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7. JIEKLIUS 7

3/ech MBI JOKa3bIBaeM OJIMH W3 OCHOBHBIX Pe3yJIbTaTOB (DYHKIIH-
OHAJTBHOTO aHaanW3a — TeopeMy XaHa-bamaxa. /lokazaTenbcTBO HaM
HPUIETCd JeIaTh B JIBa IIara: CHAYaaIa Mbl JOKayKeM 3Ty TeOpeMy I
BEIIIECTBEHHOTO BEKTOPHOTO IMMPOCTPAHCTBA, & TOTOM 0000IIUM ee Ha Ha
KOMILTEKCHOE.

7.1. Teopema Xanma—Banaxa, BerniecTBeHHbII CJIydaii.

Teopema 7.1. ITycmov X — sewecmsennoe 8eKmopHoe npocmpancmeo,
p — sewecmeennan PynKyua, onpedesernnas na X u ydosaemsoparo-
waa yeaosuto plax+(l—a)y) < ap(z)+(1—a)p(y) das scex x,y € X,
a € [0,1]. IIpednoroscum, wmo A — aunelnwid Gyrkyuonan, onpede-
aernvil na nodnpocmparcmee Y C X u ydosiemeoparousut nepaser-
cmey Nz) < p(z) daa ecex © € Y. Tozda cywecmeyem aunelinvii
dynrxyuonan N, onpedesennviti na X, maxod, wmo A(x) < p(x) daa
ecer x € X u A(x) = A\(x) das ecex x €Y.

Joxka3zarenrpcTBo. U nest qokaszareanLcTBa COCTOUT B caenyomem. CHa-
Jasia MOKazKkeM, 4To ecan z € X, HO 2z ¢ Y, TO A MOKHO TPOIOIKUTD
Ha [POCTPAHCTBO, HATAHYTOE Ha z U Y. A TMOTOM BOCIIOJB3YeMCsSl pac-
cyxKaeHueM 1o jJemMe [lopHa 1 mokazkeMm, 9To MOJOOHBIH MPOIECC MO3-
BOJISIET TIPOJOJIZAKHUTH A Ha BCe MPOCTPAHCTBO X .

[IycTn Y - MTOAIPOCTPAHCTBO, HATAHYTOE Ha Y 1 z. [lycTh - Ipo-
JOJZKeHne A\ Ha }7, OHO OyJIeT ONMHUCAHO, KOJb CKOPO MBI ONpPEIeTNM
A(z), T.K.

Muz +y) =ur(z) + AMy), ueR.

[Iycts y1,y2 € Y u myets o, § > 0. Torma

BAW) + @) = ABys + o) = (o + HA(

[0}
+ )s
a—l—ﬁyl oz—l—ﬁyZ

(y1 —az) + %(yz + 52)) <

S(a+5)p(—a+5 5

< Bp(yr — az) + ap(y2 + B2).
SHaunT, 1719 Bcex o, 5 >0 u y,ys € Y

1 1
- [—p(y1 — az) + AMw1)] < 5 [p(y2 + Bz) — My2)],
a IMMOTOMY CyHIeCTBYET TaKOe€ BeIIeCTBEHHOE a, YTO
1 1
sup = [=ply — a2) + Aw)] < a < inf Zlply +az) = My)].

a>0 a>0
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[Tomoxum Torga A(z) = a. JIerko BuaeTh, 9TO MOJTYICHHOE MPOTOIIKE-

HEe yaoBaeTBopsieT HepaBeHCTBY A(x) < p(x) mpu Bcex x € Y. Urak,
MBI IIOKA3aJIM, 9TO A\ 32 OJUH IIAr MOXKET OBITH HMPOIOJIZKEHO Ha OIHO
3MepeHHue.

Jlng 3aBeplieHns A0Ka3aTeILCTBA BOCIOJNbL3yeMcs JgeMMoii 1lopHa.
[Tycte £ — mabop pacmupennii € GyHKIMOHATA A, YIOBIETBOPSIOMINX
yeaosnio e(x) < p(x) Ha TeX MOAMPOCTPAHCTBAX, TJe OHHU OIpejee-
Hel. Beesem B £ gacTHuHOE yHOPSIIOYEHNE, TOJOKUB €1 < €, eCIIN €5
OnpeJiesleHo Ha BOJIbIeM MHOYKECTBe, YeM e1 U ex(x) = eq(x) Tam, e
oun 06a ompezenersl. [Iyctsb {e,}aca — TUHEHHO yHOPSITOUCHHOE O~
MHOXKeCTBO B &; mycTh X, — TO MOAIPOCTPAHCTBO, HA KOTOPOM OIIpe-
JeneHo e,. Onpenenum e Ha Ugea Xy, TOMOKUB €(T) = e4(x), ecan
x € X,. OueBngaHo, 4T0 €, < €, TAK YTO BCAKOE JTMHEHHO YIOPIIOUECH-
HOE TIOJMHOXKECTBO B € MMeeT BEePXHIO rpanb. B cury jgemwmbr [{opaa
E comepKUT MaKCUMAJIBHBIN 3JIeMeHT A, Onpe/e/IeHHblil Ha HEKOTOPOM
muOo)KecTBe X' 1 ynosaerBopsomnuii yeaosnto A(x) < p(z) npu x € X'.
Ho X’ nosxuo coBnazarh co Bcem X, TaKk KakK B IPOTHUBHOM CJIydae
MBI MOIJIF OBl MPOAOIKUTH A Ha DoJiee TMHPOKOE MPOCTPAHCTBO, J100aB-
NI, KaK U BBIIIE, eIle OaHO0 u3Mepenne. [I0CKoIbKY 9T0 NpOTUBOPEYNT
MakcuMmaabHoctn A, pomkuo 6T X = X'. 3naunt pacmmpenne A
OIIpeIeJICHO BCIOLY.

7.2. Teopema Xanma—BaHaxa, KOMIIJIEKCHBII CJTy4aif.

Teopema 7.2. I[Iycmv X — xKomnaekchoe 8eKMOPHOE NPOCMPAHCMBO,
P — BEWECEEHHAA NOAOAHCUMENOHAA HYHKUUA, onpedesennad ha X U
ydosaemeoparowas yeaosuro plax+py) < |alp(z)+|6|p(y) npu aobvix
x,y € X umobux o, f € C maxuzx, wmo |a|+|8] = 1. ITyemv X — xom-
NAEKCHBIT AUHETHOLT PYHKUUOHAN, ONPEINEHHBIT HA NOONPOCPAH-
cmee Y C X u ydosaemeoparouwuts ycaosuto |A(z)| < p(x) npu arobom
x €Y. Toeda cywecmesyem komniexcno aunelnwd gyrnkyuonan A,
onpedeaennwiii na X, ydosaemeoparowud yeaosuto |A(z)| < p(x) npu
mobom x € X u makot, wvmo A(z) = \N(z) npu x € Y.

/lokazarenscrpo. Ilomoxkum ((z) = Re{A(z)}, Tak uro ¢ — Bemie-
CTBEHHO JIMHEWHBIH (DYHKIMOHAT HA Y W, MOCKOJIbKY

((iz) = Re{A(ix)} = Re{iA(z)} = — Im A(z),

to AN(z) = {(z) — il(iz). T.x. { — BemecTBenuo nuueen u p(ax + (1 —
a)y) < ap(z)+ (1 —a)p(y) npu mobom « € [0, 1], To cymecTByer Bere-
CTBEHHO JIMHeiiHOe paciupenne L #a Bee X, yIOBIETBOPSIONIee YCIO-
suio L(z) < p(z). [Monoxum A(x) = L(x) — iL(iz). ITo mocrpoemnuio
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9TO — BEIIECTBEHHO JUHEHHbIN (DYHKITMOHA, SIBSIONUNACS PACITUPEHU-
em dyukiponata A. Ho mockonbky A(iz) = L(ix) —iL(—x) = iA(z),
to A — KommtekcHo suneen. Ocranock qokazaTh, uro |A(z)| < p(z).
Bamernm, uro p(az) < p(z) ans modoro a Takoro, 9to |af = 1. O60-
suaunm 0 = Arg(A(x)). Torna B cuny pasencrBa Re A = L, nmeem:

IA(z)| = e A(z) = Ale ™™ z) = Re A(e ™2) =
= L(e "2) < p(e ) < p(x),

YTO U TPEOOBATIOCH JOKA3ATh.
Jlureparypa Kk meknun 7: M.Pua, B.Caiimon “MeToabr coBpeMeHHOit
MaTeMaTudeckoit pusuku”’, Tom 1, “OyHKIUOHATBLHBII aHaIn3”.



