = F [f ](k)× F [g](k′),
• F [f ∗ g] = F [f ]F [g],

ïðè÷åì ïîñëåäíåå âûïîëíÿåòñÿ òîëüêî åñëè ñâåðòêà ñóùåñòâóåò, à â

ïðàâîé ÷àñòè âîçíèêàåò ïðîèçâåäåíèå îáîáùåííûõ �óíêöèé. Óñëî-

âèÿ ñóùåñòâîâàíèÿ ñâåðòêè êîíòðîëèðîâàòü ëåã÷å, ÷åì óñëîâèå ñó-

ùåñòâîâàíèÿ ïðîèçâåäåíèÿ îáîáùåííûõ �óíêöèé, ïîýòîìó �óðüå-

îáðàç ñâåðòêè �óðüå-îáðàçîâ îáîáùåííûõ �óíêöèé ÷àñòî áåðåòñÿ

â êà÷åñòâå îïðåäåëåíèÿ ïðîèçâåäåíèÿ îáîáùåííûõ �óíêöèé.

Ïðèìåðû �óðüå-îáðàçîâ: F [δ] = 1, F [θ](k) =
i

k + i0
.
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Èç ïåðå÷èñëåííûõ ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóåò, ÷òî

äëÿ ëþáîãî äè��åðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè P âûïîëíåíî ðàâåíñòâî

F [P (i∂x)f(x)] (k) = P (k)F [f ](k),

êîòîðîå ÿâëÿåòñÿ îñíîâîé ìíîãî÷èñëåííûõ ïðèëîæåíèé ïðåîáðàçî-

âàíèÿ Ôóðüå â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè.

Ïîêàçàòü, ÷òî â ñèëó óêàçàííûõ ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå

è åãî íåïðåðûâíîñòè

lim
x→±∞

eikx

k
= ±iπδ(k)

â ñìûñëå îáîáùåííûõ �óíêöèé îò k.
Ëèòåðàòóðà ê ëåêöèè 11:

Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçè-

êè�, òîì 2, ��àðìîíè÷åñêèé àíàëèç. Ñàìîñîïðÿæåííîñòü�;

Â.Ñ.Âëàäèìèðîâ �Îáîáùåííûå �óíêöèè â ìàòåìàòè÷åñêîé �è-

çèêå�;

È.Ì.�åëü�àíä, �.Å.Øèëîâ �Îáîáùåííûå �óíêöèè è äåéñòâèÿ íàä

íèìè�, ãë. I;
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12. Ëåêöèÿ 12. Unbounded operators in the Hilbert spa
e.

12.1. Domains, graphs, 
losed and adjoint operators. The most

important operators whi
h o

ur in study are not bounded. Here we


onsider the basi
 de�nitions and theorems dealing with unbounded

operators on Hilbert spa
es. Any general unbounded operator T 
an

only be de�ned on a dense linear subset of the H . We will always

suppose that the domain is dense. This subspa
e, whi
h we denote

by D(T ), is 
alled the domain of the operator T . So, to identify an

unbounded operator on a Hilbert spa
e one must �rst give the domain

on whi
h it a
ts and then spe
ify how it a
ts on that subspa
e.

Example 1 (the position operator). Let H = L2(R) and let

D(T ) be the set of fun
tions ϕ ∈ L2(R) whi
h satisfy
∫
R
dx x2|ϕ(x)|2 <

∞. For ϕ ∈ D(T ) de�ne (Tϕ)(x) = xϕ(x). It is 
lear that T is

unbounded sin
e if we 
hoose ϕ to have support near plus or minus

in�nity, we 
an make |Tϕ| as large as we like while keeping |ϕ| = 1.
Of 
ourse, even if ϕ /∈ D(T ) xϕ(x) has a well-de�ned meaning as a

fun
tion, but it is not in L2(R). Thus, if we want to deal only with the
Hilbert spa
e L2(R) we must restri
t the domain of T . The domain we
have 
hosen is the largest one for whi
h the range is in L2(R).
Besides the domain D(T ) of operator T we introdu
e its range

Ran(T ) = {ψ ∈ H |ψ = Tϕ, ϕ ∈ D(t)}
and kernel (null subspa
e):

Ker(T ) = {ϕ ∈ D(t) | Tϕ = 0.}
If T maps D(T ) to Ran(T ) in the one-to-one way then inverse ope-

rator T−1
exists:

T−1Tϕ = ϕ for any ϕ ∈ D(T ); TT−1ψ = ψ for any ψ ∈ Ran(T ).

