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I. Ãàðìîíè÷åñêèé îñöèëëÿòîð

Óðàâíåíèå äâèæåíèÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà ïîä äåéñòâèåì âûíóæäàþùåé ñè-

ëû

ẍ(t) + ω2(t)x(t) = f(t), ẋ ≡ d

dt
x.

Îïðåäåëèì çàäà÷ó íà èíòåðâàëå âðåìåíè ti < t < tf (ýòî çíà÷èò, ÷òî íà ýòîì èíòåðâàëå

îïðåäåëåíû ôóíêöèè f(t) è ω(t) è íóæíî íàéòè çàâèñèìîñòü x(t). Ïðåäïîëàãàåòñÿ, ÷òî

ýòè ôóíêöèè âåùåñòâåííû).

Ôîðìàëüíî íóæíî ðåøèòü íåîäíîðîäíîå äèôôåðåíöèàëüíîå ëèíåéíîå óðàâíåíèå âòî-

ðîãî ïîðÿäêà. Îáùåå ðåøåíèå òàêîãî óðàâíåíèÿ óñòðîåíî ñëåäóþùèì îáðàçîì

x(t) = c1x1(t) + c2x2(t) + x0(t),

òî åñòü, ýòî - ëèíåéíàÿ îáîëî÷êà, ïîñòðîåííàÿ íà äâóõ ëèíåéíî íåçàâèñèìûõ ðåøåíèÿõ

îäíîðîäíîãî óðàâíåíèÿ

ẍ1 + ω2x1 = 0, ẍ2 + ω2x2 = 0, W = x1ẋ2 − ẋ1x2 = const 6= 0,

ïëþñ êàêîå-ëèáî ÷àñòíîå ðåøåíèå x0(t) íåîäíîðîäíîãî óðàâíåíèÿ. Ýòî ðåøåíèå ìîæíî

íàéòè, çíàÿ x1(t), x2(t) (ìåòîä âàðèàöèè ïîñòîÿííûõ).

Ïóñòü

x0(t) = C1(t)x1(t) + C2(t)x2(t).

Ñäåëàíà èíòåðåñíàÿ çàìåíà ïåðåìåííûõ. Âìåñòî îäíîé íåèçâåñòíîé ôóíêöèè ââåäåíû

äâå íåèçâåñòíûå ôóíêöèè C1(t), C2(t). Çà÷åì? Äåëî â òîì, ÷òî, êîãäà ýòî ïîíàäîáèò-

ñÿ, ìîæíî íà ýòè ôóíêöèè íàëîæèòü äîïîëíèòåëüíîå òðåáîâàíèå, ñâÿçàâ èõ. ×òîáû

âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ, âû÷èñëèì ïåðâóþ

ẋ0(t) = C1(t)ẋ1(t) + C2(t)ẋ2(t) + Ċ1(t)x1(t) + Ċ2(t)x2(t).

Âîñïîëüçóåìñÿ ïðåäñòàâëåííîé âîçìîæíîñòü, ïîëîæèâ

Ċ1(t)x1(t) + Ċ2(t)x2(t) = 0. (1)
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Âòîðàÿ ïðîèçâîäíàÿ

ẍ0(t) = C1(t)ẍ1(t) + C2(t)ẍ2(t) + Ċ1(t)ẋ1(t) + Ċ2(t)ẋ2(t).

Óðàâíåíèå äâèæåíèÿ ïðèíèìàåò âèä

Ċ1(t)ẋ1(t) + Ċ2(t)ẋ2(t) = f(t). (2)

Èç ëèíåéíîé ñèñòåìû íà Ċ1(t), Ċ2(t) (óðàâíåíèÿ (1) è (2)) íàõîäèì

Ċ1(t) = − 1

W
x2(t)f(t), Ċ2(t) =

1

W
x1(t)f(t).

Îáùåå ðåøåíèå óðàâíåíèÿ äâèæåíèÿ

x(t) =
1

W

∫ t1

t

dτ x1(t)x2(τ)f(τ) +
1

W

∫ t

t2

dτ x1(τ)x2(t)f(τ). (3)

Âìåñòî ïîñòîÿííûõ c1, c2 ââåäåíû äâå íîâûå âåùåñòâåííûå ïîñòîÿííûå - t1, t2. Ýòè ïî-

ñòîÿííûå äîëæíû îïðåäåëÿòüñÿ èç äîïîëíèòåëüíûõ ê óðàâíåíèÿì äâèæåíèÿ óñëîâèÿì

çàäà÷è.

Íàïðèìåð, ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè îñöèëëÿòîð ïîêîèëñÿ â ïîëîæåíèè

ðàâíîâåñèÿ (çàäà÷à Êîøè)

x(ti) = 0, ẋ(ti) = 0.

Èñïîëüçóÿ ëèíåéíîñòü óðàâíåíèÿ âûáåðåì ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ, óäîâëåòâî-

ðÿþùèå âîò òàêèì íà÷àëüíûì óñëîâèÿì

x1(ti) = 1, ẋ1(ti) = 0, x2(ti) = 0, ẋ2(ti) = 1.

Â ýòîì ñëó÷àå

x(t) =

∫ t

ti

dτ
[
x2(t)x1(τ)− x1(t)x2(τ)

]
f(τ). (4)

Åñëè îïðåäåëèòü ½ôóíêöèþ� íà äåéñòâèòåëüíîé îñè (ôóíêöèÿ Õåâèñàéäà)

Θ(t) =

1, t > 0

0, t < 0
,

(êàâû÷êè ïîñòàâëåíû ïîòîìó, ÷òî ýòà ôóíêöèÿ áóäåò èñïîëüçîâàòüñÿ òàê, ÷òî ñîâñåì

íåâàæíî ÷åìó ýòà ôóíêöèÿ ðàâíà ïðè t = 0), òî ðåøåíèå ïîñòàâëåííîé çàäà÷è Êîøè

äëÿ óðàâíåíèÿ äâèæåíèÿ îñöèëëÿòîðà ïðåäñòàâèìî â âèäå

x(t) =

∫ tf

ti

dτ GR(t, τ)f(τ), GR(t, τ) = Θ(t− τ)
[
x2(t)x1(τ)− x1(t)x2(τ)

]
. (5)
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Òàêèì îáðàçîì, ðåøåíèå ïîñòàâëåííîé çàäà÷è Êîøè - ëèíåéíûé ôóíêöèîíàë îò âû-

íóæäàþùåé ñèëû f , êîòîðûé îïðåäåëÿåòñÿ çàïàçäûâàþùåé ôóíêöèåé Ãðèíà GR(t, τ).

Ãàðìîíè÷åñêèé îñöèëëÿòîð ñ ïîñòîÿííîé ÷àñòîòîé ω(t) = ω0. Â ýòîì ñëó÷àå

x1(t) = cosω0(t− ti), x2(t) =
sinω0(t− ti)

ω0

,

ïîýòîìó çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà ðàâíà

GR(t, τ) = Θ(t− τ)
sinω0(t− τ)

ω0

.

Èòàê, ôóíêöèÿ Ãðèíà, ðåøàþùàÿ ïîñòàâëåííóþ çàäà÷ó, îïðåäåëÿåòñÿ íå òîëüêî ðàñ-

ñìàòðèâàåìûì óðàâíåíèåì, íî è äîïîëíèòåëüíûìè óñëîâèÿìè íà ðåøåíèå ýòîé çàäà÷è

(çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà - çàäà÷à Êîøè).

A. Ïðè÷èííàÿ ôóíêöèÿ Ãðèíà.

Óðàâíåíèå äâèæåíèÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà ïîä äåéñòâèåì âûíóæäàþùåé ñè-

ëû ïîëó÷àåòñÿ èç ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ. Ñóòü ýòîãî ïðèíöèïà, ïðèìåíèòåëü-

íî ê íàøåé çàäà÷å: ïóñòü â ìîìåíò âðåìåíè ti îñöèëëÿòîð íàõîäèòñÿ â ïîëîæåíèè xi,

à â ìîìåíò âðåìåíè tf â ïîëîæåíèè xf . Òîãäà èñòèííàÿ òðàåêòîðèÿ äâèæåíèÿ ìåæäó

ýòèìè ïîëîæåíèÿìè òà, êîòîðàÿ ìèíèìèçèðóåò ôóíêöèîíàë

S[x(τ)] =
1

2

∫ tf

ti

dτ
[
ẋ2(τ)− ω2(τ)x2(τ) + 2x(τ)f(τ)

]
, x(ti) = xi, x(tf ) = xf .