8. JIEKIINA 8

8.1. IIpocrpancTBa . u .¥’. BanaxoBbl MpoCTpaHCTBA 00/1a1aI0T
MHOTHMHY CBOICTBAMU IBKJIHIOBBIX: 3TO BEKTOPHBIE TPOCTPAHCTBA, HOP-
Ma B HUX OTIepeJieisieT MOHITHe PACCTOSIHUS, a BCIKAs MOCTIeI0BATE b
HocTh Komm mmeer mpesen. Xopommnit mpuMep HCHOJIH30BAHUS ITUX
IPOCTPAHCTB IaeT TeOPHs 00OOIIEHHBIX (DYHKITAI, KOTOPYIO MBI KPATKO
paccMoTpuM 3jech. B onrcanun 06001eHHBIX (DYHKIUI HaHAXOBHI TTPO-
CTPAHCTBA BO3HUKAIOT CAEAYIOMUM 0oOpa3oM. Bmegem mpocTpaHCcTBO
S = S(R) (nast mpocToTHl M3JI0KEHUsT MbI paccmarpuBaeM (GyHK-
MU OJIHOI TrlepeMeHHoi) GeckonedHo auddeperiupyeMbrx hyHKIHi,
yOBIBAIONINX HA OECKOHEYHOCTH BMECTE CO BCEMU CBOUMH ITPOU3BOJI-
HBIMU ObICTpee J060it 00paTHOl cremenn = (TOBOPAT Tak:Ke: ObICTpee
0600 ToIMHOMA). BBeieM B . CUeTHOE YHCIIO HOPM, ONPEIeTeHHBIX
KaK

(8.1) o)™ = sug(l +|zP)PR050(x), p=0,1,....
xe
a<p

OueBnHO, 9TO
(8.2) ol < gl < [lo® < ...
3a1a UM CXOIUMOCTh B . CJAEAYIONIIM 00pa30M:

Omnpenenenne 8.1. Ilocaedosamenrvrocmo Gynwkuut ¢1, ¢o, ... us .
crodumces k wyao, o, — 0 6 .7 npu k — 0o, ecau das ecexp=0,1,...
nocaedosamenvrocmu ||¢gr||® — 0 npu k — oo.

Nnpivu cioBamu: ¢ — 0 B .Y npu k — 0o, ecan 205 ¢(x) cxomuTces
K HyTI0 Ipu BcexX p > « = 0,1, ... papaomepro 1o x € R.

Ilycts .7, o3HauaeT momosHenue . mo p-oit Hopme. Kaxnoe .7, —
HaHaxoBO MPOCTPAHCTBO M CIPABEJINBHI BIOYKEHUS:

ygDleyQD...,

IpHYeM Kaskj10e BIokKenue .7, 1 C ., HenpepsisaO B cuiy (8.2). Mox-
HO JIOKA3aTh, YTO ITO BJIOKEHHE BIOJHE HEITPEPHIBHO (KOMIAKTHO), T.€.
M3 BCSKOTO OECKOHETHOTO OrPAHHYCHHOIO MHOXKECTBA B .51 MOMXKHO
BBIOPATH MOCJIEI0BATEIBHOCTD, CXOASILYIOCH B 7.

Teopema 8.1. . — noaroe npocmparcmeo u . = ﬂp>05/p.

JoxkazarensctBo. Ilycth fi, —mocienoBarenbHoCTh Ko mo Kazkmoit
w3 wopm || - ||P), uro ozmawaer wto PO%fi(x) — gpo(r) TpE k —
oo um Bcex p,a = 0,1,... paaomeprno mo x € R. Oboznaunm g =
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go,0 U IOKakeM, 910 ¢(x) HempepsiBHO anddepenmupyema u g’ = go ;-
JleiicTBuTe/IHHO,
xT

ﬁ@:ﬁ@+/ﬁﬂw
0
I BBUJY PABHOMEPHOCTH CTPEMJIEHHUS fj, — (o1 UMeeM

xT

ﬂ@=M®+/ﬁ%ﬂm

0

g € C' g = go1. [loBTOpAZ STOT WpONECC, MOTYIAEM, UTO gpq(T) =
xP0%g(r) u B TOmooruN MpocTpancTBa & mpenen limy o fr = g. Teo-
peMa JIoKa3aHa.

Onpenenenne 8.2. Tonoso2uvecku CONpPANCEHHOE NPOCMPAHCMEO K
Z(R), obosnauaemoe ' (R), nasweaemes npocmparcmeom 0606usen-
nor pynryud (pacnpedesenuti) ymepernnozo pocma.

JLast Toro, aTobbl auHeiHbIH (hyHKIMOHAT T Ha . OBLI HEMPEPhIBEH,
JomKHa cymecToBaTh HopMa || - ||P) takas, uro |T(¢)| < C|¢||®
15 BeeX o € .. JlaeliCTBUTEIBHO, €CJIN HMeeTCs TOCIe/I0BATeTbHOCTD
Komu {p} B ., T0 ona sBagercsa mociemosarenbHocTbio Ko ms
mo6oit mopmer || - [|P). A Torma n T(py,) — mocaenosarensrocts Ko

8.2. Ilpumepsr 0600mieHHbIX (yHKIUMii. [Ipumep 1. Perynsap-
HbIe 0000menHbie pyuknun. [lycts g € .. Oupenennm dyHKIHO-
Haa g(-) Ha ¥ Kak

—+o00
(8.3) gw:/wmmm
OH, 049eBUIHO, JTUHEEH U HEIIPepPhIBEH, MOCKOIBKY

19(2)| < llgllprmyllel©

. TakuMm 06pa3oM Mbl osydaeM, 910 . C .. AHATTOMrTIHO MOXKHO TI0-
KazaThb, uro L! C .. Obobmennble (DYHKINT, 3aJaHHBIE THTETPATIOM
(8.3), HABBIBAIOTCS PErYAAPHBIMU. TaCTO 10 AHATIOTHH CO CKATSAPHBIM
POU3BEIEHNEM HUCIIOIb3yeTCst 0003HATEHIE

—+00

(8.4) @@2/MWW@,

—00
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HO B OTJIMYUHU OT CKAJSIPHOTO MPOW3BEIEHUS 371€Ch HET KOMILIEKCHO-
ro conpsizkerusi. O uH n3 HANOOJIee N3BECTHHIX MMPUMEPOB PEryIsapHOit
00o01eHHo MyHKINN — DYHKINS XeBHucaiiia:

(8.5) (0.0) = / dr () = / a8 o),

rae
1, >0
9(‘”)—{0, z <0

IIpumep 2. 'maBHOe 3HaYeHWe mMHTerpajia B cMmbiciie Komiu.
Onpenenmnm

|z|>e

DTOT WHTErpaj KOHEeYeH, TOCKOIbKY

(Lo) - farttad=etos)

xT

1
<1 [alemi<zel.

—T

Bouee Toro,

'w(x) — (=)

Tak 4To

’G@)' <2 / dallp| ) + 2 jif(w@))

ITpumep 3. HeawvTa-dbyskmudga. [Ipexie Bcero HeoOXoIMMO MOM-
HUTh, 9T0 Jenabra-byukims (Inpaka) ecth we dbyHkums, a QyHKIHO-
HaJI, 33JaHHBIH (POpMYJIOit

(8.6) (6, ) = »(0),

rae ¢(x) € .. DTO paBeHCTBO OOBIYHO 3AMUCHIBAIOT B BHIE

1) [ dzst@)o@ = pl0),

HO JIETKO BHJETH, 9TO (DYHKIUH O(x) TAKOi, UTO BBIIOJHEHO (8.7) He
cymecryer. [Tosromy (8.7) ects mpocro dopmanbhag 3amuch (8.6).
JIMHEHHOCTD U HEIPEPBHIBHOCTD ITOT0 (BDYHKITHOHAA JIETKO CIEAYIOT U3
(8.6).

JIureparypa K jgekmun 8:

<A,




M.Puza, B.Caitmon “Metoast coBpeMenHoit MareMaTudeckoit ¢pusn-
kn’, Tom 1, “OyHKIMOHAIBHBIN aHan3”;

B.C.Bragnmupon “O6001meHuble (GhYHKIHHT B MaTeMaTHIecKoi (hu-
3UKe”;

N.M.T'ensdang, [E.Illnmos “Ob6o061ennble hYHKIUT U JeHCTBUS HAT,
aumu’, T 1

B.C.Braaunmupos , B.B.2Kapunos “YpaBHeHus MmareMaTu4ueckoi dhu-
3UKI .



