
Ãðóïïû è àëãåáðû Ëè II

Ñåìèíàð 1

1. Äîêàæèòå, ÷òî ó ïðîèçâîëüíîãî êîíå÷íîãî ìíîæåñòâà ïîïàðíî êîììó-

òèðóþùèõ îïåðàòîðîâ íà êîíå÷íîìåðíîì êîìïëåêñíîì âåêòîðíîì ïðî-

ñòðàíñòâå åñòü îáùèé ñîáñòâåííûé âåêòîð. Ìîæíî ëè îòêàçàòüñÿ îò óñëî-

âèé êîíå÷íîñòè ìíîæåñòâà îïåðàòîðîâ èëè îò óñëîâèÿ êîíå÷íîìåðíîñòè

âåêòîðíîãî ïðîñòðàíñòâà?

2. Ïðèâåäèòå ïðèìåð ïðèâîäèìîãî, íî íåðàçëîæèìîãî êîíå÷íîìåðíîãî

êîìïëåêñíîãî ïðåäñòàâëåíèÿ êàêîé-íèáóäü ãðóïïû.

3. Äîêàæèòå, ÷òî äëÿ ëèíåéíî çàâèñèìûõ x, y, z òîæäåñòâî ßêîáè

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

ñëåäóåò èç àíòèêîììóòàòèâíîñòè îïåðàöèè [ , ].

4. Äîêàæèòå, ÷òî ãðóïïà GLn ðàñêëàäûâàåòñÿ â ïîëóïðÿìîå ïðîèçâåäå-

íèå SLn è íåêîòîðîé îäíîìåðíîé ïîäãðóïïû.

5. Äîêàæèòå, ÷òî ãðóïïà On(R) ÿâëÿåòñÿ ãðóïïîé Ëè, è íàéäèòå å¼ ðàç-

ìåðíîñòü.

6. Îïèøèòå âñå ãîìîìîðôèçìû àääèòèâíîé ãðóïïû Ëè ïîëÿ C â ãðóïïó

GLn(C).
7. Äîêàæèòå, ÷òî öåíòðàëèçàòîð Zg ëþáîãî ýëåìåíòà g ∈ GLn ÿâëÿåòñÿ

ïîäãðóïïîé Ëè è íàéäèòå ìèíèìàëüíóþ âîçìîæíóþ ðàçìåðíîñòü Zg.

8. ßâëÿåòñÿ ëè ïðèñîåäèí¼ííîå ïðåäñòàâëåíèå SL2(C) íåïðèâîäèìûì?
Òîò æå âîïðîñ ïðî SLn(C).
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Seminar 1

1. Prove that a �nite of mutually commuting operators on a �nite-dimensional

vector space has a common eigenvector. What about in�nite family or in�nite-

dimensional vector space?

2. Give an example of a reducible, but indecomposable representation of a

group.

3. Prove that for linear dependent x, y, z the Jacobi identity ßêîáè

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

is implied by the skew-symmetry of the bracket [ , ].

4. Decompose the group GLn into a semi-direct product of SLn and a one-

dimensional group.

5. Prove that On(R) is a Lie group and �nd its dimension.

6. Find all homomorpisms from the additive group of the �eld C to the group

GLn(C).
7. Prove that the cetralizer Zg of an element g ∈ GLn is a Lie subgroup and

�nd the minimal possible dimension of Zg.

8. The the adjoint representation of SL2(C) irreducible? The same question
for SLn(C).