×òîáû íàéòè èñòèííóþ òðàåêòîðèþ íóæíî âûïîëíèòü âàðèàöèîííóþ ïðîöåäóðó. Ðàñ-

ñìîòðèì òðàåêòîðèþ, ½íåìíîãî� îòëè÷àþùóþñÿ îò èñòèííîé x0(τ): x(τ) = x0(τ) +

ε δx(τ), ãäå ε - ìàëûé ïàðàìåòð. Íàéäåì îòëè÷èå äåéñòâèÿ S[x(τ) + ε δx(τ)] îò äåé-

ñòâèÿ íà èñòèííîé òðàåêòîðèè S[x0(τ)] â ïåðâîì ïîðÿäêå ìàëîñòè ïî ε. Òðàåêòîðèÿ

x0(τ) - ýêñòðåìàëüíàÿ, åñëè ýòî îòëè÷èå îáðàùàåòñÿ â íóëü:

S[x(τ) + ε δx(τ)]− S[x0(τ)] = ε

∫ tf

ti

dτ
[
ẋ0(τ)

d

dτ
δx(τ) + x0(τ) δx(τ)

]
+O(ε2) =

= ε
[
x0(tf ) δx(tf )− x0(ti) δx(ti)

]
− ε

∫ tf

ti

dτ δx(τ)
[
ẍ0(τ) + ω2(τ)x0(τ)− f(τ)

]
+O(ε2).
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Ïåðâûé ÷ëåí âî âòîðîé ñòðîêå ðàâåí íóëþ, òàê êàê ñîãëàñíî ïðèíöèïó íàèìåíüøåãî

äåéñòâèÿ δx(ti) = δx(tf ) = 0. ×òîáû âòîðîé ÷ëåí îáðàòèëñÿ â íóëü ïðè ïðîèçâîëüíîé

δx(τ), äîëæíî âûïîëíÿòüñÿ óðàâíåíèå äâèæåíèÿ íà èñòèííóþ òðàåêòîðèþ

ẍ0(τ) + ω2(τ)x0(τ) = f(τ),

ñ äîïîëíèòåëüíûìè óñëîâèÿìè

x0(ti) = xi, x0(tf ) = xf .

Òàêèì îáðàçîì, ðåøàåòñÿ òî æå ñàìîå óðàâíåíèå, íî ñ äðóãèìè äîïîëíèòåëüíûìè óñëî-

âèÿìè (êðàåâàÿ çàäà÷à).

Íàéäåì ïðè÷èííóþ ôóíêöèþ Ãðèíà äëÿ îñöèëëÿòîðà ñ ïîñòîÿííîé ÷àñòîòîé

è ãðàíè÷íûìè óñëîâèÿìè x(ti) = x(tf ) = 0. Â êà÷åñòâå ðåøåíèé îäíîðîäíîãî

óðàâíåíèÿ âûáåðåì

x1 = sinω0(t− ti), x2 = sinω0(tf − t).

Ýòè ðåøåíèÿ ëèíåéíî íå çàâèñèìû, åñëè

W = −ω0 sinω0(tf − ti) 6= 0,

òî åñòü, åñëè ω0(tf − ti) 6= πn, n = 0, 1, . . . . Òàê êàê x1(ti) = x2(tf ) = 0, èç (3)

ñëåäóåò

x(t) =

∫ tf

ti

dτ GF (t, τ)f(τ),

çäåñü ïðè÷èííàÿ ôóíêöèÿ Ãðèíà

GF (t, τ) = − 1

ω0 sinω0(tf − ti)
[
Θ(τ − t) sinω0(t− ti) sinω0(tf − τ)+

+ Θ(t− τ) sinω0(tf − t) sinω0(τ − ti)
]
,

Èòàê, ðåøåíèÿ ðàçíûõ çàäà÷ î ïîâåäåíèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà - ýòî ëè-

íåéíûé ôóíêöèîíàë îò âíåøíåé ñèëû, çàäàííîé íà âðåìåíàõ ti < t < tf , êîòîðûé

îïðåäåëÿåòñÿ ôóíêöèåé Ãðèíà ïîñòàâëåííîé çàäà÷è:

x(t) =

∫
dτ G(t, τ)f(τ) ≡ (Gt, f).

Â ýòîé ôîðìóëå èíòåãðèðîâàíèå ïî τ ðàñïðîñòðàíåíî íà âñþ äåéñòâèòåëüíóþ îñü. Ýòî

ïðîñòî ñäåëàòü, åñëè îïðåäåëèòü ôóíêöèþ f(t) íóëåì âíå îòðåçêà (ti, tf ).
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B. Äèñêðåòíàÿ âåðñèÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà.

Áóäåì ñ÷èòàòü âðåìÿ äèñêðåòíûì

x0

k = 0

x1

k = 1

xN

k = N

xk. . . . . .

-

Åñòåñòâåííî îïðåäåëèòü ïðîèçâîäíóþ ïî âðåìåíè ñëåäóþùèì îáðàçîì

ẋ(t) −→ xk+1 − xk
ε

, ε =
tf − ti
N

.

Äåéñòâèå äëÿ äèñêðåòíîé äèíàìèêè îñöèëëÿòîðà (èíòåãðèðîâàíèå çàìåíÿåòñÿ íà ñóì-

ìèðîâàíèå)

S[xk] =
1

2

N−1∑
k=0

ε
[(xk+1 − xk)2

ε2
− ω2

kx
2
k + 2fkxk

]
.

Íàéäåì óðàâíåíèÿ äâèæåíèÿ (δx0 = δxN = 0)

S[xk + δxk]− S[xk] =
N−1∑
k=0

1

ε

[
(xk+1 − xk)(δxk+1 − δxk)− ε2(ω2

kxk − fk)δxk
]

=

= −
N−1∑
k=1

1

ε
δxk
[
(xk+1 − 2xk + xk−1) + ε2(ω2

kxk − fk)
]
.

Èòàê, óðàâíåíèÿ äâèæåíèÿ

xk+1 − 2xk + xk−1

ε2
+ ω2

kxk = fk, k = 1, . . . , N − 1, x0 = xi, xN = xf .

Åñëè îïðåäåëèòü ìàòðèöó N − 1×N − 1

A =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

d1 1 0 . . . 0

1
. . . 1 0

...

0 1 dk 1 0
... 0 1

. . . 1

0 . . . 0 1 dN−1

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
, dk = ε2ω2

k − 2,

òî óðàâíåíèÿ äâèæåíèÿ ñâîäÿòñÿ ê çàäà÷è ëèíåéíîé àëãåáðû

N−1∑
k=1

Ai,kxk = ε2fi − xiδi,1 − xfδi,N−1, i = 1, . . . , N − 1.

Ðåøåíèå:

xi =
N−1∑
k=1

(A−1)i,kfk − (A−1)i,1xi − (A−1)i,N−1xf , i = 1, . . . , N − 1.
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Òàêèì îáðàçîì, äèñêðåòíûé àíàëîã çàäà÷è î ôóíêöèè Ãðèíà äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ ñ äîïîëíèòåëüíûìè óñëîâèÿìè - íàõîæäåíèå ìàòðèöû, îáðàòíîé çàäàííîé äèñ-

êðåòíûìè óðàâíåíèÿìè äâèæåíèÿ. Ïîêàçàòü (äëÿ îñöèëëÿòîðà ñ ïîñòîÿííîé ÷àñòîòîé),

÷òî â ïðåäåëå N → ∞ ðåøåíèå äèñêðåòíîé çàäà÷è ïåðåõîäèò â ðåøåíèå íåïðåðûâíîé

çàäà÷è.

II. Îáîáùåííûå ôóíêöèè

Â äàííîì ðàçäåëå äàíû ëèøü êðàòêèå ñâåäåíèÿ îá îáîáùåííûõ ôóíêöèÿõ. Ñèñòåìà-

òè÷åñêîå èçó÷åíèå è íåîáõîäèìàÿ ëèòåðàòóðà - êóðñ À.Ïîãðåáêîâà ½Ïðèêëàäíûå ìåòîäû

àíàëèçà�.

Ïóñòü D ìíîæåñòâî âñåõ êîìïëåêñíîçíà÷íûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíê-

öèé f(x), x ∈ Rn, îò n âåùåñòâåííûõ ïåðåìåííûõ. Êðîìå òîãî, ïóñòü ýòè ôóíêöèè

ôèíèòíû (îáðàùàþòñÿ â íóëü âíå íåêîòîðîé êîíå÷íîé îáëàñòè â Rn). Òîãäà ýòî ìíî-

æåñòâî íàçûâàåòñÿ ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé D. Ýòî ëèíåéíîå ïðîñòðàíñòâî.

Ñõîäèìîñòü: ïîñëåäîâàòåëüíîñòü f1(x), . . . , fk(x), . . . , ñõîäèòñÿ ê íóëþ, åñëè âñå ôóíê-

öèè ïîñëåäîâàòåëüíîñòè îáðàùàþòñÿ â íóëü âíå îäíîé è òîé æå îãðàíè÷åííîé îáëàñòè

è ðàâíîìåðíî ñõîäÿòñÿ ê íóëþ, êàê è âñå èõ ïðîèçâîäíûå ëþáîãî ïîðÿäêà.

Îáîáùåííàÿ ôóíêöèÿ G, çàäàííàÿ íà ïðîñòðàíñòâå D, - ëèíåéíûé íåïðåðûâíûé

ôóíêöèîíàë íà D (D′):

(G,αf + βg) = α(G, f) + β(G, g), f, g ∈ D, α, β ∈ C,

(G, f1), (G, f2), . . . , (G, fk), . . .
k→∞−→ 0, åñëè f1, f2, . . . , fk, . . .

k→∞−→ 0.

Åñëè íà D′ îïðåäåëèòü ëèíåéíîñòü

(αF + βG) = α(F, f) + β(G, f), äëÿ ëþáîéf ∈ D,

è ñëàáóþ ñõîäèìîñòü

G1, . . . , Gk, . . .
k→∞−→ G, åñëè (G1, f), . . . , (Gk, f), . . .

k→∞−→ (G, f), äëÿ ëþáîéf ∈ D,

òî D′ - ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé.