9. JIEKIINA 9

9.1. Onepannu Hax 0000IEeHHBIMU (QYHKIUAMU. 3aMeHa Ie-
peMeHHbIX. [lycTh maHbBl JOKATHHO HWHTerpupyeMmasi byukus f(z)
n 6eckoHedHO auddepeHImpyeMas CTpOro0 MOHOTOHHO BO3PACTAIOIIA
dbyuknua a(x), Bozpacratomas Ha Geckoneunocru. Torma mist Tr000i
OCHOBHOU byHKIHH ¢ ()

/ dz f(a(z))p(z) = / dy (a™ () f () b(a""(9))

rie y = a(r) u a”' oznauaer obparnyio gyHKIu0O. [T0CKOJLKY TPO-
uzseenne (a”t(y)) ¢(a(y)) Takxe sapisercss ocnorHOl dynkuueii (B
npocTpaHcTBe . cieyer noTpeboBaTh pocta a () Ha GECKOHETHOCTH).
[Tosromy kaxkmoit 0600MIeHHON hyHKIMNU f MBI COMOCTaBIsIEM 0000-

mennyo GyHKnno f(a) mo mpaBmiy:

(f(a),0) = (f, (@ )pla™))
B wacrrocTn
(0(a), ) = (a™ " () ¢(a™ " (y))]y=o-

[Tycte o — emuHcTBeHHBI HOMb byHkmun a(x), a(xyg) = 0. Torma

6(x—x0)
d(a(z)) = = gy - B HEKOTOPBIX C/Iy4asX MOXKHO OTKA3aThCsl OT TPebo-
Bauust MoHotounocTn. Hampuwmep, ecian Bce mynu dbyukmun a(z) mpo-

CTbI€, TO MOZKHO IIOKa3aTb, YTO

I7ie CyMMUPOBAHIE BEIETCS 10 BCeM HyJIsM x; GyHKInu a(x).

MyabTUmInKaTopbl 1 cBepTKa 0000IIeHHBIX (DYHKIIUIT C OC-
HoBHBbIME. O0IIIee onpeae/TeHne MPOu3BeaeHnsT 0000IeHHBIX (DYHKITHT
HeBO3MOKHO. OJHAKO, ecqn peryiagpHas (dbyHKIuUS a(r) TaKOBa, UTO
T TI000i ocHOBHOI byHKIUH ¢(x) mpoussenenne a(r)p(r) TakxKe
SIBJISIETCST OCHOBHOI (pyHKIIMe, ITpudIeM /1 J1I000i cXoasIeiics moce-
JIOBATETBHOCTH ¢, () MOCIEOBATETBHOCTD a(X)dy, (X) TaKIKe SIBISETCS
cXoJIIIeiicst, TO yMHOKeHne 00001eHHOoi (DYHKINN HA TAKYIO PEryJisip-
HYIO onpejessieTcss (hopMyIoit

(9.1) (af,¢) = (f,a9),

qTO JAaeT JIUHEHHBINH 1 HeMPePbIBHBIN (B CHIY CKA3AHHOTO BHIIIE) (hyHK-
IIUOHAJ HA MPOCTPAHCTBE OCHOBHBIX (DYHKIHIA, a hyHKIH a(r) HA3BI-
BaeTCd MYJbTUMJINKATOPOM. Hanmpumep, My TbTUIITHKATOPAMHE SIBJIS-
forcst Bee Geckonedno nnddepennnpyembie dbyHKmn a(zr), pacryime
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Ha GeCKOHEeYIHOCTH He GhicTpee moawHoMa. B gacrrocTn u3 (9.1) ciemy-
eT, 9To

(9.2) z6(z) = 0.

Ecan ¢(x) — ocHoBHast GyHKIMST B OJHOM W3 TPEX MPOCTPAHCTB, TO
JIst JII000T0 KOHETHOro y byHKIns ¢(r — y) TakKe SIBJISETCS OCHOB-
HOiT B TOM ke mpoctpancTse. [losromy cBeptky (¢ * f)(x) ocHOBHOI
dyHKIEN ¢ 0600IIEHHON MOXKHO ONpeIe/TuTh KaK

(9:3) (@ f)(z) = (f,¢( — ),

YTO, OUEBHIHO, JaeT OOBIIHYI0 OecKOHEeUHO nud hepeHnupyemMyo GpyHK-
IO,

9.2. uddepenmupoBanue o600611eHHbIX PyHKIU. OCHOBHBIM
JIOCTOMHCTBOM OOOOIIEHHBIX (DYHKIUH, ONpEIeTdOmuM X TPUIOKHI-
MOCTh K WCCJIeI0BaHni0 A HepeHnnaabHbIX YPABHEHW IBISETCS UX
beckoreuras TuddHEPEHIIPYEMOCTh B CMBICJIE CIELYIOIIETO OMPeIeIe-
HUS.

Onpenenenne 9.1. /Jlasa 3adannoti obobwennol dpynkuyuu f ee npo-
U3B00HAA NO T ONPEIEAALNCA KAK:

(94) (fla(b) = _<f7 ¢I)

Jlerko BuIeTh, UTO JAHHOE OIpee/eHHe JaeT 000OIEHHYIO (BYHK-
IO YMEPEHHOT'O POCTA.
IMpumep 1. /Ing npousBomHoit pyHKINN XeBUCAHTa TMeeM:

+00
.6)=—(6.8) = - / dxf () = 6(0),
(9.5) o — s,

IIpumep 2. IlokazaTb, 4TO B CMBICJE IVIABHBIX 3HAYUEHUIL:

/
1 1
x x?’
re obobmenHass (GyHKIAA — B CMBIC/Ie TJIABHOTO 3HAYEHHS OIpeJie-
x
JIeTCI Kak

(2:6) = . [ a2t

12

7’ 1 2(@) + 6(=2) = 26(0)
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9.3. IlepBoobpa3ubie 06006meHHbIX MyHKIMiA. [lycrs 7(x) — mep-
BoOGpasHast ocHOBHON dyHKIWN ¢(x) u3 . Oynkuns n(z) npuHae-
KUAT . U OJHO3HAYHO OMPEIEISeTCs TOTIA U TOJIBKO TOTJIa, KOTIA

(9.6) /dxqb(:p) =0.

[Tycrs cymecrByer n(z) € ., 3amannas nocpegcrtsoMm 7' (x) = ¢(z).

Torna
[ dzot@) = [ dan@ =0,

T.e. (9.6) BeImoTHEHO. OGPATHO, TTOIOKHEM, 9TO (9.6) BBIIOJIHEHO U OMpe-
aemnm n(x) = [*_ dy ¢(y). Ouesnano, uro npn Gombumx x sra Gynk-
st KoHcTaHTa (orpanndena). [lousitHo, uTo B ety yeaosus (9.6) n(x)
CTPEMUTCS K HYJIIO0 HA 000UX OECKOHEYHOCTSX. EIMHCTBEHHOCTH TaKOi
dyuKIEN U ee Geckoneunas auddepenupyeMocTb oueBUIHbI. OeHKN
|z™n(™) (x)| BHIMOTHERBI TIPE Beex 1 > 1, a mpm n = 0 OHH CAeAYIOT
TPUBUAJIBHO.

Teopema 9.1. Jiobas obobwennasn Gymruyus [ us L obradaem nepso-
0bpasnoti g, ¢ = f, npunadaescaweti npocmparncmey us ', npuuem
maxas nepeoobpasHas eOUHCMEEHHA ¢ MOYHOCMbIO 00 NPOU3BOALHOT
KOHCMAHIDL.

JlokazarensctBo. Ilycts 9(x) u w(r) — TpOM3BOJBHBIE OCHOBHBIE
byuknnn u3 ., npudeM [ drw(z) = 1. Ilo ckasaHHOMY BBIIIE TOLIA
HaiileTcsa Takas OcHOBHAs (byHKIus ¢(x), 910

(z) = ¢/(z) + w(z) / dyly),

rae ¢ (x) onpeneneno nanueiv pasencrsom u [ dz ¢ (x) = 1. omoxkum
Tenephb

(9.7) (9,%) = (9,¢") + (g,w)(1,9) = —=(f, ) + (g,w)(1,9),

9TO0, OUEBU/IHO, 3aa€T JUHEHHbIH HenpepbIBHbIH (yHKImonast u3 ..l

9.4. CxoagmMoCTh O00OOMIEHHBIX (PYHKIUI. Mbl roBOpnM, 4TO MO0-
CJIeIOBATEILHOCTh 00OOMEHHBIX (DYHKIWIT f1, fo, ... CXOXUTCT K 0000-
menHoit byukmun f, ecan A 1060 ocHOBHON (hbyHKIUE ¢

Tim (fn,0) = (f, ).

Torma muddepennupoBanne — HenpepbiBHas oneparus. JleificTBureb-
HO, eCJIH TI0CJIeI0BATETLHOCTD 0000IeHHbIX (byuknmit f, — f, n — oo,

Ofn B 0¢ do\  [(Of
(07 )—‘(f"’a—x)*(’a—x)—(% )'
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[Tpumep: f,(x) = e’:x — 0 B cMBICJIe TPOCTpaHCTBa . pu n — 00.

Ho torga n €™ — 0 B cMbIcae . pu n — oo.
st maspHeiniero HaM moTpedyeTcs CJIeLyIoIast JeMMa.

JIemma 9.1. [yemo dana nocaedosamervrnocms dynkyuonanos { fi}
u3 caabo ozpanuventozo muoscecmea M' C ', m.e. |(f,¢)| < Cp daa
scex f € M u¢ € L. [yemv {pr} — nocaedosamesvrocmsv 0CHOSHLT

PynKuul, cTo0AUWAACA K HYNIO: ngkZ)O, npu k — 0o. Tozda (fr, ¢x) — 0
npu k — oo.