Operator T has inverse T−1
if and only if from Tϕ = 0 follows ϕ = 0.

The notion of the graph of a linear transformation, introdu
ed by

von Neumann, is very useful for studying unbounded operators.

Îïðåäåëåíèå 12.1. The graph of the linear transformation T is the

set of pairs {
{ϕ, Tϕ} |ϕ ∈ D(T )

}
.

The graph of T , denoted by Γ(T ), is thus a subset of H ×H whi
h is

a Hilbert spa
e with inner produ
t

〈{ϕ1, ψ1}, {ϕ2, ψ2}〉 = 〈ϕ1, ψ1〉+ 〈ϕ2, ψ2〉.
T is 
alled a 
losed operator if Γ(T ) is a 
losed subset of H ×H .
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Îïðåäåëåíèå 12.2. Let T1 and T be operators on H . If Γ(T1) ⊃
Γ(T ), then T1 is said to be an extension of T and we write T1 ⊃ T .
Equivalently, T1 ⊃ T if and only if D(T1) ⊃ D(T ) and T1ϕ = Tϕ for

all ϕ ∈ D(T ).

Îïðåäåëåíèå 12.3. An operator T is 
losable if it has a 
losed

extension. Every 
losable operator has a smallest 
losed extension, 
alled

its 
losure, whi
h we denote by T .

The trouble with this is that Γ(T ) may not be the graph of an

operator. However, most operators whi
h we deal with will be symmetri


operators and we will see that they always have 
losed extensions. It is

easy to prove that if T is 
losable, then Γ(T ) = Γ(T ).
Adjoint operator.

Îïðåäåëåíèå 12.4. Let T be a densely de�ned linear operator on a

Hilbert spa
e H . Let D(T ∗) be the set of ϕ ∈ H for whi
h there is an

η ∈ H with

(12.1) 〈Tψ, ϕ〉 = 〈ψ, η〉 for all ψ ∈ D(T ).

For ea
h su
h ϕ ∈ D(T ∗), we de�ne T ∗ϕ = η. T ∗
is 
alled the adjoint

of T . By the Riesz lemma, ϕ ∈ D(T ∗) if and only if |〈Tψ, ϕ〉| ≤ C‖ψ‖
for all ψ ∈ D(T ).

We note that S ⊂ T implies T ∗ ⊂ S∗
. Noti
e that for η to be

uniquely determined by (12.1) we need the fa
t that D(T ) is dense. It
is ne
essary to mention that in the 
ase of unbounded operators, the

domain of T ∗
is not always dense. In parti
ular, it is possible to have

D(T ∗) = {0}.
Example 4. Suppose that f is a bounded measurable fun
tion, but

that f /∈ L2(R). Let D(T ) = {ψ ∈ L2(R)
∣∣ ∫ dx|f(x)ψ(x)| < ∞}.

Domain D(T ) 
ertainly 
ontains all the L2 fun
tions with 
ompa
t

support soD(T ) is dense in L2(R). Let ψ0 be some �xed ve
tor in L2(R)
and de�ne Tψ = 〈f, ψ〉ψ0 for ψ ∈ D(T ). Suppose that ϕ ∈ D(T ∗), then

〈ψ, T ∗ϕ〉 = 〈Tψ, ϕ〉 = 〈〈f, ψ〉ψ0, ϕ〉 = 〈f, ψ〉〈ψ0, ϕ〉 =
= 〈ψ0, ϕ〉〈ψ, f〉 = 〈ψ, 〈ψ0, ϕ〉f〉

for all ψ ∈ D(T ). Thus T ∗ϕ = 〈ψ0, ϕ〉f . Sin
e f /∈ L2(R), the only
possibility to have T ∗ϕ ∈ H is to put 〈ψ0, ϕ〉 = 0. Thus any ϕ ∈
D(T ∗), is orthogonal to ψ0 so D(T ∗) is not dense. In fa
t, D(T ∗) is
just the ve
tors perpendi
ular to ψ0 and on that domain T

∗
is the zero

operator.