Âàæíàÿ òåîðåìà î ïîëíîòå:



7

ïóñòü ïîñëåäîâàòåëüíîñòü G1, . . . , Gk, . . . ∈ D′ òàêîâà, ÷òî äëÿ ëþáîé f ∈

D ïîñëåäîâàòåëüíîñòü (G1, f), . . . , (Gk, f), . . . ïðè k → ∞ ñõîäèòñÿ. Òîãäà

ôóíêöèîíàë, îïðåäåëåííûé ðàâåíñòâîì

(G, f) = lim
k→∞

(Gk, f)

ïðèíàäëåæèò D′.

Ðåãóëÿðíûå îáîáùåííûå ôóíêöèè - ôóíêöèîíàë, ïîðîæäàåìûé ëîêàëüíî èíòåãðèðóå-

ìîé â Rn ôóíêöèåé F (x):

(F, f)
def
=

∫
dxF (x)f(x), f ∈ D, dx = dx1 . . . dxn,

åñëè îáîáùåííàÿ ôóíêöèÿ íå ðåãóëÿðíàÿ, òî îíà - ñèíãóëÿðíàÿ. Âàæíàÿ ðîëü ðåãó-

ëÿðíûõ îáîáùåííûõ ôóíêöèé - ýòî èñòî÷íèê îïðåäåëåíèé îïåðàöèé íàä îáîáùåííûìè

ôóíêöèÿìè.

δ-ôóíêöèÿ Äèðàêà (ñèíãóëÿðíàÿ):

(δ, f)
def
= f(0), f ∈ D.

Ëèíåéíàÿ íåâûðîæäåííàÿ çàìåíà ïåðåìåííûõ â îáîáùåííûõ ôóíêöèÿõ:

(G(Ax+ b), f)
def
=
(
G,

1

| detA|
f
(
A−1(x− b)

))
, f ∈ D.

Ìóëüòèïëèêàòîð

(ϕG, f)
def
= (G,ϕf), f ∈ D, ϕf ∈ D.

Äèôôåðåíöèðîâàíèå îáîáùåííûõ ôóíêöèé

(∂xkG, f)
def
= −(G, ∂xkf), f ∈ D,

èç ýòîãî îïðåäåëåíèÿ ñëåäóåò âàæíîå ñâîéñòâî - ëþáàÿ îáîáùåííàÿ ôóíêöèÿ áåñêîíå÷íî

äèôôåðåíöèðóåìà.

Ôîðìóëà Ñîõîöêîãî.

Îïðåäåëèì ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë (íóæíî äîêàçàòü), òî åñòü îáîáùåííóþ

ôóíêöèþ P 1

x
∈ D′

(P 1

x
, f) = Vp

∫
dx
f(x)

x
def
= lim

ε→0

[∫ −ε
−∞

dx
f(x)

x
+

∫ ∞
ε

dx
f(x)

x

]
, f ∈ D.
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Òîãäà â D′ ñïðàâåäëèâî ñîîòíîøåíèå

lim
ε→+0

1

x+ iε
≡ 1

x+ i0
= P 1

x
− iπδ(x).

Äîêàçàòü, ìàêñèìàëüíî èñïîëüçóÿ ìàòåìàòè÷åñêóþ êóëüòóðó äîêàçàòåëüñòâà.

Ïðåîáðàçîâàíèå Ôóðüå.

Îòíåñåì ê ìíîæåñòâó îñíîâíûõ ôóíêöèé áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè,

óáûâàþùèå íà áåñêîíå÷íîñòè (|x| → ∞) âìåñòå ñî âñåìè ïðîèçâîäíûìè áûñòðåå ëþ-

áîé ñòåïåíè 1/|x|. Ïîñëåäîâàòåëüíîñòü ôóíêöèé f1, . . . , fk, · · · ∈ S ñõîäèòñÿ ê ôóíêöèè

f ∈ S ïðè k →∞, åñëè äëÿ âñåõ m,n åñòü ðàâíîìåðíàÿ ñõîäèìîñòü

xmf
(n)
k (x) −→ xmf (n)(x), k →∞,

çäåñü f (n) - ïðîèçâîäíàÿ n-îãî ïîðÿäêà.

Ëèíåéíîå ïðîñòðàíñòâî ñ òàêîé ñõîäèìîñòüþ - ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé Øâàð-

öà (S). Ñïðàâåäëèâî âêëþ÷åíèå D ⊂ S.

Îáîáùåííàÿ ôóíêöèÿ ìåäëåííîãî ðîñòà - ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà

ïðîñòðàíñòâå îñíîâíûõ ôóíêöèé S. Ñõîäèìîñòü - ñëàáàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíî-

ñòè ôóíêöèîíàëîâ. Ñîîòâåòñòâóþùåå ëèíåéíîå ïðîñòðàíñòâî - ïðîñòðàíñòâî îáîáùåí-

íûõ ôóíêöèé ìåäëåííîãî ðîñòà S ′. Âêëþ÷åíèå S ′ ⊂ D′. Âñÿêàÿ îáîáùåííàÿ ôóíêöèÿ

ìåäëåííîãî ðîñòà åñòü íåïðåðûâíûé ôóíêöèîíàë îòíîñèòåëüíî íåêîòîðîé íîðìû (òåî-

ðåìà Ë.Øâàðöà).

Åñëè G(x) - ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ ïîëèíîìèàëüíîãî ðîñòà íà áåñêîíå÷-

íîñòè: ∫
dx

|G(x)|
(1 + |x|)m

<∞

äëÿ íåêîòîðîãî m > 0, òî îíà îïðåäåëÿåò ðåãóëÿðíûé ôóíêöèîíàë

(G, f) =

∫
dxG(x)f(x), f ∈ S.

Ïðåîáðàçîâàíèå Ôóðüå îñíîâíûõ ôóíêöèé èç ïðîñòðàíñòâà S

F [f ](k) ≡ fk =

∫
dxe−i(k,x)f(x), f ∈ S, (k, x) = k1x1 + · · ·+ knxn.

Ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò ïðîñòðàíñòâî S â ñåáÿ.

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

f(x) = F−1[F [f ]](x) =

∫
dk

(2π)n
ei(k,x)fk.
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Ïðåîáðàçîâàíèå Ôóðüå â S ′

(F [G], f)
def
= (G,F [f ]), G ∈ S ′, f ∈ S.

Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà ëèíåéíà è íåïðåðûâíà

èç S ′ â S ′.

III. Ýëåêòðîñòàòè÷åñêàÿ çàäà÷à

Ïóñòü â ïðîñòðàíñòâå ðàçìåðíîñòè d = 3 çàäàíî ñòàòè÷åñêîå ðàñïðåäåëåíèå çàðÿäà

(ôèíèòíàÿ ôóíêöèÿ) %(~x), ~x = (x1, x2, x3)-äåêàðòîâû êîîðäèíàòû. Íàéòè ýëåêòðè÷åñêîå

ïîëå, ñîçäàâàåìîå ýòèì ðàñïðåäåëåíèåì.

Ðåäóöèðîâàííûå óðàâíåíèÿ Ìàêñâåëëà â ýòîì ñëó÷àå

div ~E(~x) = %(~x), rot ~E(~x) = 0.

Èç âòîðîãî óðàâíåíèÿ ñëåäóåò (íàéòè óñëîâèÿ), ÷òî ~E(~x) = −~∇φ(~x), çäåñü φ(~x) - ýëåê-

òðîñòàòè÷åñêèé ïîòåíöèàë. Òîãäà èç ïåðâîãî óðàâíåíèÿ ïîëó÷àåì óðàâíåíèå íà ýëåê-

òðîñòàòè÷åñêèé ïîòåíöèàë, êîòîðîå íóæíî ðåøèòü

∆φ(~x) = −%(~x), ∆ =
∂2

(∂x1)2
+

∂2

(∂x2)2
+

∂2

(∂x3)2
. (6)

Âûïîëíèì ïðåîáðàçîâàíèå Ôóðüå ýëåêòðîñòàòè÷åñêîãî ïîòåíöèàëà è ðàñïðåäåëåíèÿ çà-

ðÿäà

φ(~x) =

∫
d~k

(2π)3
ei~k~xφ~k, %(~x) =

∫
d~k

(2π)3
ei~k~x%~k,

~k = (k1, k2, k3),

φ~k =

∫
d~x e−i~k~xφ(~x), %~k =

∫
d~x e−i~k~x%(~x).

Óðàâíåíèå (6) äëÿ Ôóðüå-êîìïîíåíò ïðèíèìàåò àëãåáðàè÷åñêèé âèä

−~k2φ~k = −%~k, φ~k =
1

~k2
%~k,

~k 6= 0.

Âûðàæåíèå äëÿ ïîòåíöèàëà

φ(~x) =

∫
d~k

~k2(2π)3
ei~k~x

∫
d~y e−i~k~y%(~y) =

1

(2π)2
lim

Λ→∞

∫ Λ

0
dk

∫ π

0
dθ sin θ

∫
d~y eik|~x−~y| cos θ%(~y) =

=
1

(2π)2
lim

Λ→∞

∫
d~y %(~y)

∫ Λ

0
dk

∫ π

0
dθ sin θeik|~x−~y| cos θ =

=
1

2π2
lim

Λ→∞

∫
d~y

%(~y)

|~x− ~y|

∫ Λ

0
dk

sin(|~x− ~y|k)

k
=

1

4π

∫
d~y

%(~y)

|~x− ~y|
,
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(ïîñëåäíèé øàã â öåïî÷êå ðàâåíñòâ ñëåäóåò ïîäðîáíî îáîñíîâàòü).

Èòàê, çàäà÷à ðåøåíà

~E(~x) =
1

4π

∫
d~y %(~y)

~x− ~y
|~x− ~y|3

.