JlokazarebcTBO JieMMbl. [IpemonoKum, 9To TAaHHOE YTBEePZKICHIe
HeBepHO. Torma w3 JAHHBIX MOCTEI0BATETBHOCTEH MOYKHO BBIJICTUTH
Takue MOAmocaeaoBaTeHoCTH, 910 |(fi, ¢r)| > ¢ > 0. CxommmocThb
HOCTEIOBATEIBHOCTH ¢ B . K HYJIIO SKBUBAJTEHTHO MOYKHO c(HOPMY-
JIMPOBATH KaK CXOANMOCTh K HYJI0 10 MeTpuke p(¢dr) — 0, re

o0

277 g||®)
(9.8) p(0) = %

p=0

[Tepexomst K mOAIIOC/IE40BATEILHOCTH, BCETIA MOYKEM CIUTATh, 9TO BbI-

1
nosusiercs: p(oy) < L Brenem v, = 2F¢y, tax uro mpm k — oo:

P(wk) — 07 T.€. wkz)oa a

Bbiiesium Tenepb moiocae0BaTeIbHOCTH [, W 1)y CJEJLYONIMM MO~

cTpoeHneM 1o WHAYKIu. Beibepem fr, u ¥y, tak, arodbl |(fr,, U, )| >

2. Mycre fr, w by, npu j = 1,2,...,n — 1 yxe nocrpoenst. [Tocrpo-
R

M fr, m Y, B enay ¢ =0, nveem (fy;,Yr) — 0 mpm k — oo m

7 =12, ...,n—1. [lostomy Haiimerca takoit Homep N, 9TO pHu Bcex
k>N

1
2n—j’

C apyroit cTopomst, 110 yeaoBmio |( f, ¥x, )| < cx, mpnj = 1,2,...,n—1.
Hanee, 110 (9.9) BeIGEpeM Takoit HOMep k, > N, 4To

(9.11) (e o)l = > e, +n+ 1.

1<j<n—1
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Urak, mbl BBeU fi, ¥ 1, Takue, aro 1mo (9.9) u (9.10)

(912) (fk],d}kn) S 2n1j’ j = 1,...,71,— 1.
(9.13) (Fews k)| = D 1(frws i) + 0+ 1.
1<j<n—1

[Mostoxkum ¢ = Z]Oil Yy, . ockombky p(vy) < 27k pan cxomnres B .S
n Y €., arToria

J#Fn
Torga B cuty (9.12) u (9.13) umeem oreHKy

|Fows O 2 1rs )l = D i)l = D (s )] 2

1<j<n—1 j>n+l
o
1 1
n+1- g 2jin—n,
j>n+1

T.e. (fx,, %) — 00 mpHu N — 0O, YTO MPOTUBOPEIHUT yca10BHIO JeMMbl. Hl

JIureparypa k jgeknmu 9: M.Pux, B.Caiimon “Meronpl coBpeMeH-
HOI Maremaruveckoit ¢dpuzukn’, Tom 1, “OyHKIUOHAJILHBIN aHAJIN3
B.C.Baaguvmupos “Obobiennbie (hyHKIUNT B MaTeMaTHIeCKOil (hu3n-
Ke”.
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10. JIEKIIMIA 10.
10.1. Teopema Jlopauna IIIBapra.

Teopema 10.1. ITycmo M' — caabo ozparuvenmnoe mMmoxicecmeo dyrik-
yuonanoe uz L', m.e. |(f,9)| < Cy daa scex f € M' u ¢ € .. Tozda
cyuwecmsyrom makue wucaa K >0 um >0, umo

(10.1) I(f;0) < Kl[¢llm, feM, ¢

Jlokazarenscro. Ecin wepasencrso (10.1) mecnpaseiuBo, T0 Haii-
ayTest mocsenoarenbrocTn { fi} — dyukumonanos uz M’ n ¢y, — byHK-
it u3 . Takue, 9TO

\(frs d1)| > E|lou]|®, k=1,2,....

[TocnemoBarebHOCTL (DYHKITHIT
a6
Gnl(z) = 28 12,
V|| ®

crpemutcsa K 0 B ., ubo npu k > p:

e ® 1
ol = L <
V6~ VE

[TocrenoBaTenbHOCTH GYHKIMOHATOB { f} OrpaHWYeHa Ha KayK IO OC-
HOBHOU byHKINN ¢ n3 .. [loaTroMy 1o 10Ka3aHHOIT BBIIIE JIEMMe TMeeM
(fe, ) = 0 mpu k — oo. C apyroit croponst, Hepasenctso (10.1) maer

_ l(hes)
b= ol =

[Toyuennoe nmporuBopedee u goka3siBaer Teopemy. l

CaencrBue 10.1. Beakasa obobwennas Gynkyui yMepennozo pocma
umeem Koneunvl nopadok, m.e. donyckaem npodosrHcenue Kax AuHel-
HoLl HENPEPLLEHLLT PYHKUUOHAA U3 HEKOMOP020 (HAUMEHBULE20) CONPA-

oHcenHo20 npocmpancmea L, npu amom nepasencmeo (10.1) npuru-
Maem 6ud

(10.2) () < I Nell™, ¢ €7
2de || fII™ — nopma dymryuonana f 6 .7, m — nopadox f.
Takum obpa3om crrpaBe i INBbI COOTHOTIITEHUST
ScHcHc.., S=7
=0

MoKHO TOKa3aTh, UTO KaxKIas CI1a00 CXOMSIIIASICS MOCIeI0BATEeTLHOCTD
bYHKIHOHATIOB U3 5@' CXOJIUTCS IO HOPME B 5@' +1- A Torza mo Teopeme
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[MIBapiia, Besikast cJ1abo CXOSIIASACS MOCIeI0BATEIHLHOCTH 000DIIEHHBIX

byHKIHI MeIIeHHOr0 pocTa CJIab0 CXOAUTCS B HEKOTOPOM ITPOCTPaH-
/ /

CTBE %) W, 3HAYNT, CXOAUTCS MO HOPME B ¥, 1, TIOCKOJIbKY BCAKAs CJIa-

00 CXOIAIIALACA MOCICI0BATEILHOCTL B . ecTh c1abo orpaHndeHHoe

mMHO)ecTBO B .. TIpocrpancrio %/ moJHo.

10.2. CrpykTypa 0600mieHHBIX PYHKIINIT MeIJIEHHOTO POCTA.

Teopema 10.2. Ecau f € ' (R"), mo cywecmeyem mnenpepuenas
dynryua g medrennozo pocma na R™ u uenroe wucao m > 0 maxue,

wmo f(x) = D7 ...D"g(x).

/lokazarensctBo. IlpoBenem ero mma caydag n = 1. [Io Teopeme
[[IBapma cymectByoT unciaa K u p Takwe, 4To [ di000i p € 7
nMeeM

(£, 0)l < K] ™.
Ho 1o (8.1) MBI MOXKeM 3aIucaTh

[ d
el =sup| [ du {1+ @) <
ap! oo
d 219/2, (@)
<max [ dz | [(1+ %) e ()],
TaK 49YTO
d
<K — (1 + 2P .
|(fs0)l < Kmax| - [(1 +27)"" ()] .
d
[Tonoxkum 1), = d—[(l + 222 (1)]. D10 comocTaBageT KaXK IO
Xz

byukiym ¢ € . Habop {1, }, T.e. Mbl mMeem orobparkenne @ — {1, }
W3 MPOCTpaHcTBa % B MPOCTPAHCTBO Bo<,L' ¢ mopmoit ||{fu}| =
max,<p || follzr- Ha mmueitnom mogmuoxkecrse {{¢n}, ¢ € 7} mpo-

CTPAHCTBA EBagpﬁl BBejIeM JIMHeitHbIl (yHKImonaa f* mocpemcTBoM
pasenctBa (f*,{v.}) = (f,¢). B cuny mokazanHoro Beiiie

0 4Dl = 0 9)] < K max [aller < KI1{wa]

Tak uTo (hyHknuonaa f* #HempepwiBeHn. Torma B cmiay TeopeMbl XaHa—

1
Banaxa OH HeIpPepBIBHO MPOJIEBAETCS Ha BCE MPOCTPAHCTBO o<, L.
Ho, kak m3sectno (L£')* = L, Tax 9T0 B CONPAKEHHOM MPOCTPAHCTBE
Ba<pL> cymecTByeT BeKTOP {X,} TaKoit, ITO

(7 ) = X [ doxala)ao)

a<p
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Uraxk, mist moboro ¢ € -

(19 =Y [ doxa() L0+ @) =

as<p

=3 [ degul)e o)

a<p

31ech 10b6aBIeHa OHA TPON3BOIHAS B go(a+2), 9TOOBI 00ECIIeYnTh Hellpe-
PBIBHOCTH (DYHKIIUH §,,, SABJSIONIEHCS TIepBOOOPA3HOiT MHOKUTE e (Dy-
mknmit ¢+ (z) B mepsoit cTpouke. OKOHYATETLHO HOTYUACM:

dm

f(x) = —g(x), tHe M =p+ 2. [ |

dx™
10.3. IIpamoe mpousBegeHue oO0OIIEHHBIX (DYHKIINIT U CBEPT-
ka. [lycrs 3amansr 0600menusie dyukmun f(x) u g(x). [ycrs ¢(z,y) —
ocuoBHas (yukIusa. Torma npsimMoe nmpoussBeerune f X g OMpeIe/sIeTcs
KaK

(f(z) x g(y), o(z,y)) = (f(2), (9(y), o(x, y))).