If the domain of T ∗
is dense, then we 
an de�ne T ∗∗ = (T ∗)∗. There

is a simple relationship between the notions of adjoint and 
losure.
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Òåîðåìà 12.1. Let T be a densely de�ned operator on a Hilbert spa
e

H . Then:

(1) T ∗
is 
losed.

(2) T is 
losable if and only if D(T ∗) is dense in whi
h 
ase T =
T ∗∗

.

(3) If T is 
losable, then (T )∗ = T ∗
.

Proof of this theorem 
an be �nd in the literature 
ited by the end

of the le
ture.

12.2. Spe
trum of the operators.

Îïðåäåëåíèå 12.5. Let T be a 
losed operator on a Hilbert spa
e

H . A 
omplex number λ is in the resolvent set, ρ(T ), if λI − T is

a bije
tion of D(T ) onto H with a bounded inverse. If λ ∈ ρ(T ),
Rλ(T ) = (λI −T )−1

is 
alled the resolvent of T at λ. If λ /∈ ρ(T ), then
λ is said to be in the spe
trum σ(T ) of T .

We note that by the inverse mapping theorem, λI−T automati
ally

has a bounded inverse if it is bije
tive. We distinguish two subsets of

the spe
trum.

Îïðåäåëåíèå 12.6. Let ϕ ∈ H .

(1) An ϕ 6= 0 whi
h satis�es Tϕ = λϕ for some λ ∈ C is 
alled an

eigenve
tor of T ; λ is 
alled the 
orresponding eigenvalue.

If λ is an eigenvalue, then λI − T is not inje
tive so λ is in

the spe
trum of T . The set of all eigenvalues is 
alled the point

spe
trum of T .
(2) If λ is not an eigenvalue and if Ran(λI − T ) is not dense, then

λ is said to be in the residual spe
trum.

Ëèòåðàòóðà ê ëåêöèè 12: Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé

ìàòåìàòè÷åñêîé �èçèêè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�.
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13. Ëåêöèÿ 13

Òåîðåìà 13.1. Let T be a 
losed densely de�ned linear operator. Then

the resolvent set of T is an open subset of the 
omplex plane on whi
h

the resolvent is an analyti
 operator-valued fun
tion, and {Rλ(T ) | λ ∈
ρ(T )} is a 
ommuting family of bounded operators satisfying

(13.1) Rλ(T )− Rµ(T ) = (µ− λ)Rµ(T )Rλ(T ).

Proof. Let λ0 ∈ ρ(T ). We 
onsider

R̃λ(T ) = Rλ0
(T )

(
I +

∞∑

n=1

(λ0 − λ)n[Rλ0
(T )]n

)

Sin
e ‖[Rλ0
(T )]n‖ ≤ ‖Rλ0

(T )‖n the series on the right 
onverges by

operator norm if |λ− λ0| < ‖Rλ0
(T )‖−1

. For su
h λ operator R̃λ(T ) is
well de�ned, and it is easily 
he
ked that

(λI − T )R̃λ(T ) = I = R̃λ(T )(λI − T ).

This proves that λ ∈ ρ(T ) if |λ− λ0| < ‖Rλ0
(T )‖−1

and that R̃λ(T ) =
Rλ(T ). Thus ρ(T ) is open. Sin
e Rλ(T ) has a power series expansion,
it is analyti
.

The expression

Rλ(T )− Rµ(T ) = Rλ(T )(µI − T )Rµ(T )− Rλ(T )(λI − T )Rµ(T )

proves (13.1). Inter
hanging µ and λ shows that Rµ(T ) and Rλ(T )

ommute. �

Equation (13.1) is 
alled the �rst resolvent formula, or the Hilbert

identity.

Further, many of the properties of operators whi
h are important are

very sensitive to the 
hoi
e of domain.

Example 5.We denote by AC[0, 1] the set of absolutely 
ontinuous
fun
tions on [0, 1] whose derivatives are in L2[0, 1]. Let T1 and T2 be
the operation id/dx with domains

• D(T1) = {ϕ |ϕ ∈ AC[0, 1]},
• D(T2) = {ϕ |ϕ ∈ AC[0, 1] and ϕ(0) = 0}.

Both D(T1) and D(T2) are dense in L2[0, 1] and both of the operators

are 
losed. But:

• The spe
trum of T1 is C,
• The spe
trum of T2 is empty.