IV. Çàäà÷è

1. Îñöèëëÿòîð ñ ïîñòîÿííîé ÷àñòîòîé â ìîìåíò âðåìåíè t = 0 íàõîäèòñÿ â ñîñòî-

ÿíèè ïîêîÿ â ïîëîæåíèè ðàâíîâåñèÿ. Â òå÷åíèå âðåìåíè T íà îñöèëëÿòîð äåé-

ñòâóåò âûíóæäàþùàÿ ñèëà f = F0 sin(Ωt), ΩT = 2π. Â ìîìåíò âðåìåíè T íàéòè

çàâèñèìîñòè àìïëèòóäû è ôàçû ãàðìîíè÷åñêîãî îñöèëëÿòîðà îò ïàðàìåòðîâ âû-

íóæäàþùåé ñèëû. Ïîñòðîèòü ñîîòâåòñòâóþùèå ãðàôèêè.

2. Íàéòè äâà ðåøåíèÿ óðàâíåíèÿ

ẍ(t) +
1

4t2
x(t) = 0, t > 0,

ñ íà÷àëüíûìè óñëîâèÿìè x(1) = 1, ẋ(1) = 0 è x(1) = 0, ẋ(1) = 1.

3. Íàéòè îïåðåæàþùóþ ôóíêöèþ Ãðèíà GA (äîïîëíèòåëüíûå óñëîâèÿ: x(tf ) =

ẋ(tf ) = 0) îñöèëëÿòîðà ñ ïîñòîÿííîé ÷àñòîòîé ω0. Íà ïðîñòðàíñòâå D′ âû÷èñëèòü[ d2

(dt)2
+ ω2

0

]
GA.

4. Äèñêðåòíàÿ ïî âðåìåíè âåðñèÿ äåéñòâèÿ ÷àñòèöû, ê êîòîðîé ïðèëîæåíà âíåøíÿÿ

ñèëà f , çàâèñÿùàÿ òîëüêî îò äèñêðåòíîãî âðåìåíè, èìååò âèä

S =
1

2

N−1∑
k=0

ε
[(xk+1 − xk)2

ε2
+ 2fkxk

]
, x0 = 0, xN = 0, ε =

tf − ti
N

.

Èñïîëüçóÿ ïðèíöèï íàèìåíüøåãî äåéñòâèÿ, íàéòè óðàâíåíèÿ äâèæåíèÿ è ðåøèòü

èõ. Âûïîëíèòü ïðåäåëüíûé ïåðåõîä N →∞ è íàéòè ïðè÷èííóþ ôóíêöèþ Ãðèíà

ñîîòâåòñòâóþùåé (êàêîé?) íåïðåðûâíîé çàäà÷è.

5. Âû÷èñëèòü èíòåãðàë∫
dx1 . . . dxN−1 exp

[
− 1

2ε

N−1∑
i,j=1

xiAi,jxk + ε
N−1∑
i=1

xifi

]
, ε > 0,

åñëè ìàòðèöà Ai,j = 2δi,j − δi,j+1 − δi+1,j, δi,j-ñèìâîë Êðîíåêåðà.
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6. Â ïðîñòðàíñòâå D′ íàéòè ïðåäåëû

1

2
√
πε

exp
[
−x

2

4ε

]
, ε→ +0, x ∈ R1;

sinNx

πx
, N →∞, x ∈ R1.

7. Â ïðîñòðàíñòâå S ′ íàéòè ðåøåíèÿ Gω óðàâíåíèÿ

(ω2 − ω2
0)Gω = −1, ω0 > 0, ω ∈ R1.

Ïîñòðîèòü ðåøåíèå, êîòîðîå àíàëèòè÷åñêè ïðîäîëæàåòñÿ ñ îñè R1 íà âñþ âåðõíþþ

ïîëóïëîñêîñòü C. Ðàññìàòðèâàÿ ýòî ðåøåíèå êàê ôóðüå-îáðàç íåêîòîðîé ôóíêöèè

G(t) èç S ′, íàéòè è íàçâàòü ýòó ôóíêöèþ.

8. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé èç S ′(R1):

Θ(x), δ(x− x0), e−ax
2

,
1

x2 + a2
, a > 0.

9. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ
~x

|~x|3
÷åðåç ïîâåðõíîñòü (x− 1)2 + y2 + z2 = 2.

10. Íàéòè ýëåêòðè÷åñêîå ïîëå â òðåõìåðíîì ïðîñòðàíñòâå, ñîçäàâàåìîå ñôåðîé (øà-

ðîì) çàðÿäà Q â ïðåäïîëîæåíèè î ðàâíîìåðíîì ðàñïðåäåëåíèè ïîñëåäíåãî.

11. Ðåøèòü ýëåêòðîñòàòè÷åñêóþ çàäà÷ó íà ïëîñêîñòè (d = 2).

V. ×àñòèöà â Q-äâóìåðíîé ìåëêîé ÿìå

Ñâÿçàííîå ñîñòîÿíèå â êâàíòîâîé òåîðèè - íîðìèðîâàííûé âåêòîð ãèëüáåðòîâà ïðî-

ñòðàíñòâà |φ〉 ∈ H. Íàáëþäàåìûå - ñàìîñîïðÿæåííûå îïåðàòîðû, äåéñòâóþùèå íà ãèëü-

áåðòîâîì ïðîñòðàíñòâå. Ýòè îïåðàòîðû ñòðîÿòñÿ ïî êëàññè÷åñêèì àíàëîãàì íàáëþäàå-

ìûõ â ãàìèëüòîíîâîì ôîðìàëèçìå ïóòåì çàìåíû êîîðäèíàò ôàçîâîãî ïðîñòðàíñòâà íà

êàíîíè÷åñêèå ñàìîñîïðÿæåííûå îïåðàòîðû x̂i, p̂i, i = 1, . . . , s (s-÷èñëî ñòåïåíåé ñâîáî-

äû), íà êîòîðûå íàêëàäûâàþòñÿ êàíîíè÷åñêèå êîììóòàöèîííûå ñîîòíîøåíèÿ

[x̂i, p̂j] = i~δi,j Î, [x̂i, x̂j] = 0 = [p̂i, p̂j],

çäåñü ~- ïîñòîÿííàÿ Ïëàíêà.

Èçìåðåíèå íàáëþäàåìîé Ĥ â ñîñòîÿíèè |φ〉 - çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ

Ĥ |φn〉 = λn |φn〉 :
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ïðèáîð ïîêàçûâàåò ñîáñòâåííîå çíà÷åíèå λn ñ âåðîÿòíîñòüþ |〈φn|φ〉|2.

Â êîîðäèíàòíîì ïðåäñòàâëåíèè êàíîíè÷åñêèõ êîììóòàöèîííûõ ñîîòíîøåíèé ñîñòî-

ÿíèå |φ〉 ïðåäñòàâëÿåòñÿ êîìïëåêñíîçíà÷íîé êâàäðàòè÷íî èíòåãðèðóåìîé ôóíêöèåé

φ(x1, . . . , xs) ∈ L2

(
dx1 . . . dxs, (x1, . . . , xs) ∈ Rs

)
, ñêàëÿðíîå ïðîèçâåäåíèå

〈φ1|φ2〉 =

∫
dx1 . . . dxs φ̄1(x1, . . . , xs)φ2(x1, . . . , xs),

à îïåðàòîðû êîîðäèíàò è èìïóëüñîâ äåéñòâóþò ñëåäóþùèì îáðàçîì

x̂i |φ〉 =⇒ xiφ(x1, . . . , xs), p̂i |φ〉 =⇒ −i~
∂

∂xi
φ(x1, . . . , xs).

Âñå ïðèâåäåííûå óòâåðæäåíèÿ íîñÿò äåêëàðàòèâíûé õàðàêòåð è äîëæíû áûòü óòî÷íå-

íû ïðè ñèñòåìàòè÷åñêîì èçó÷åíèè êâàíòîâîé òåîðèè.

Ïðè äâèæåíèè ÷àñòèöû â äâóìåðíîé ÿìå êëàññè÷åñêèé ãàìèëüòîíèàí

Hcl =
1

2m
(p2

1 + p2
2) + U(x1, x2), U(x1, x2) =

−U0,
√
x2

1 + x2
2 < a

0,
√
x2

1 + x2
2 > a

,

m-ìàññà ÷àñòèöû, U0, a-ãëóáèíà è øèðèíà ÿìû, ñîîòâåòñòâåííî.

Ñîîòâåòñòâóþùàÿ êâàíòîâàÿ çàäà÷à î ñâÿçàííîì ñîñòîÿíèè â äâóìåðíîé ÿìå

− ~2

2m

( ∂2

∂x2
1

+
∂2

∂x2
2

)
φn(x1, x2) + U(x2

1 + x2
2)φn(x1, x2) = Enφn(x1, x2),

φ(x1, x2) ∈ L2

(
dx1dx2, (x1, x2) ∈ R2

)
.

Ìåëêàÿ ÿìà õàðàêòåðèçóåòñÿ òåì, ÷òî â íåé åñòü ëèøü îäíî ñâÿçàííîå ñîñòîÿíèå. Ýíåð-

ãèÿ ýòîãî ñîñòîÿíèÿ E0 îòðèöàòåëüíà, à ñîáñòâåííîå ñîñòîÿíèå φ0(%), % =
√
x2

1 + x2
2,

àêñèàëüíî ñèììåòðè÷íî.