CgoiicTBa:

Kommyratusaocts:  f(x) X g(y) = g(y) x f(x),
Accommarusnocts:  f(x) X {g(y) x h(2)} = {f(x) x g(y)} x h(2).

JlokazaTerbCTBO CaeayeT u3 Toro (paxra, ITo M0y OCHOBHYIO (DYHK-
o (7, y) MoxHO MpUGIM3HTH cymmvamn » o, ¢;(2)Y;(y), re j =
1,2,..,n=12,...u1 ¢;(x) u ¢;(y) — mOCTEIOBATETHLHOCTH OCHOBHBIX
dbyukmmii cBonx mepemeHHbIX. Kpowme Toro,

(f(x) x g(y), p(x)(y)) = (f(z), d())(9(v), ¥ (y))-

Jlnst manbHeinero HaM moTpeGyercsl MoHsATHe CBEPTKU (DYHKIIHIA.
Ecmu f(x) n g(x) — 1Be abCOMIOTHO HHTErPUPYEMBIX (DYHKIUN Ha, Mpsi-
MOIi, TO UX CBEPTKA OMPEIEIIETCI KaK

(f % g)() = / dyf(y)g(z—y) = / dyf(z — )gy).

(1) Creprka nnHeiiHA 1O KaKIOMY apryMeHTy.

(2) Ceeprka KomMyTaTuBHA: f* g = g * f.

(3) Hucrpubyrusnocts: f* (g+h) = f*xg+ f * h.

(4) Acconmarusaocth: f* (g*h) = (f * g) x h (Tpebyer mnsa cBoe-
ro J0Ka3aTeNbCTBA CYIIECTBOBAHMS U MEPECTAHOBOUYHOCTH BCEX
HHTErpaJios. )
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Tak 4ro 7151 J1I000# ocHOBHON byHKINN ¢ ():

(( +9)a).ota)) = [ do [ dyf)g@ote+9).

[Tosromy ajist 0000MEHHBIX (DYHKIWI f ¥ ¢ MBI ONPEIETNM CBEPTKY
KaK

(f xg,0) = (f(z) x g(y), o(x +y)),

ecJIM YKa3aHHBIH (DYHKITHOHA CYTECTBYeT. BaykHO MOMHUTD, 9TO (T +
y) He ecTh OCHOBHAsl (DYHKITHS IBYX MEPEMEHHBIX T U Y, TaK UTO OH
He 00g3aH CYNIEeCTBOBATh. B 4acTHOCTH, 3TO ONpeeIeHre OCMBICTICHO,
ecu

1) oxHa u3 06001eHHBIX (DYHKIMIT IMeeT OrpaHWnYeHHbIi HOCHTEJb;

2) HocuTen 06OMX OGOBIIEHHBIX (DYHKIMIT OrpAHUYEHBl ¢ OJHON W
TOit ke cToponbl, Hanpumep, f =0 npu x < awu g =0 npn y < b.

JI71s1 MoKa3aTesibcTBa Caeayer paccMoTperh Bhipaxkenust (f(z), ¢(z+
y)). Tak B caywae 1) s1o — ocHoBHast byHKIHUs OT y. JIerko mpoBepuTh,
9TO

0 f=f nns r0boit 06o0Imennoit pyukmun  f,
f*g=gx*f, mnokpaiineii mepe B ciyuasx 1) u 2),
(f*g)*h=fx(gxh),

eCJIM HOCHTEeIH JABYX M3 TpeX (hYHKIMOHAIOB OMPAHUYICHBI, UJIH KOTJIA

HOCHTE/N BCEX TPeX OMPAHMYEHLI C OIHOI CTOPOHBLI, KPOME TOIO ISt
n060oro muddepeHnuaIbLHOro omeparopa ) BHITOHIETCS

D(f*g)=Dfx*g=[f*Dy.

YVenoBug HETPEPHIBHOCTH CBEPTKHU, a TaKyKe PABEHCTBO

Ou(f *g) = (0uf) * g = [ 0ug.
HY?KHO IIPOBEPATH cHenua bHo. [Ipon3Benenus 06001eHHBIX (DYHKITHIA,

1 1

BOOGIIE TOBOpsi, Heonpeaeaenbl. [Ipumepsr: —d(z), x—d(z). Omnako,
T x

BO3MOZKHBI 1 UCKJIIOYCHU A, HallpUMEDP!:

O(z)0(x —a) = 0(x — a), a > 0.

CeepTKa ABYX HPOU3BOJIBLHBIX 000OMIEHHBIX (DYHKIMI Tak:Ke He 00s-
3aHa cyliecTBoBaTh. [Ipocreiimuii npumep — cBepTKa JABYX (DYHKIHNIA,
TOXKIECTBEHHO PaBHBIX ennuuiie. OIHAKO, KOT/Ia O/HA U3 0DODIEHHBIX
dbyurumii w3 ., a qpyrast — 06001eHHAst (DYHKIUST ¢ KOMITAKTHIM HOCH-
TeJIeM, UJIU KOTJIa UX HOCUTEJIN OTPAHUYEHBI C OTHON 1 TOil 7K€ CTOPOHHI,
TO CBepTKa cymecTByer. [Ipumep:

(10.3) (0% 0)(x) =0(x)z.
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JIureparypa k jgexknuu 10:

B.C.Baaguvupos “O6o01iennbie (hyHKIMN B MaTeMaTHIeCKOi (hu-
3UKe”;

N.M.T'enbdang, [.E.IlInmos “Obo061mennbie hYHKIUT 1 JeHCTBUS HAT,
aumu’, T 1
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11. JIEKIMS 11.

11.1. ®opmyasr Coxonkoro—Ilmemesns. Paccmorpum npn © € Ry
bynkmuio (x +ig)™1, rme € > 0. Ora byHKIEA, 0O9EBUIHO 3a7a€T pe-
TYJISIPHYIO 0000IeHHY 0 (DYHKIHO U3 &

(( +ie) " p(x) = / do o(x)

T + 1€

a U3 MOJIHOTH . crejyer, 9To cymiecrBuer npeaes npu € — 0, KoTo-
phiit obo3HavaeTcst

(11.1) ((z+i0)"", o)) zlim/d‘c‘p@.

e—0 xr 4+ 1€

CBs3b 3TUX 0000IIEHHBIX (DYHKIMI ¢ APYTHHHA, PACCMOTPEHHBIMU Ha-
vu, naercs dbopmyasl Coxorkoro—ILnemess (cnpaBeuBeIME B 60JIee
MIUPOKO#E 06TACTH), KOTOPBIE JJIst TIPOCTPAHCTBA ¥ UMEIOT BUJ

1 1 1 1
P :p_V_E—ﬂ"i(s(Jj), :p.V.E—i—WZ'é(:L’).

JoxazkeM ux.

(@ +1i0)~", p()) =

+1
:hm{/—dw@j) + / —dW(.x)} =
e—0 T+ 1€ T + 1€

-1 |z[>1
+1

_ im/dafso(.af) N / dro(x)
e—0 x +1€ x

-1 |z|>1
+1d J +1d .
_/ z (p(z) = ¢(0) / z o(x) T (0) lim x(;:—;é?)
x e e—0 xe + €
-1 |z|>1 -1

1

1
= (—, @) — 2ip(0) lim arctg —.
xT e—0 e

(11.2)

z — 10

Beipaznm u3 stux dhopmyt obobmennsie hyuknun 6(x) u 1/z B cmbice
IJIABHOTO 3HAYCHUS:

(11.3)

1 . 1
r+1:0 x—10
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11.2. TIpeobpazosanue Pypbe 0600mIeHHBIX QYHKIU u3 ..
JInst pon3BOJILHONW OCHOBHO#N (DYHKIIMU OIPEJIe/INM Tpeobpa3oBaHue
@ypbe MOCpeICTBOM

Fll(k) = / dre™o(),  Fl() = o / dk e (k).

Yacro ucnosnb3yercst obosnavenne ¢(k) = F[o](k). Tlockoabky ¢(x)
yOBIBaeT Ha ODECKOHEYHOCTH OBICTpee JTI000H CTeleHn T, ee peodpas3o-
Banne Oypne MOKHO audGepeHImpoBaTh MO 3HAKOM HHTErPAIa JIio-
boe uncJIo pas:

0" Flg) (k) = / dx (i)™ (),

tak ato F[¢|(k) € C°°. AHaJIOrHIHO, HHTErPUPYS TI0 YACTAM, TTOJIYIa-
em

kPO F[¢](k) = i*TP / dx ™* 170° ¢ ().