The proof that T1 and T2 are 
losed is left as an exer
ise. To see that

the spe
trum of T1 is the whole plane we observe that

(λI − T1)e
−iλx = 0 and e−iλx ∈ D(T1)
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for all λ ∈ C. As for T2 , the operator

(Sλg)(x) = i

∫ x

0

ds e−iλ(x−s)g(s)

satis�es (λI − T2)Sλ = I and Sλ(λI − T2) is the identity on D(T2).
Moreover,

‖Sλg‖22 =
∫ 1

0

dx|(Sλg)(x)|2 ≤

≤
(

sup
x∈[0,1]

|(Sλg)(x)|
)2

≤

≤
(

sup
x∈[0,1]

∫ x

0

ds |e−iλ(x−s)g(s)|
)2

≤

≤
(

sup
x∈[0,1]

∫ x

0

ds |e−iλ(x−s)|2
)(

sup
x∈[0,1]

∫ x

0

ds |g(s)|2
)

≤

≤ C(λ)‖g‖22,
so Sλ is bounded. By the remark immediately after the de�nition of

resolvent set, we need only have shown that λI − T2 is a bije
tion to


on
lude that Sλ is bounded. So, we 
ould have avoided the above


omputation.

13.1. Symmetri
 and self-adjoint operators: the basi
 
riterion

for self-adjointness.

Îïðåäåëåíèå 13.1. A densely de�ned operator T on a Hilbert spa
e

is 
alled symmetri
 (or Hermitian) if T ⊂ T ∗
, that is, if D(T ) ⊂

D(T ∗) and Tϕ = T ∗ϕ for all ϕ ∈ D(T ). Equivalently, T is symmetri


if and only if

〈Tϕ, ψ〉 = 〈ϕ, Tψ〉 for all ϕ, ψ ∈ D(T ).

Îïðåäåëåíèå 13.2. T is 
alled self-adjoint if T = T ∗
, that is, if and

only if T is symmetri
 and D(T ) = D(T ∗).

A symmetri
 operator is always 
losable, sin
e D(T ∗) ⊃ D(T ) is
dense in H . If T is symmetri
, T ∗

is a 
losed extension of T , so the

smallest 
losed extension T ∗∗
of T must be 
ontained in T ∗

. Thus for

symmetri
 operators, we have

T ⊂ T ∗∗ ⊂ T ∗.

For 
losed symmetri
 operators,

T = T ∗∗ ⊂ T ∗.
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And, for self-adjoint operators,

T = T ∗∗ = T ∗.

From this one 
an easily see that a 
losed symmetri
 operator T is self-

adjoint if and only if T ∗
is symmetri
. The distin
tion between 
losed

symmetri
 operators and self-adjoint operators is very important. It

is only self-adjoint operators that may be exponentiated to give the

one-parameter unitary groups whi
h give the dynami
s in quantum

me
hani
s.

We introdu
e the useful notion of essential self-adjointness.

Îïðåäåëåíèå 13.3. A symmetri
 operator T is 
alled essentially self-

adjoint if its 
losure T is self-adjoint. If T is 
losed, a subset D ⊂
D(T ) is 
alled a 
ore (ñóùåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ) for T if

T ↾ D = T .

If T is essentially self-adjoint, then it has one and only one self-

adjoint extension, for suppose that S is a self-adjoint extension of T .
Then, S is 
losed and thereby, sin
e S ⊃ T , S ⊃ T ∗∗

. Thus, S = S∗ ⊂
(T ∗∗)∗ = T ∗∗

, and so S = T ∗∗
. The 
onverse is also true; namely, if

T has one and only one self-adjoint extension, then T is essentially

self-adjoint. Sin
e T ∗ = T ∗ = T ∗∗∗
, T is essentially self-adjoint if and

only if T ⊂ T ∗∗ = T ∗
. If A is a self-adjoint operator, then to spe
ify

A uniquely one need not give the exa
t domain of A (whi
h is often

di�
ult), but just some 
ore for A. Now, suppose that T is a self-adjoint

operator and that there is a ϕ ∈ D(T ∗) = D(T ) so that T ∗ϕ = iϕ.
Then Tϕ = iϕ and

−i〈ϕ, ϕ〉 = 〈iϕ, ϕ〉 = 〈Tϕ, ϕ〉 = 〈ϕ, T ∗ϕ〉 = 〈ϕ, Tϕ〉 = i〈ϕ, ϕ〉,
so ϕ = 0. A similar proof shows that T ∗ϕ = −iϕ 
an have no solutions.