− ~2

2m

(
∂2
% +

1

%
∂%

)
φ0(%) + U(%)φ0(%) = −|E0|φ0(%), φ0(%) ∈ L2(2π%d%, 0 < % <∞).

Âîîáùå ãîâîðÿ, îò ôóíêöèè φ0(%) íóæíî òðåáîâàòü, ÷òîáû îíà ïðèíàäëåæàëà îáëàñòè

îïðåäåëåíèÿ ñàìîñîïðÿæåííîãî ãàìèëüòîíèàíà.

Îáåçðàçìåðèì óðàâíåíèå

% = a0u, a0 =
~√

2mU0

, ε = −E0

U0

< 1;

[
u∂2

u + ∂u + u
(
Θ(u0 − u)− ε

)]
φ0 = 0, u0 =

a
√

2mU0

~
� 1 (ìåëêàÿ ÿìà).
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Èòàê, íàõîäèì ðåøåíèÿ äâóõ óðàâíåíèé

[
u∂2

u + ∂u + u(1− ε)
]
φ0 = 0, u < u0,[

u∂2
u + ∂u − uε

]
φ0 = 0, u > u0,

èñõîäÿ èç ïðåäúÿâëåííûõ òðåáîâàíèé, è ñøèâàåì ýòè ðåøåíèÿ ïðè u = u0 � 1, òðåáóÿ

íåïðåðûâíîñòè φ0 è åå ïðîèçâîäíîé ∂%φ0.

A. Ìåòîä Ëàïëàñà äëÿ ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

âòîðîãî ïîðÿäêà.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

(
a2 + b2x

) d2

dx2
φ(x) +

(
a1 + b1x

) d

dx
φ(x) +

(
a0 + b0x

)
φ(x) = 0,

ãäå a0, a1, a2, b0, b1, b2 � ñóòü êîìïëåêñíûå, âîîáùå ãîâîðÿ, ÷èñëà.

Ðàññìîòðèì íåêîòîðûé êîíòóð C íà êîìïëåêñíîé ïëîñêîñòè

izq
q

z1

z2C

è áóäåì èñêàòü ðåøåíèå â âèäå

φ(x) =

∫
C

dz u(z) exz.

xφ =

∫
C

dz u(z)xexz =

∫
C

dz u(z)
(
exz
)′

= exzu|z2z1 −
∫
C

dz u′(z) exz

φ′ =

∫
C

dz zu(z) exz, φ′′ =

∫
C

dz2 zu(z) exz

xφ′ =

∫
C

dz zu(z)xexz =

∫
C

dz zu(z)
(
exz
)′

= exzzu|z2z1 −
∫
C

dz
(
zu(z)

)′
exz

xφ′′ =

∫
C

dz z2u(z)xexz =

∫
C

dz z2u(z)
(
exz
)′

= exzz2u
∣∣z2
z1
−
∫
C

dz
(
z2u(z)

)′
exz
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Óðàâíåíèå çàïèñûâàåòñÿ â âèäå

−
∫
C

dz exz
[
u′(z)

(
b2z

2 + b1z + b0

)
− u(z)

(
a2z

2 + (a1 − 2)z + (a0 − b1)
)]

+

+ exzu(z)
(
b2z

2 + b1z + b0

)∣∣z2
z1

= 0

Òàêèì îáðàçîì, âîçíèêàþò óñëîâèÿ òîãî, ÷òî φ(x) � ðåøåíèå ðàññìîòðåííîãî óðàâíåíèÿ

u′(z)
(
b2z

2 + b1z + b0

)
− u(z)

(
a2z

2 + (a1 − 2)z + (a0 − b1)
)

= 0 (7)

exzu(z)
(
b2z

2 + b1z + b0

)∣∣∣z2
z1

= 0 (8)

Ïåðâîå óðàâíåíèå ëåãêî ðåøàåòñÿ. Åñëè âûïîëíåíî âòîðîå óñëîâèå è èíòåãðàë ïî êîí-

òóðó ñõîäèòñÿ è îòëè÷åí îò íóëÿ, òî íàéäåíî ðåøåíèå óðàâíåíèÿ â èíòåãðàëüíîé ôîðìå.

B. Ôóíêöèè Áåññåëÿ íóëåâîãî ïîðÿäêà.

Â ðåøàåìîé çàäà÷å

a2 = 0, a1 = 1, a0 = 0, b2 = 1, b1 = 0, b0 = A, A =

1− ε ≡ κ2, u < u0

−ε ≡ −κ2, u > u0

.

Ðåøåíèå

u′(z)(z2 + A) + u(z)z = 0, u(z) =
const√
z2 + A

, euz
√
z2 + A

∣∣∣z2
z1

= 0;

φ0(u) =

∫
C

dz√
z2 + A

euz, u > 0.

Âûäåëÿåì ëèñòû àíàëèòè÷íîñòè è îïðåäåëÿåì êîíòóðû, èñõîäÿ èç ðåàëèé çàäà÷è:

s
s
6

6
iκ

−iκ z1

z2

C

u < u0

C : z = it+ 0,−κ < t < κ.

φ<0 (u) =

∫ κ

−κ

dt eitu√
κ2 − t2

s s��
C

−κ κ

z1z2
−∞

u > u0

C : z = −t+ i0,κ < t <∞.

φ>0 (u) =

∫ ∞
κ

dt e−tu√
t2 − κ2

Èòàê, â èíòåðâàëå 0 < u < u0 ðåøåíèå èìååò âèä

φ<0 (u) =

∫ 1

−1

dt eituκ

√
1− t2

= 2

∫ 1

0

dt cos(tuκ)√
1− t2

= 2
∑
k=0

(−1)k
(uκ)2k

(2k)!

∫ 1

0

dt t2k√
1− t2

=

=
∑
k=0

(−1)k
(uκ)2k

(2k)!

∫ 1

0
dt tk−1/2(1− t)−1/2 =

∑
k=0

(−1)k
(uκ)2k

(2k)!

Γ(k + 1/2)Γ(1/2)

Γ(k + 1)
=

= π
∑
k=0

(−1)k
(uκ)2k

22k(k!)2
= π

[
1− 1

4
(κu)2 +O

(
(κu)4

)]
.
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Óáåäèìñÿ â òîì, ÷òî âûáðàííîå ðåøåíèå â îáëàñòè u > u0 êâàäðàòè÷íî èíòåãðèðóåìî:

φ>0 (u) =

∫ ∞
1

dt e−tκu√
t2 − 1

= e−uκ
∫ ∞

0

dt e−tκu√
t(t+ 2)

=

=
e−uκ√

2uκ

∫ ∞
0

dt e−t√
t

(
1 +

t

2uκ

)−1/2
=

e−uκ√
2uκ
√
π
[
1 +O

(
(uκ)−1

)]
.

Äëÿ ñøèâêè æå íóæíî èññëåäîâàòü ïîâåäåíèå ýòîé ôóíêöèè ïðè u→ 0:

φ>0 (u) =

∫ ∞
uκ

dt e−t√
t2 − (uκ)2

=

∫ 1

uκ

dt√
t2 − (uκ)2

+

∫ 1

uκ

dt (e−t − 1)√
t2 − (uκ)2

+

∫ ∞
1

dt e−t√
t2 − (uκ)2

=

=

∫ 1/uκ

1

dt√
t2 − 1

+

∫ 1

0

dt (e−t − 1)

t
+

∫ ∞
1

dt e−t

t
+ o(1) = − ln

uκ
2

+

∫ ∞
0

dt e−t ln t+ o(1).

Îñòàëîñü ïîíÿòü, ÷òî ïîñòîÿííàÿ∫ ∞
0

dt e−t ln t ≡ γ =
d

ds

∫ ∞
0

dt e−tts−1
∣∣∣
s=1

= Γ′(1) = lim
n→∞

(
1 +

1

2
+ . . .+

1

n
− lnn

)
íå ïðîñòàÿ, à ïîñòîÿííàÿ Ýéëåðà.

Ñøèâàåì ïî íåïðåðûâíîñòè ðåøåíèÿ è èõ ïðîèçâîäíûå ïðè u = u0 � 1

c1φ
<
0 (u0) = c2φ

>
0 (u0), c1(φ<0 )′(u0) = c2(φ>0 )′(u0).

Óñëîâèå ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ðåøåíèÿ

φ<0 (u0)(φ>0 )′(u0) = φ>0 (u0)(φ<0 )′(u0),
1

2
(κu0)2 ln

2eγ

u0κ
= 1.

Òàê êàê κ2 = 1 − ε, κ2 = ε, òî ýòî óðàâíåíèå îïðåäåëÿåò çíà÷åíèå ýíåðãèè ñâÿçàííîãî

ñîñòîÿíèÿ:

ε =
4e2γ

u2
0

e−4/u20 , u0 → 0, E0 = −2~2e2γ

ma2
exp
[
− 2~2

ma2U0

]
.

Ýòî îòâåò.

VI. Ìåòîä ïåðåâàëà

Èçó÷èì ìåòîä èññëåäîâàíèÿ àñèìïòîòèê ñïåöèàëüíûõ ôóíêöèé íà ïðèìåðå ôóíêöèè

Ýéðè-Ôîêà. Ñòðîãîå îïðåäåëåíèå ïîíÿòèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ è ìàòåìàòè-

÷åñêè êîððåêòíàÿ ðàáîòà ñ ýòèì ïîíÿòèåì - êóðñ Ñ.Õîðîøêèíà.
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A. Ôóíêöèÿ Ýéðè-Ôîêà

Ðàññìîòðèì óðàâíåíèå
d2

dx2
φ(x)− xφ(x) = 0.