Otcrona cremyer, uTo npu Beex o u (3 dbynkmun k0% F[¢](k) pasmo-
MepHO OrpaHMYeHbl 1o k Ha R:

PO F ] (k)| < / da [1°0° §(x)|.

Taxkum obpazom F(¢) € . T.e. . nepexoaut B ., npuvem 310 0T00-
pazkeHne HEempepbhIBHO B CMBICIE TOMOJIOrUU .. AHAIOTHYIHOE yTBEp-
JKJIEHWE JIETKO TIOJIYUYUTh U Jijiss oOpaTHOro mnpeodpasoBanusi Pypbe.
Tak kak npeobpazosanme Pypre F[¢|(k) ocHoBHOW dyHKINM ¢ € .7
ecTh MHTEerpupyeMasi U HenpepbiBHO jiuddepennupyemast HyHKIUS HA
R, To cormacHo obmeit Teopuu mpeobpaszoBanusg Pypbe GYHKIHUI ¢
BoccTanasauBaercs 10 F[p|(k) oneparueii 06paTHOro mpeobpa3oBaHs
Dypnbe:

¢ = F[F'[g]] = F'[F[¢]],

re
1

F)(0) = 5-Fld)(—2) = 5= Fo(-B)(o)

TaK 9TO, 9TO BCsKas GyHKIus ¢ € . ecth npeobpasoBanne Pypne
byuxmun o = F7'[¢], Te. ¢ = F[¢], npudem, ecin F[p] = 0, To u
¢ = 0. pyrumu cmoBamu, mpeodopasoBanne Oypbe B3aUMHO OJTHO3HAY-
HO oToOpaxkaeTr . Ha ., mpuueM olepanug npeodpaszoBanusg Pypbe
HenpepbiBHA U3 . B . (/InHeliHAsS B3AMMHO HelpepbiBHAS OUEKINs),
KaK CJIe/lyeT W3 MPeAbIynnxX (hopmy.
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Ecan obobmennast pyuknust f 3a1aercss abCOTIOTHO HHTEIPUPYEMOi
dbyukimeii f(x), To ee mpeobpazopanne Pyphe cymiecTByer

ﬂmmzfmwww

U eCTh HelpepbiBHAs, orpannyennas B R (yuknus, u, ciejgoBaTesbHO,
omomnpezengeT o006Iennyo GyHKImo n3 ':

<ﬂﬂw=/%mewm

Hcnonb3ys TeopeMy o mepemMeHe MOpsiAKa HHTerPpUPOBaHU, Ipeodpa-
3yeM TOCTIeTHNI WHTerpaJr:

/dk F[f](k)o(k) = /dk (/ dz e“mf(x)> (k) =
/ dz f(z) ( / dk ei’“’”¢(k)>,

TaK 4TO JIjIsT OCHOBHOI (DYHKIIMU ¢ BHIOJTHSIETCS PABEHCTBO

(Ff1(R), 0(k)) = (f (x), Fl¢](x)).

JI g mpon3BoIbHOIT 00001IeHHO DyHKIMT 13 . mocaeHee paBeHCTBO
SIBJISETCS OIpeesieHneM mpeobpa3oBanus Pypobe:

(Ff1(R), 0(k)) = (f (x), Fl¢](x)),

HpuYeM 3TO Mpeodpa3oBaHUe, KaK OYEBUJIHO, TaAK¥Ke SIBJISIETCS Helpe-
peiBHBIM. OOpaTHOE Mpeobpa30BaHue OMPEIEISIeTCS AHAJTOTHIHO.
CroiictBa npeobpaszosanns Oypne:

o R (FIfI(k)) = Fl(iz)" f](k),

o F[0}f] = (—ik)"F[f],
f(@ = z0)|(k) = e F[f](k),
fl(k + a) = Fle™ f(x)](k), tne a = const,
f(x) x g(z)] = F[f](k) x Flg](K'),
F[f *g] = F[f1Flg],
npuYeM TOCTeHee BBITOTHIETCS TOJIBKO eCJIM CBePTKA CYIIECTBYeT, a B
NpaBoil 4acTu BO3HUKAET MPOU3BEJIeHIE 0000IEHHBIX (DYHKIN. YC10-
BHSI CYIIIECTBOBAHUS CBEPTKH KOHTPOJUPOBATH Jierde, YeM YCJIOBUE CY-
IIECTBOBAHUS TTPOU3BEICHUsT 0O0OIIEHHBIX (DYHKIUI, TO3TOMY (hyphe-
obpa3 cBepTku pyphe-00pa30oB 00001eHHBIX (DYHKINIE YacTo Gepercs
B KaueCTBe ONPEJIEIeHusl TPOu3Be/Iennst 0000MEeHHbIX (hyHKIHiL.

[Tpumepsr dbypbe-obpasos: F[0] = 1, F[0](k) = k‘i 0
i

F
F
F
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13 mepeunciennbx cBoiictB npeobpasosanuss Dypbe cieayer, 9To
Jtst Jioboro uddepeHnuaIbHOro onepaTopa ¢ MOCTOSHHBIMU KO-
dunuentamu P BHITOJHEHO PABEHCTBO

F[P(i0,) f (x)] (k) = P(k)F[f](F),
KOTOPOE SIBJISIETCSI OCHOBOIT MHOTOYHC/IEHHBIX MPUIOKEHUIT Tpeobpas3o-
Banug Pypbe B pA3IUIHBIX pa3jeiaX MaTeMaTUKH.

[TokazaTh, 94TO B CUIY YKa3aHHBIX CBOHCTB mpeobpazoBanusg Pypbe

U ero HEeMPEePLIBHOCTH
ikx

lim % = +ind(k)

r—+o0

B CMBICJIe 0000IIeHHBIX DYHKIMH OT k.

JIureparypa k jgexknuu 11:
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12. JIEKIUS 12. UNBOUNDED OPERATORS IN THE HILBERT SPACE.

12.1. Domains, graphs, closed and adjoint operators. The most
important operators which occur in study are not bounded. Here we
consider the basic definitions and theorems dealing with unbounded
operators on Hilbert spaces. Any general unbounded operator T can
only be defined on a dense linear subset of the 7. We will always
suppose that the domain is dense. This subspace, which we denote
by D(T), is called the domain of the operator T'. So, to identify an
unbounded operator on a Hilbert space one must first give the domain
on which it acts and then specify how it acts on that subspace.
Example 1 (the position operator). Let # = L*(R) and let
D(T) be the set of functions ¢ € L?(R) which satisfy [, dz 2?|p(2)]* <
o0o. For ¢ € D(T) define (T'p)(x) = xp(x). It is clear that T is
unbounded since if we choose ¢ to have support near plus or minus
infinity, we can make |T'p| as large as we like while keeping || = 1.
Of course, even if ¢ ¢ D(T) xzp(z) has a well-defined meaning as a
function, but it is not in L*(R). Thus, if we want to deal only with the
Hilbert space L?(R) we must restrict the domain of T. The domain we
have chosen is the largest one for which the range is in L*(R).
Besides the domain D(T') of operator T" we introduce its range

Ran(T) ={y € #' [ =Ty, p € D(1)}
and kernel (null subspace):
Ker(T)={p e D(t)|Te=0.}

If T"maps D(T') to Ran(T) in the one-to-one way then inverse ope-
rator 7! exists:

T 'Typ = ¢ for any ¢ € D(T); TT '+ = for any 1 € Ran(T).

Operator T has inverse T! if and only if from T = 0 follows ¢ = 0.
The notion of the graph of a linear transformation, introduced by
von Neumann, is very useful for studying unbounded operators.

Onpenenenne 12.1. The graph of the linear transformation T is the
set of pairs

{{v.To} ¢ € D(T)}.
The graph of T, denoted by I'(T), is thus a subset of F x F which is
a Hilbert space with inner product
({1, Ui}, {w2,¥2}) = (o1, ¥1) + (02, ¥2).
T is called a closed operator if I'(T') is a closed subset of 7 x F .



24

Omnpenenenne 12.2. Let Ty and T be operators on . If I'(T}) D
[(T), then Ty is said to be an extension of T and we write Ty D T.
Equivalently, Ty D T if and only if D(Ty) D D(T) and Typ = Ty for
all p € D(T).

Onpenenenne 12.3. An operator T is closable if it has a closed
extension. Every closable operator has a smallest closed extension, called
its closure, which we denote by T.

The trouble with this is that I'(T') may not be the graph of an
operator. However, most operators which we deal with will be symmetric
operators and we will see that they always have closed extensions. It is

easy to prove that if T is closable, then I'(T) = I'(T).
Adjoint operator.