The 
onverse statement, that if T is a 
losed symmetri
 operator and

T ∗ϕ = ±iϕ has no solutions, then T is self-adjoint, is the basi
 
riterion

of self-adjointness.

Òåîðåìà 13.2 (the basi
 
riterion for self-adjointness). Let T be a

symmetri
 operator on a Hilbert spa
e H . Then the following three

statements are equivalent:

(a) T is self-adjoint.

(b) T is 
losed and Ker(T ∗ ± i) = 0.
(
) Ran(T ± i) = H .

Proof.We have just seen that (a) implies (b). Suppose that (b) holds;

we will prove (
). Sin
e T ∗ϕ = −iϕ has no solutions, Ran(T−i)must be
dense. Otherwise, if ψ ∈Ran(T − i)⊥, we would have ((T − i)ϕ, ψ) = 0
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for all ϕ ∈ D(T ), so ψ ∈ D(T ∗) and (T − i)∗ψ = (T ∗ + i)ψ = 0 whi
h
is impossible sin
e T ∗ψ = −iψ has no solutions. (Reversing this last

argument we 
an show that if Ran(T − i) is dense, the kernel of T ∗ + i
is {0}.) Sin
e Ran(T − i) is dense, we need only prove it is 
losed to


on
lude that Ran(T − i) = H . But for an ϕ ∈ D(T )

‖(T − i)ϕ‖2 = ‖Tϕ‖2 + ‖ϕ‖2.
Thus if ϕn ∈ D(T ) and (T − i)ϕn → ψ0, we 
on
lude that ϕn 
onverges

to some ve
tor ϕ0, and Tϕn 
onverges too. Sin
e T is 
losed, ϕ0 ∈ D(T )
and (T − i)ϕ0 = ψ0.Thus, Ran(T − i) is 
losed, so Ran(T − i) = H .

Similarly, Ran(T + i) = H .

Finally, we will show that (
) implies (a). Let ϕ ∈ D(T ∗). Sin
e
Ran(T − i) = H , there is an η ∈ D(T ) so that (T − i)η = (T ∗ − i)ϕ.
D(T ) ⊂ D(T ∗), so ϕ − η ∈ D(T ∗) and (T ∗ − i)(ϕ − η) = 0. Sin
e
Ran(T + i) = H , Ker(T ∗ − i) = {0}, so ϕ = η ∈ D(T ). This proves
that D(T ∗) = D(T ), so T is self-adjoint. �

Ñëåäñòâèå 13.1. Let T be a symmetri
 operator on a Hilbert spa
e.

Then the following are equivalent:

(a) T is essentially self-adjoint.

(b) Ker(T ∗ ± i) = 0.
(
) Ran(T ± i) are dense.

Ëèòåðàòóðà ê ëåêöèè 13: Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé

ìàòåìàòè÷åñêîé �èçèêè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�.
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14. Ëåêöèÿ 14

14.1. Operator id/dx on the interval. This example shows that a

symmetri
 operator may have many self-adjoint extensions. Lest the

reader be misled we remark that a symmetri
 operator may have no

self-adjoint extensions.

Example Let T = id/dx with

D(T ) = {ϕ |ϕ ∈ AC[0, 1], ϕ(0) = 0 = ϕ(1)}.
A simple integration by parts shows that as an operator on L2[0, 1],
T is symmetri
. We begin by determining T ∗

. First we introdu
e the

approximate identity, jε(x). Let j(x) be any positive, in�nitely differen-
tiable fun
tion with support in (−1, 1) so that

∫∞

−∞
dx j(x) = 1. De�ne

jε(x) = ε−1j(x/ε), ε > 0. Fix 0 < α < β < 1 and de�ne

fα,β
ε (x) = jε(x− β)− jε(x− α),

gα,βε (x) =

∫ x

0

dt fα,β
ε (x)

Let ψ ∈ D(T ∗). For ε small enough, gα,βε ∈ D(T ) so

(14.1) 〈Tgα,βε , ψ〉 = 〈gα,βε , T ∗ψ〉.
As ε → 0, −gα,βε 
onverges to the 
hara
teristi
 fun
tion of (α, β) in
L2(0, 1) so

〈gα,βε , T ∗ψ〉 → −
∫ β

α

dx (T ∗ψ)(x).