Ñîîòâåòñòâóþùåå óðàâíåíèå íà u(z) (ñì. ïðåäûäóùèé ðàçäåë)

u′ + z2u = 0, u(z) = e−z
3/3.

Íà êîìïëåêñíîé ïëîñêîñòè âûäåëèì òå ñåêòîðà, â êîòîðûõ exp
[
−z3/3

]
ñòðåìèòüñÿ ê

íóëþ ïðè ñòðåìëåíèè z →∞.

iz
�
�
�
�
�

Q
Q
Q
Q
Q

Q
Q

Q
Q

Q

�
�

�
�

�

CA

CB

q z1

q z2

qz3J
J
JJ]

J
J
J
Jc+











c−


�

exp
[
xz − z3/3

]∣∣∣z2→∞
z1→∞

= 0

φ(x) =

∫
CA

dz exp
[
xz − z3/3

]

Ïîäûíòåãðàëüíîå âûðàæåíèå èìååò ñóùåñòâåííî îñîáóþ òî÷êó íà áåñêîíå÷íîñòè. Îò-

ñþäà ñëåäóåò, ÷òî, êàê è ñëåäîâàëî îæèäàòü, óðàâíåíèå èìååò äâà íåòðèâèàëüíûõ ðå-

øåíèÿ, îòâå÷àþùèõ èíòåãðèðîâàíèþ ïî êîíòóðàì CA è CB, íàïðèìåð.

Åñëè êîíòóð èíòåãðèðîâàíèÿ CA ïðèæàòü ê ìíèìîé îñè (z = it, −∞ < t < ∞),

òî äëÿ ðåøåíèÿ, îòâå÷àþùåìó ýòîìó êîíòóðó, ïðè ïîäõîäÿùåì âûáîðå íîðìèðîâêè,

ïîëó÷èì óñëîâíî ñõîäÿùèéñÿ èíòåãðàë, èçâåñòíûé â ìèðó êàê ôóíêöèÿ Ýéðè-Ôîêà

φ(x) = Ai(x) =
1

π

∫ ∞
0

dt cos
(
xt+

t3

3

)
=

1

2πi

∫
CA

dz exp
[
xz − z3

3

]
.

Íàéäåì ðàçëîæåíèå ôóíêöèè Ai(x) â ðÿä â îêðåñòíîñòè òî÷êè x = 0. Äëÿ ýòîãî

äåôîðìèðóåì êîíòóð CA â êîíòóðû c− : z = te−2iπ/3, 0 < t < ∞, è c+ : z = te2iπ/3, 0 <

t <∞:

Ai(x) =
1

2iπ

∫ ∞
0

dt e−t
3/3
[
e2iπ/3 exp

[
xte2iπ/3

]
− e−2iπ/3 exp

[
xte−2iπ/3

]]
=

=
1

2iπ

∑
k=0

xk

k!

[
ei(k+1)2π/3 − e−i(k+1)2π/3

] ∫ ∞
0

dt tke−t
3/3 =

=
1

π

∑
k=0

xk

k!
3
k−3

2 Γ
(k + 1

3

)
sin
(2π

3
(k + 1)

)
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Ðàäèóñ ñõîäèìîñòè ýòîãî ðÿäà îïðåäåëÿåòñÿ áëèæàéøåé îñîáåííîñòüþ, êîòîðàÿ ðàñïî-

ëîæåíà íà áåñêîíå÷íîñòè. Ïåðâûå ÷ëåíû ýòîãî ðÿäà

Ai(x) =
1

2π31/6
Γ
(1

3

)
− x31/6

2π
Γ
(2

3

)
+O(x3), x→ 0 (9)

Èññëåäóåì ïîâåäåíèå ôóíêöèè Ai(x) ïðè x → ±∞. Ïðåäâàðèòåëüíûå çàìåíû ïåðå-

ìåííûõ.

x > 0. Ñäåëàåì çàìåíó z →
√
xz

Ai(x) =

√
x

2iπ

∫
CA

dz exp
[
x3/2

(
z − z3

3

)]
x < 0. Ñäåëàåì çàìåíó z →

√
−xz

Ai(x) =

√
−x

2iπ

∫
CA

dz exp
[
−(−x)3/2

(
z +

z3

3

)]
Èòàê, íóæíî óìåòü íàõîäèòü àñèìïòîòèêè ïðè λ→ +∞ èíòåãðàëîâ âèäà

J(λ) =

∫
C

dz eλf(z), λ→ +∞,

ãäå C � êóñî÷íî ãëàäêàÿ êðèâàÿ â êîìïëåêñíîé ïëîñêîñòè z, ôóíêöèÿ f(z) ðåãóëÿðíà

â íåêîòîðîé îáëàñòè, ñîäåðæàùåé êðèâóþ C.

B. Ìåòîä Ëàïëàñà

• Òåîðåìà 1. Ïóñòü ïðè a 6 x 6 b

f(x) < f(a), x 6= a, f ′(a) 6= 0,

è ôóíêöèè f(x), g(x) íåïðåðûâíû ïðè a 6 x 6 b è áåñêîíå÷íî äèôôåðåíöèðóåìû

â îêðåñòíîñòè òî÷êè x = a. Òîãäà ïðè λ → +∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå

ðàçëîæåíèå ∫ b

a

dx g(x)eλf(x) ∼ eλf(a)
∑
k=0

ck
λk+1

.

Ýòî ðàçëîæåíèå ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü ëþáîå ÷èñëî ðàç.

Ãëàâíûé ÷ëåí àñèìïòîòèêè∫ b

a

dx g(x)eλf(x) = − 1

λf ′(a)
eλf(a)

[
g(a) +O

(1

λ

)]
.
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Íàáðîñîê äîêàçàòåëüñòâà (èíòåãðèðîâàíèå ïî ÷àñòÿì)∫ b

a
dx g(x)eλf(x) =

∫ b

a

g(x)

λf ′(x)
deλf(x) =

g(b)

λf ′(b)
eλf(b) − g(a)

λf ′(a)
eλf(a) − 1

λ2

∫ b

a

1

f ′(x)

d

dx

( g(x)

f ′(x)

)
deλf(x)

• Òåîðåìà 2. Ïóñòü ïðè a 6 x 6 b

f(x) < f(x0), x 6= x0, a < x0 < b, f ′′(x0) 6= 0,

è ôóíêöèè f(x), g(x) íåïðåðûâíû ïðè a 6 x 6 b è áåñêîíå÷íî äèôôåðåíöèðóåìû

â îêðåñòíîñòè òî÷êè x = x0. Òîãäà ïðè λ → +∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå

ðàçëîæåíèå ∫ b

a

dx g(x)eλf(x) ∼ eλf(x0)
∑
k=0

ck
λk+1/2

.

Ýòî ðàçëîæåíèå ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü ëþáîå ÷èñëî ðàç.

Ãëàâíûé ÷ëåí àñèìïòîòèêè∫ b

a

dx g(x)eλf(x) =

√
− 2π

λf ′′(x0)
eλf(x0)

[
g(x0) +O

(1

λ

)]
.

Íàìåê äîêàçàòåëüñòâà (ñâåäåíèå èíòåãðàëà ê ãàóññîâó, âñå ðàâåíñòâà, êðîìå ïîñëåäíåãî,

óñëîâíû) ∫ b

a
dx g(x)eλf(x) =

=

∫ ∞
−∞

dx
(
g(x0) + g′(x0)(x− x0) + . . .

)
exp
[
λf(x0)− 1

2
λ|f ′′(x0)|(x− x0)2 + . . .

]
=

= eλf(x0)

√
2√

λ|f ′′(x0)|

∫ ∞
−∞

du
(
g(x0) + g′(x0)u

)
e−u

2
= g(x0)eλf(x0)

√
2π√

λ|f ′′(x0)|

Çíà÷åíèÿ x, íà êîòîðûõ íàáèðàåòñÿ èíòåãðàë,

|x− x0| ∼
1√

λ|f ′′(x0)|
,

ïîýòîìó ïîïðàâêè ê ïîëó÷åííîé ôîðìóëå (íå÷åòíûå ñòåïåíè x−x0 ïðè èíòåãðèðîâàíèè

çàíóëÿþòñÿ)

g(x0) +O
( 1

λ

)
.
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C. Îïèñàíèå ìåòîäà ïåðåâàëà

Ìåòîä ïåðåâàëà äëÿ âû÷èñëåíèÿ àñèìïòîòèêè èíòåãðàëà

J(λ) =

∫
C

dz eλf(z), λ→ +∞,

ãäå C � êóñî÷íî ãëàäêàÿ êðèâàÿ â êîìïëåêñíîé ïëîñêîñòè z, ôóíêöèÿ f(z) ðåãóëÿðíà

â íåêîòîðîé îáëàñòè D, ñîäåðæàùåé êðèâóþ C, îñíîâàí íà òîì, ÷òî êîíòóð èíòåãðèðî-

âàíèÿ C ìîæíî, íå èçìåíèâ çíà÷åíèå èíòåãðàëà, äåôîðìèðîâàòü â îáëàñòè D â êîíòóð

Csp òàêîé, ÷òî

1. max
z∈Csp

<f(z) äîñòèãàåòñÿ â îäíîé âíóòðåííåé òî÷êå êîíòóðà z0 ∈ Csp,

2. =f(z) ≡ const ïðè z ∈ Csp â îêðåñòíîñòè òî÷êè z0.