Onpenenenne 12.4. Let T be a densely defined linear operator on a
Hilbert space 7€. Let D(T™) be the set of ¢ € F for which there is an
n € A with

(12.1) (T, ) = (¢, n) for all ¢ € D(T).

For each such ¢ € D(T*), we define T*¢ = n. T* is called the adjoint
of T. By the Riesz lemma, v € D(T*) if and only if (T, )| < C||¢||
for all ¢ € D(T).

We note that S C T implies 7% C S*. Notice that for n to be
uniquely determined by (12.1) we need the fact that D(T') is dense. Tt
is necessary to mention that in the case of unbounded operators, the
domain of T™ is not always dense. In particular, it is possible to have
D(T*) = {0}.

Example 4. Suppose that f is a bounded measurable function, but
that f ¢ L*(R). Let D(T) = {¢ € L*R)| [dz|f(z)¢(x)| < oo}.
Domain D(T') certainly contains all the L, functions with compact
support so D(T') is dense in Ly(R). Let ¢y be some fixed vector in L (R)
and define T = (f, )1y for v € D(T'). Suppose that ¢ € D(T™), then

(0, T@) = (TY, ) = ({f, V)0, ©) = (f, ) (2o, ) =
= <¢0,90><¢,f> = <¢, <¢o,§0>f>

for all v € D(T). Thus T*¢p = (¢, ) f. Since f ¢ Ly(R), the only
possibility to have T*¢p € S is to put (Yo, ) = 0. Thus any ¢ €
D(T™), is orthogonal to ¢y so D(T*) is not dense. In fact, D(T™) is
just the vectors perpendicular to ¢y and on that domain 7™ is the zero
operator.

If the domain of T™* is dense, then we can define T** = (T*)*. There
is a simple relationship between the notions of adjoint and closure.
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Teopema 12.1. Let T be a densely defined operator on a Hilbert space
. Then:
(1) T* is closed. B
(2) T is closable if and only if D(T*) is dense in which case T =
.
(3) If T is closable, then (T)* = T*.

Proof of this theorem can be find in the literature cited by the end
of the lecture.

12.2. Spectrum of the operators.

Omnpenenenne 12.5. Let T be a closed operator on a Hilbert space
H. A complexr number X is in the resolvent set, p(T), if NI — T is
a bijection of D(T) onto S with a bounded inverse. If X\ € p(T),
Ry\(T) = (M —T)7" is called the resolvent of T at \. If X\ & p(T), then
A is said to be in the spectrum o(T) of T.

We note that by the inverse mapping theorem, A\l — T automatically
has a bounded inverse if it is bijective. We distinguish two subsets of
the spectrum.

Omnpenenenne 12.6. Let ¢ € J7.

(1) An ¢ # 0 which satisfies T = Ap for some A € C is called an
etgenvector of T; X\ is called the corresponding eigenvalue.
If \ is an eigenvalue, then \I — T is not injective so X is in
the spectrum of T'. The set of all eigenvalues is called the point
spectrum of T.

(2) If X is not an eigenvalue and if Ran(A\ —T) is not dense, then
A is said to be in the residual spectrum.

JIureparypa x nekmun 12: M.Pux, B.Caitmon “Metoast coBpeMeHHOit
MaTeMaTudeckoit pusuku”’, Tom 1, “OyHKIOHAILHBIH anan3”.
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13. JIEKIUA 13

Teopema 13.1. Let T be a closed densely defined linear operator. Then
the resolvent set of T is an open subset of the complex plane on which
the resolvent is an analytic operator-valued function, and {Rx\(T) |\ €
p(T)} is a commuting family of bounded operators satisfying

(13.1) RA(T) = Ry(T) = (1= N R,(T)R\(T).
Proof. Let \g € p(T"). We consider

R\(T) = Ry, (T <I+Z (Ao = A)"[Bx (D))" )

Since [[[Ry, (T)]™]] < [|Ra(T)||™ the series on the right converges by

operator norm if |\ — Ao| < || Ry, (T)||!. For such X operator Ry(T) is
well defined, and it is easily checked that

(M = T)R\(T) =1 = R\(T)(A\ = T).

This proves that A € p(T) if [A — Ao| < ||Ra, (T)]|~* and that Ry(T) =
R\(T). Thus p(T) is open. Since R,(T') has a power series expansion,
it is analytic.

The expression

RA(T) — R,(T) = RA(T)(u — T)R,(T) ~ RA(T)AI — T)R,(T)

proves (13.1). Interchanging p and X shows that R,(7") and R\ (T)
commute. Il

Equation (13.1) is called the first resolvent formula, or the Hilbert
identity.

Further, many of the properties of operators which are important are
very sensitive to the choice of domain.

Example 5. We denote by AC|0, 1] the set of absolutely continuous
functions on [0, 1] whose derivatives are in Ls[0,1]. Let 7} and Ty be
the operation id/dz with domains

o D(T1) ={¢|p € AC[0,1]},

o D(Ty) ={¢]|p e AC[0, 1] and ¢(
Both D(T7) and D(T5) are dense in Ly[0
are closed. But:

0) = 0}.
1

, 1] and both of the operators

e The spectrum of T} is C,
e The spectrum of T5 is empty.

The proof that T} and T, are closed is left as an exercise. To see that
the spectrum of 7} is the whole plane we observe that

(M —T)e™™ =0 and e " € D(T})
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for all A € C. As for T5 , the operator

(Si9)(a) =i [ dse ¥ 0g()
0
satisfies (Al — T3)S\ = I and S\(AI — T5) is the identity on D(T3).

Moreover,

1
W%NSZK:MMSWX@FS

sQwu&mmfs

z€[0,1]

2
< | sup / ds|e A g(s)|
IE[O,I} 0
< m/ﬁwmw m/@WWs
z€[0,1] Jo z€[0,1] Jo

< CWllgl3,

so Sy is bounded. By the remark immediately after the definition of
resolvent set, we need only have shown that A\l — 75 is a bijection to
conclude that S, is bounded. So, we could have avoided the above
computation.

VAN

13.1. Symmetric and self-adjoint operators: the basic criterion
for self-adjointness.

Onpenenenne 13.1. A densely defined operator T on a Hilbert space
is called symmetric (or Hermitian) if T C T*, that is, if D(T) C
D(T*) and T = T*p for all p € D(T). Equivalently, T is symmetric
if and only if

(T'o, ) = (@, T) for all p,4 € D(T).
Onpenenenne 13.2. T is called self-adjoint if T' =T, that is, if and
only if T is symmetric and D(T) = D(T™).

A symmetric operator is always closable, since D(T*) D D(T) is
dense in 7. If T is symmetric, 7™ is a closed extension of 7', so the
smallest closed extension T7* of T" must be contained in 7. Thus for
symmetric operators, we have

TrcTr=cTr.
For closed symmetric operators,
T=T"CT".
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And, for self-adjoint operators,
T=T"=1T".

From this one can easily see that a closed symmetric operator 7' is self-
adjoint if and only if 7™ is symmetric. The distinction between closed
symmetric operators and self-adjoint operators is very important. It
is only self-adjoint operators that may be exponentiated to give the
one-parameter unitary groups which give the dynamics in quantum
mechanics.

We introduce the useful notion of essential self-adjointness.

Onpenenenne 13.3. A symmetric operator T is called essentially self-
adjoint if its closure T is self-adjoint. If T is closed, a subset D C
D(T) is called a core (cywecmeennan obaacms onpedeserus) for T if
T D=T.

If T is essentially self-adjoint, then it has one and only one self-
adjoint extension, for suppose that S is a self-adjoint extension of T
Then, S is closed and thereby, since S D T, S D T**. Thus, S = §* C
(T**)* = T**, and so S = T"**. The converse is also true; namely, if
T has one and only one self-adjoint extension, then T is essentially
self-adjoint. Since T = T* = T***, T is essentially self-adjoint if and
only if T" C T* = T*. If A is a self-adjoint operator, then to specify
A uniquely one need not give the exact domain of A (which is often
difficult), but just some core for A. Now, suppose that T is a self-adjoint
operator and that there is a ¢ € D(T*) = D(T) so that T*p = ip.
Then Ty = ip and

—i(p, p) = (ip, ) = (T'p, ) = (¢, T"p) = (¢, T'p) = i{p, ),
so ¢ = 0. A similar proof shows that T#p = —iy can have no solutions.
The converse statement, that if 7" is a closed symmetric operator and
T*p = +ip has no solutions, then 7T is self-adjoint, is the basic criterion
of self-adjointness.

Teopema 13.2 (the basic criterion for self-adjointness). Let T' be a
symmetric operator on a Hilbert space €. Then the following three
statements are equivalent:

(a) T is self-adjoint.

(b) T is closed and Ker(T* £1i) = 0.

(¢) Ran(T +1i) = .