Let de�ne operators Jε by means of

Jεϕ =

∫ 1

0

dt jε(x− t)ϕ(t),

where the r.h.s. 
onverges in L2 to ϕ(x) if ϕ is 
ontinuous. Moreover,

ea
h Jε is a bounded operator of norm not greater than one. For if

ψ ∈ L2(0, 1), then

|〈ψ, Jεϕ〉| ≤
∫
dt

∫
dx jε(x− t)|ϕ(t)||ψ(x)| =

=

∫
dt

∫
dy jε(y)|ϕ(t)||ψ(y + t)| ≤

≤ ‖ϕ‖‖ψ‖
∫
dy jε(y) =

= ‖ϕ‖‖ψ‖.
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By an ε/3 argument, Jεϕ
L2

→ ϕ for all ϕ ∈ L2[0, 1]. Thus, the left side
of (14.1) 
onverges to −i(ψ(β) − ψ(α)) in mean square as ε → 0. So,
for almost all α, β

i[ψ(β)− ψ(α)] =

∫ β

α

dx (T ∗ψ)(x)

This means that ψ is absolutely 
ontinuous and

i
d

dx
ψ(x) = (T ∗ψ)(x).

Thus, ψ ∈ AC[0, 1] and T ∗ψ = idψ(x)/dx. Conversely, integration
by parts shows that any ψ ∈ AC[0, 1] is in the domain of T ∗

and

T ∗ψ = idψ/dx. Therefore T ∗ = id/dx on D(T ∗) = AC[0, 1].
It is easy to see that T is not essentially self-adjoint sin
e e±x ∈

D(T ∗) and ide±x/dx = ±ie±x
. In fa
t, it is easy to prove that T is


losed so T is a 
losed, symmetri
 but not self-adjoint operator. Does

T have any self-adjoint extensions? Yes, un
ountably many di�erent

ones! Let α ∈ C, |α| = 1, and de�ne Tα = id/dx on

D(Tα) = {ϕ |ϕ ∈ AC[0, 1], ϕ(0) = αϕ(1)}.
Ea
h of these operators Tα is a di�erent self-adjoint extension of T . Of

ourse, ea
h Tα is in turn extended by T ∗

.

14.2. Spe
tral proje
tors and fun
tional 
al
ulus.

Ïðèìåð 14.1. Let H = ℓ2 and Let operator T is given by

T (x1, x2, . . .) = (0, x1, x2, . . .).

Then R0(T ) is bounded, but RanR0(T ) is not dense in H , so point

λ = 0 belongs to theresidual spe
trum of operator T .

Òåîðåìà 14.1. Let T be self-adjoint operator in the Hilbert spa
e H .

Then any λ ∈ C with Im λ 6= 0 belongs to the resolvent set ρ(T ) and
resolvent Rλ(T ) is bounded linear operator, that obeys

(14.2) ‖Rλ(T )‖ ≤ 1

| Imλ| ,

and

(14.3) Im〈(λI − T )ϕ, ϕ〉 = Imλ‖ϕ‖2 for all ϕ ∈ D(T ).

Proof. If ϕ ∈ D(T ), then 〈Tϕ, ϕ〉 = 〈ϕ, Tϕ〉 = 〈Tϕ, ϕ〉, so the

s
alar produ
t 〈Tϕ, ϕ〉 is real. This proves (14.3). Now by the S
hwartz

inequality we have

‖(λI − T )ϕ‖ · ‖ϕ‖ ≥ |〈(λI − T )ϕ, ϕ〉| ≥ | Imλ| · ‖ϕ‖2,
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that gives

‖(λI − T )ϕ‖ ≥ | Imλ| · ‖ϕ‖, ϕ ∈ D(T ).