Ïóñòü C0 � ìàëàÿ äóãà êðèâîé Csp, ñîäåðæàùàÿ òî÷êó z0. Òîãäà <f(z) 6 <f(z0)− δ,

ãäå δ > 0, ïðè z ∈ C, z /∈ C0 (ïåðâîå óñëîâèå). Ïîýòîìó èíòåãðàë ïî êîíòóðó C − C0

îöåíèâàåòñÿ êàê O(|eλ(f(z0)−δ)|) (äëÿ áåñêîíå÷íîãî êîíòóðà Csp âàæíî, ÷òîáû èíòåãðàë

J(λ) àáñîëþòíî ñõîäèëñÿ ïðè íåêîòîðîì λ = λ0 > 0).

Òåïåðü ñ èíòåãðàëîì ïî êîíòóðó C0. Ïóñòü z = ϕ(t), −t0 6 t 6 t0, ϕ(0) = z0. Â ñèëó

âòîðîãî óñëîâèÿ =f(z) = =f(z0), òàê ÷òî

J(λ) = eiλ=f(z0)

∫ t0

−t0
dt ϕ′(t)eλ<f(ϕ(t)),

ïðè÷åì ïðè t = 0 ïîêàçàòåëü ýêñïîíåíòû èìååò åäèíñòâåííûé ìàêñèìóì íà îòðåçêå

èíòåãðèðîâàíèÿ. Äàëüøå � òåîðåìà 2 èç ìåòîäà Ëàïëàñà (ñì. ïðåäûäóùèé ðàçäåë).

Â êàêèõ æå òî÷êàõ z0 âûïîëíÿþòñÿ óñëîâèÿ 1 è 2? Ïåðâîå:

d

dt
=f(z)

∣∣∣∣
t=0

= 0

â ñèëó óñëîâèÿ 2. Òàê êàê max
z∈Csp

<f(z) äîñòèãàåòñÿ â òî÷êå ðåãóëÿðíîñòè ôóíêöèè f(z),

òî è âòîðîå:
d

dt
<f(z)

∣∣∣∣
t=0

= 0.

Îòñþäà ñëåäóåò óñëîâèå íà òî÷êó z0 (íàçûâàåòñÿ òî÷êîé ïåðåâàëà)

f ′(z0) = 0.

Òàêèì îáðàçîì, êîíòóð, óäîâëåòâîðÿþùèé ïîñòàâëåííûì óñëîâèÿì, îáÿçàí ïðîõîäèòü

÷åðåç òî÷êó ïåðåâàëà ôóíêöèè f(z).

Ñòðóêòóðà ëèíèé óðîâíÿ ðåãóëÿðíûõ ôóíêöèé.
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• Ëåììà 1. Ïóñòü f ′(z0) 6= 0. Òîãäà â ìàëîé îêðåñòíîñòè òî÷êè z0 ëèíèè óðîâíÿ

<f(z) = const, =f(z) = const ïðåäñòàâëÿþò ñîáîé ãëàäêèå êðèâûå.

• Ëåììà 2. Ïóñòü z0 � ïðîñòàÿ òî÷êà ïåðåâàëà ôóíêöèè f(z), òî åñòü f ′(z0) =

0, f ′′(z0) 6= 0. Òîãäà â ìàëîé îêðåñòíîñòè òî÷êè z0 ëèíèÿ óðîâíÿ <f(z) = <f(z0)

ñîñòîèò èç äâóõ ãëàäêèõ êðèâûõ l1, l2, êîòîðûå îðòîãîíàëüíû â òî÷êå z0 è ðàçáè-

âàþò îêðåñòíîñòü íà ÷åòûðå ñåêòîðà. Çíàêè ôóíêöèè <(f(z) − f(z0)) â ñîñåäíèõ

ñåêòîðàõ ðàçëè÷íû.

Ïðè÷åì, ÷åðåç ñåêòîðû, â êîòîðûõ <f(z) < <f(z0), ïðîõîäèò ãëàäêàÿ êðèâàÿ l

(ëèíèÿ íàèáûñòðåéøåãî ñïóñêà), òàêàÿ, ÷òî =f(z) = =f(z0) ïðè z ∈ l. Ôóíêöèÿ

<f(z) ñòðîãî ìîíîòîííî óáûâàåò âäîëü l ïðè óäàëåíèè z îò òî÷êè z0.

Ðèñ. 1: Ñòðóêòóðà ëèíåé óðîâíÿ

<z = const (êðàñíûé),=z = const

(ñèíèé) Ðèñ. 2: Ñòðóêòóðà ëèíåé óðîâíÿ

<(−z2) = const

Äîêàçàòåëüñòâî ýòèõ ëåìì ñîñòîèò â äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ âçàèìíî îäíîçíà÷-

íîãî îòîáðàæåíèÿ, ïåðåâîäÿùåãî ñòðóêòóðó óðîâíåé èç óñëîâèé ëåìì 1 è 2 â ñòðóêòóðó

óðîâíåé äëÿ ôóíêöèè f(z) = z äëÿ ëåììû 1 è äëÿ ôóíêöèè f(z) = −z2 äëÿ ëåììû 2,

ñîîòâåòñòâåííî.

Ïóñòü U � äîñòàòî÷íî ìàëàÿ îêðåñòíîñòü òî÷êè z0. Òîãäà ñóùåñòâóåò ôóíêöèÿ ϕ(ζ), ðå-

ãóëÿðíàÿ â îêðåñòíîñòè òî÷êè ζ = 0 è òàêàÿ, ÷òî f(ϕ(ζ)) = f(z0)− ζ2 â ýòîé îêðåñòíîñòè;

êðîìå òîãî ϕ′(0) 6= 0.
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Ðèñ. 3: ïîâåðõíîñòü <(−z2) = y2 − x2

Èññëåäóåì ëèíèè óðîâíÿ äåéñòâèòåëüíîé ÷àñòè ôóíêöèè f(z) = −z2. Òî÷êà ïåðåâàëà �

z0 = 0. Ïóñòü z = x+ iy. Ñåìåéñòâî èñêîìûõ ëèíèé óðîâíÿ

<(−z2) = −x2 + y2 = const.

Åñëè const 6= 0, òî ýòè êðèâûå � ãèïåðáîëû. Ëèíèè óðîâíÿ <f(z) = <f(z0) � ïðÿìûå x =

y, x = −y äåëÿò ïëîñêîñòü íà ÷åòûðå ñåêòîðà. Çíàêè <f(z)−<f(z0) â ñîñåäíèõ ñåêòîðàõ

ðàçëè÷íû: êðàñíûì îáîçíà÷åíû òå ëèíèè óðîâíÿ, äëÿ êîòîðûõ <f(z) < <f(z0), à ñèíèì

òå ãèïåðáîëû, äëÿ êîòîðûõ <f(z) > <f(z0). ×åðåç òî÷êó ïåðåâàëà ïðîõîäèò ëèíèÿ

óðîâíÿ ìíèìîé ÷àñòè ôóíêöèè =f(z) = =f(z0), à èìåííî ïðÿìàÿ y = 0. Âäîëü ýòîé

ëèíèè <f(z) = −x2, òî åñòü ôóíêöèÿ <f(z) ñòðîãî ìîíîòîííî óáûâàåò ïðè óäàëåíèè

îò òî÷êè ïåðåâàëà (ëèíèÿ íàèáûñòðåéøåãî ñïóñêà � ñåðàÿ).

D. Ôóíêöèÿ Ýéðè-Ôîêà (ïðîäîëæåíèå)

x > 0, x→∞

Â ýòîì ñëó÷àå λ = x3/2, f(z) = z − z3

3
. Òî÷êè ïåðåâàëà

f ′(z) = 1− z2 = 0, z01 = −1, z02 = 1.



22

Äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè èññëåäóåìîé ôóíêöèè

<f(z) = x
(

1 + y2 − x2

3

)
, =f(z) = y

(
1− x2 +

y2

3

)
, <f(±1) = ±2

3
, =f(±1) = 0.

Ëèíèè íàèñêîðåéøåãî ñïóñêà - ñèíèå è îáëàñòè, ãäå <f(z) 6 <f(z0) - çåëåíûå. Î÷åâèä-

Ðèñ. 4: z0 = −1 Ðèñ. 5: z0 = 1

íî, ÷òî äëÿ èññëåäîâàíèÿ àñèìïòîòèêè ôóíêöèè Ai(x) ïðè x→ +∞ ñëåäóåò â êà÷åñòâå

êîíòóðà CA âûáðàòü ëèíèþ íàèñêîðåéøåãî ñïóñêà, ïðîõîäÿùóþ ÷åðåç òî÷êó ïåðåâàëà

z0 = −1. Åå óðàâíåíèå

x = −
√

1 +
y2

3
, −∞ < y <∞.

Â ìàëîé îêðåñòíîñòè òî÷êè ïåðåâàëà íà ëèíèè íàèñêîðåéøåãî ñïóñêà

=f(z) = 0, <f(z) = −2

3
− y2 +O(y4), dz = (i +O(y))dy,

ïîýòîìó

Ai(x) =

√
x

2πi
e−

2
3
x3/2 i

∫
dy e−x

3/2y2 =
1

2
√
π
√
x

e−
2
3
x3/2
(
1 +O(x−3/2)

)
.