Proof. We have just seen that (a) implies (b). Suppose that (b) holds;
we will prove (c). Since T*¢ = —i¢ has no solutions, Ran(7'—7) must be
dense. Otherwise, if 1) €Ran(T — i), we would have ((T —i)p, 1)) = 0
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for all ¢ € D(T'), so ¢p € D(T*) and (T — i)*¢) = (T* + 4)yp = 0 which
is impossible since T*1) = —i1) has no solutions. (Reversing this last
argument we can show that if Ran(7" — ) is dense, the kernel of 7% +i

is {0}.) Since Ran(T — i) is dense, we need only prove it is closed to
conclude that Ran(T — i) = 7. But for an ¢ € D(T)

(T = dell* = ITel” + llell*.
Thus if ¢, € D(T') and (T'— )¢, — 1o, we conclude that ¢, converges
to some vector g, and T'¢,, converges too. Since T is closed, ¢y € D(T)
and (T — i)po = 1. Thus, Ran(T — i) is closed, so Ran(T — i) = .
Similarly, Ran(7T + i) = 2.

Finally, we will show that (c¢) implies (a). Let ¢ € D(T*). Since
Ran(T — i) = A, there is an n € D(T') so that (T — i)n = (T* — i)¢.
D(T) c D(T*), so ¢ —n € D(T*) and (T* —i)(¢ —n) = 0. Since
Ran(T + i) = 5, Ker(T* — i) = {0}, so ¢ = n € D(T). This proves
that D(T*) = D(T), so T is self-adjoint. B

CnencrBue 13.1. Let T be a symmetric operator on a Hilbert space.
Then the following are equivalent:
(a) T is essentially self-adjoint.
(b) Ker(T*+1) = 0.
(¢) Ran(T £ 1) are dense.

Jluteparypa Kk neknuu 13: M.Pux, B.Caiimon “MeTtoabl coBpeMeHHOit
MaTeMaTudeckoit pusuku”’, Tom 1, “OyHKIHOHATBbHBII aHaIN3”.
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14. JIEKIUA 14

14.1. Operator id/dx on the interval. This example shows that a
symmetric operator may have many self-adjoint extensions. Lest the
reader be misled we remark that a symmetric operator may have no

self-adjoint extensions.
Example Let T' = id/dx with

D(T) = {¢|p € AC[0,1], p(0) = 0 = (1)}

A simple integration by parts shows that as an operator on L,[0, 1],
T is symmetric. We begin by determining 7™. First we introduce the
approximate identity, j.(z). Let j(z) be any positive, infinitely differen-
tiable function with support in (—1,1) so that [~ _dz j(z) = 1. Define
Je(z) =e71j(z/e), e > 0. Fix 0 < a < § < 1 and define

fe2 (@) = jelw = B) = je(x — ),
s20w) = [ defer)
0
Let 1) € D(T*). For ¢ small enough, ¢>? € D(T) so

(14.1) (Tge? by = (928, T*).

As ¢ — 0, —g? converges to the characteristic function of (o, 3) in
Ly(0,1) so

B
(@270 = = [ do(@0))
Let define operators J. by means of
1
Jep = / dt je(x —t)ip(t),
0
where the r.h.s. converges in Ly to ¢(x) if ¢ is continuous. Moreover,

each J. is a bounded operator of norm not greater than one. For if
w S LQ(O, ].), then

(6, Jug)] < / at / dz ji(z — )] p(t)] ()] =
- / dat / dy 3 ()| e(t)| [ (y + £)] <

< leliel / dyj-(y) =
— el
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By an ¢/3 argument, J.p LR @ for all ¢ € Ly[0,1]. Thus, the left side
of (14.1) converges to —i(¢(5) — ¥(«)) in mean square as € — 0. So,
for almost all «, 3

B
i16(8) — (a)] = / de (T*¢)(x)

This means that ¢ is absolutely continuous and

. d .
i (2) = (T*0)(a).

Thus, ¢ € AC[0,1] and T*¢ = idy(x)/dx. Conversely, integration
by parts shows that any ¢ € AC|0,1] is in the domain of 7% and
T*y = idy/dx. Therefore T* = id/dx on D(T*) = ACI0, 1].

It is easy to see that T is not essentially self-adjoint since e &
D(T*) and ide*®/dz = +ie™™. In fact, it is easy to prove that T is
closed so T is a closed, symmetric but not self-adjoint operator. Does
T have any self-adjoint extensions? Yes, uncountably many different
ones! Let o € C, |a| = 1, and define T,, = id/dx on

D(To) = {¢ |y € AC[0,1], ¢(0) = asp(1)}.
Each of these operators T, is a different self-adjoint extension of T'. Of
course, each T, is in turn extended by T™.

14.2. Spectral projectors and functional calculus.

IMpumep 14.1. Let 57 = (? and Let operator T is given by
T(ZL‘l, T, .. ) = (O,l‘l,l‘g, .. )
Then Ro(T) is bounded, but RanRy(T) is not dense in F, so point

A = 0 belongs to theresidual spectrum of operator T

Teopema 14.1. Let T be self-adjoint operator in the Hilbert space 7.
Then any A € C with Im A # 0 belongs to the resolvent set p(T') and
resolvent Ry(T) is bounded linear operator, that obeys

1
14.2 R\(T)|| < ——

and

(14.3) Im((M —T), @) =Im\|@||? for all ¢ € D(T).

Proof. If ¢ € D(T), then (T'p,¢) = (p,Ty) = (Tp,p), so the
scalar product (T'p, o) is real. This proves (14.3). Now by the Schwartz
inequality we have

I =Thgl - el > (AT = T)p )] > [ Tm |- g,
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that gives

AL =T)ell = [Tm Al - flell, ¢ e D(T).

Thus the inverse operator (A — T')~! exists if Im A # 0. Moreover,

Ran(AI — T') is dense in 7 under this condition. Indeed, in the other
case there would exist ) € 7, ¥ # 0, orthogonal to Ran(Al —T'). Le.
for such ¢ we would have (A — T)p, ) = 0 for all ¢ € D(T), that is
equivalent to (¢, (Al —T)1) = 0. But D(T) of the self-adjoint operator
is dense in 7, so the last equality means that that (A\I —T)¢ = 0, i.e.,
that T4 = A\i. This contradicts to condition (T%), 1)) is real.

Thus for any complex A with ImA # 0 the resolvent Ry(T') is
bounded linear operator that obeys (14.2). B

Below we give scheme of functional calculus, omitting some essential
details of proofs. As we know for any ¢ € .7 scalar product (¢, Rx(T")¢),
where T is an arbitrary self-adjoint operator, defines function of A
analytic in the upper and bottom half-planes of C. This function is
bounded, so it defines regular distribution in . with respect to Re A by
means of the standard relation [ dAre(p, BA(T)9) f(Are), where f(Age)
is an arbitrary test-function in .. Taking now that . is closed into
account one can prove that the limiting values of this distribution when
Im A — %0 exist and are generated by means of some operators R)%Re (T)
in the sense that
i, [ nalio B(T)A) FOme) = [ dhnali RS (T)e) 0w

Im A—=+0

Such operators are called operator-valued distributions. Introduce
now operator

(14.4) P'(k) = — (R (T) - R, (1)), keR.

i
5
This is also operator-valued distribution and thanks to (13.1)

P'(k) = (u— k)P'(k)R,(T) for any k € R and any p € C,Im p # 0.
Then for such k£ and p we can write
P'(k)
w—k

= Pl(k)Ru(T)a

so that thanks to (11.3) we can perform procedure (14.4) with respect
to p, that gives

(14.5) 5(k — p) P'(K) = P'(K)P'(p).

Operator-valued distribution P’(k) has primitive P(k):

Pk = S P(R),
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while study of the asymptotic behavior of P’(k) shows that one can
write, say,
k

(14.6) P(k) = /ds P'(s).

Then by (14.5) _

(14.7) P(k)P'(K')=0(k — K)P'(K).

So that P(k)P'(k') = %0(1{; —KYP(K')+ 0(K' — k)P(k), and thank to
normalization we derive

(14.8) P(k)P(K)=0(k —K)P(K')+ 0(K — k)P(k).

In particular

(14.9) P?(k) = P(k).

Taking that by (14.4) and (14.6) operator P(k) is self-adjoint, we
conclude that P(k) is orthogonal projector and P(k) > 0. This
operator is called spectral projector. In the same way we can prove
that P(k) > P(k’) when k& > k’. Finally, taking into account that by
(14.4) P(k) is difference of functions that admit analytic continuation
in the upper and bottom half-planes, we derive

1,
/dka(k)_RA(T), Im A # 0.

In this way one can prove that there exists limit P, = [ dk P'(k) = 1.
Analogously one can prove that for any bounded function f(k):

(14.10) F(T) = / dk f(k)P' (k).
In particular by (14.5)
F(T)g(T) = / dk: {()g(k)P'(F).

Jlureparypa K neknunu 14: M.Pux, B.Caiimon “MeTtoabl coBpeMeHHOit
MaTeMaTudeckoit pusuku”’, Tom 1, “OyHKIHOHATBbHBII aHan3”.