Thus the inverse operator (λI − T )−1
exists if Im λ 6= 0. Moreover,

Ran(λI − T ) is dense in H under this 
ondition. Indeed, in the other


ase there would exist ψ ∈ H , ψ 6= 0, orthogonal to Ran(λI − T ). I.e.
for su
h ψ we would have 〈(λI − T )ϕ, ψ〉 = 0 for all ϕ ∈ D(T ), that is
equivalent to 〈ϕ, (λI−T )ψ〉 = 0. But D(T ) of the self-adjoint operator
is dense in H , so the last equality means that that (λI−T )ψ = 0, i.e.,
that Tψ = λψ. This 
ontradi
ts to 
ondition 〈Tψ, ψ〉 is real.
Thus for any 
omplex λ with Imλ 6= 0 the resolvent Rλ(T ) is

bounded linear operator that obeys (14.2). �

Below we give s
heme of fun
tional 
al
ulus, omitting some essential

details of proofs. As we know for any ϕ ∈ H s
alar produ
t 〈ϕ,Rλ(T )ϕ〉,
where T is an arbitrary self-adjoint operator, de�nes fun
tion of λ
analyti
 in the upper and bottom half-planes of C. This fun
tion is

bounded, so it de�nes regular distribution in S ′
with respe
t to Reλ by

means of the standard relation

∫
dλRe〈ϕ,Rλ(T )ϕ〉f(λRe), where f(λRe)

is an arbitrary test-fun
tion in S . Taking now that S
′
is 
losed into

a

ount one 
an prove that the limiting values of this distribution when

Imλ→ ±0 exist and are generated by means of some operatorsR±
λRe

(T )
in the sense that

lim
Imλ→±0

∫
dλRe〈ϕ,Rλ(T )ϕ〉f(λRe) =

∫
dλRe〈ϕ,R±

λRe
(T )ϕ〉f(λRe).

Su
h operators are 
alled operator-valued distributions. Introdu
e

now operator

(14.4) P ′(k) =
i

2π

(
R+

k (T )− R−
k (T )

)
, k ∈ R.

This is also operator-valued distribution and thanks to (13.1)

P ′(k) = (µ− k)P ′(k)Rµ(T ) for any k ∈ R and any µ ∈ C, Imµ 6= 0.

Then for su
h k and µ we 
an write

P ′(k)

µ− k
= P ′(k)Rµ(T ),

so that thanks to (11.3) we 
an perform pro
edure (14.4) with respe
t

to µ, that gives

(14.5) δ(k − p)P ′(k) = P ′(k)P ′(p).

Operator-valued distribution P ′(k) has primitive P (k):

P ′(k) =
d

dk
P (k),
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while study of the asymptoti
 behavior of P ′(k) shows that one 
an
write, say,

(14.6) P (k) =

k∫

−∞

ds P ′(s).

Then by (14.5)

(14.7) P (k)P ′(k′) = θ(k − k′)P ′(k′).

So that P (k)P ′(k′) =
d

dk′
θ(k − k′)P (k′) + δ(k′ − k)P (k), and thank to

normalization we derive

(14.8) P (k)P (k′) = θ(k − k′)P (k′) + θ(k′ − k)P (k).

In parti
ular

(14.9) P 2(k) = P (k).

Taking that by (14.4) and (14.6) operator P (k) is self-adjoint, we


on
lude that P (k) is orthogonal proje
tor and P (k) ≥ 0. This
operator is 
alled spe
tral proje
tor. In the same way we 
an prove

that P (k) ≥ P (k′) when k ≥ k′. Finally, taking into a

ount that by
(14.4) P (k) is di�eren
e of fun
tions that admit analyti
 
ontinuation
in the upper and bottom half-planes, we derive∫

dk
1

λ− k
P ′(k) = Rλ(T ), Im λ 6= 0.

In this way one 
an prove that there exists limit P∞ =
∫
dk P ′(k) ≡ 1.

Analogously one 
an prove that for any bounded fun
tion f(k):

(14.10) f(T ) =

∫
dk f(k)P ′(k).

In parti
ular by (14.5)

f(T )g(T ) =

∫
dk f(k)g(k)P ′(k).

Ëèòåðàòóðà ê ëåêöèè 14: Ì.�èä, Á.Ñàéìîí �Ìåòîäû ñîâðåìåííîé

ìàòåìàòè÷åñêîé �èçèêè�, òîì 1, �Ôóíêöèîíàëüíûé àíàëèç�.