Ai(x) =
1

2
√
π
√
x

e−
2
3
x3/2
(
1 +O(x−3/2)

)
, x→ +∞ (10)

x < 0, |x| → ∞

Â ýòîì ñëó÷àå λ = |x|3/2, f(z) = −z − z3

3
. Òî÷êè ïåðåâàëà

f ′(z) = 1 + z2 = 0, z0 = ±i.
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Ðèñ. 6: z0 = ±i

Äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè èññëåäóåìîé ôóíêöèè

<f(z) = x
(
y2 − 1− x2

3

)
, =f(z) = y

(y2

3
− 1− x2

)
, <f(±i) = 0, =f(±i) = ∓2

3
.

Ëèíèè íàèñêîðåéøåãî ñïóñêà - ñèíèå. Îáëàñòè êîìïëåêñíîé ïëîñêîñòè, ãäå <f(z) 6

<f(z0) - çåëåíûå.

Î÷åâèäíî, ÷òî äëÿ èññëåäîâàíèÿ àñèìïòîòèêè ôóíêöèè Ai(x) ïðè x→ −∞ ñëåäóåò

â êà÷åñòâå êîíòóðà CA âûáðàòü äâå ëèíèè íàèñêîðåéøåãî ñïóñêà, ïðîõîäÿùèõ ÷åðåç

òî÷êè ïåðåâàëà z0 = ±i (ñîñòàâèòü êîíòóð èíòåãðèðîâàíèÿ êàê ñóïåðïîçèöèþ äâóõ

ëèíèé íàèñêîðåéøåãî ñïóñêà):

x =



−

√
y2

3
− 1− 2

3y
, y < −1√

y2

3
− 1− 2

3y
, −1 6 y < 0√

y2

3
− 1 +

2

3y
, 0 < y 6 1

−

√
y2

3
− 1 +

2

3y
, y > 1

.

Âáëèçè òî÷åê ïåðåâàëà z0 = ±i íà ëèíèè íàèñêîðåéøåãî ñïóñêà

y = ±1 + η, x = ∓η +
1

3
η2 +O(η3), <f(z0) = −2η2 +O(η3).
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Òåïåðü îñòàåòñÿ íàéòè àñèìïòîòèêó

Ai(x) =

√
|x|

2πi

[
e

2
3

iλ(1 + i) + e−
2
3

iλ(−1 + i)
] ∫

dη e−2λη2 = sin
(2

3
λ+

π

4

)√|x|√
πλ

Ai(x) =
1√
π
√
|x|

[
sin
(2

3
|x|3/2 +

π

4

)
+O(|x|−3/2)

]
, x→ −∞ (11)

E. Âèçóàëèçàöèÿ ðåçóëüòàòîâ

Ðèñ. 7: ðåçóëüòàò ðàñ÷åòîâ � çåëåíûé, ñåðûé � Maple'îâñêèé ãðàôèê AiryAi(x)

VII. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå â êâàíòîâîé ìåõàíèêå

Ðàññìîòðèì çàäà÷ó î íàõîæäåíèè ñïåêòðà ãàìèëüòîíèàíà (ñâÿçàííûõ ñîñòîÿíèé)

íåðåëÿòèâèñòñêîé ÷àñòèöû â îäíîìåðíîì ïîòåíöèàëå U(x) = U0u(x/a) â êîîðäèíàòíîì

ïðåäñòàâëåíèè

− ~2

2m
φ′′n(x) + U0u(x/a)φn(x) = Enφn(x).

Îáåçðàçìåðèì: y =
x

a
, ζ2 =

~2

2ma2U0

, p2
n(y) =

En − U(y)

U0

,

ζ2φ′′n(y) + p2
n(y)φn(y) = 0.

Èùåì ðåøåíèå â âèäå

φn = exp
[ i

ζ

∫ y

y0

dz sn(z)
]
.



25

Â òàêîì ñëó÷àå (óðàâíåíèå Ðèêêàòè)

iζs′n(y)− s2
n(y) + p2

n(y) = 0.

Â ïðåäåëå ζ → 0 (êâàçèêëàññè÷åñêèé ïðåäåë) ðåøàåì óðàâíåíèå â âèäå ðÿäà (â ñèòóà-

öèè îáùåãî ïîëîæåíèÿ - àñèìïòîòè÷åñêîãî, äëÿ èíòåãðèðóåìûõ ñèñòåì - íàñòîÿùåãî)

ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïî ïàðàìåòðó ζ

sn(y) =
∑
k=0

ζks(k)
n (y).

Â íóëåâîì ïîðÿäêå s
(0)
n (y) = ±pn(y), â ïåðâîì ïîðÿäêå

ip′n(y)− 2pn(y)
(
s(1)
n (y)

)′
= 0, s(1)

n (y) = i
(
ln
√
|pn(y)|

)′
.

Èíòåðåñíî ïðîàíàëèçèðîâàòü ñòðóêòóðó âñåãî ðÿäà, íî äëÿ èëëþñòðàöèè ìåòîäà âïîëíå

äîñòàòî÷íî âû÷èñëåííîãî.

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ íà ñîáñòâåííûå çíà÷åíèÿ ãàìèëüòîíèàíà ñâÿçàííûõ

ñîñòîÿíèé (εn = En/U0) â îáëàñòè êëàññè÷åñêîãî ôèíèòíîãî äâèæåíèÿ:

φn(y) =
A

(εn − u(z))1/4
cos
[1

ζ

∫ y

y0

dz
√
εn − u(z) + α

]
,

à â êëàññè÷åñêè íåäîñòóïíûõ îáëàñòÿõ

φn(y) =
B

(u(z)− εn)1/4
exp
[
∓1

ζ

∫ y

y0

dz
√
u(z)− εn

]
,

ãäå çíàê ïîêàçàòåëÿ ýêñïîíåíòû îïðåäåëÿåòñÿ ïðèíàäëåæíîñòüþ ðåøåíèÿ ïðîñòðàíñòâó

L2.

×òîáû çàÿâëåííîå ðàçëîæåíèå áûëî àñèìïòîòè÷åñêèì íóæíî, ÷òîáû âûïîëíÿëîñü

ñîîòíîøåíèå∣∣∣∣ p′p2

∣∣∣∣ =
1

2

|u′(y)|
|εn − u(y)|3/2

<
1

2
C, C − îãðàíè÷åííàÿ ïîñòîÿííàÿ. (12)

r���
�

�
�
�

��
��y

y2

2∆QC

2∆L

r

y1

u(y)

y

εn

Îáëàñòü íàðóøåíèÿ êâàçèêëàññè÷åñêîãî

ïðèáëèæåíèÿ: |y − y0| < ∆Qc.

Îáëàñòü ñïðàâåäëèâîñòè ëèíåéíîãî

ïðèáëèæåíèÿ: |y − y0| < ∆L.
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Ýòî ñîîòíîøåíèå çàâåäîìî íàðóøàåòñÿ â îêðåñòíîñòÿõ òî÷åê y0 òàêèõ, ÷òî u(y0) = εn.

Ýòè òî÷êè ñîîòâåòñòâóþò òî÷êàì ïîâîðîòà êëàññè÷åñêîãî ôèíèòíîãî äâèæåíèÿ. Ïðåä-

ïîëîæèì, ÷òî ýòè îêðåñòíîñòè ëåæàò â îáëàñòÿõ äåéñòâèòåëüíîé îñè, â êîòîðûõ ìîæíî

îãðàíè÷èòüñÿ ëèíåéíûì ÷ëåíîì ðàçëîæåíèÿ ïîòåíöèàëüíîé ýíåðãèè âáëèçè òî÷êè ïî-

âîðîòà. Ïðåäñòàâèì ïîòåíöèàëüíóþ ýíåðãèþ ñëåäóþùèì îáðàçîì

u(y) = u(y0) + (y − y0)u′(y0) +
1

2
(y − y0)2u′′

(
y0 + θ(y − y0)

)
.

Ëèíåéíîå ïðèáëèæåíèå ñïðàâåäëèâî, åñëè

1

2
|y − y0|

|u′′(y0)|
|u′(y0)|

=
1

2
δ → 0.

Îòñþäà íàõîäèì îáëàñòü ëèíåéíîãî ïðèáëèæåíèÿ

|y − y0| < δ
|u′(y0)|
|u′′(y0)|

Â ëèíåéíîì ïðèáëèæåíèè îáëàñòü âûïîëíåíèÿ êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ (ñì.

(12)) îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ |y − y0| > C−2/3|u′(y0)|−1/3 è óñëîâèå ïåðåñå÷åíèÿ

ýòîé îáëàñòè ñ îáëàñòüþ ëèíåéíîãî ïðèáëèæåíèÿ ñâîäèòñÿ ê òðåáîâàíèþ íà ïîòåíöè-

àëüíóþ ýíåðãèþ
|u′′(y0)|
|u′(y0)|4/3

< C2/3δ � 1.

Îá ýòîì ãîâîðÿò, êàê îá óñëîâèè ïëàâíîñòè èçìåíåíèÿ ïîòåíöèàëà.

Â îáëàñòè ëèíåéíîãî ïðèáëèæåíèÿ âáëèçè òî÷êè ïîâîðîòà y0 êâàçèêëàññè÷åñêèå ðå-

øåíèÿ ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì

φn(y) =
A0

|u′(y0)δy0|1/4
cos
[2|u′(y0)|1/2

3ζ
(δy0)3/2 + α0

]
,

φn(y) =
B0

|u′(y0)δy0|1/4
exp
[
−2|u′(y0)|1/2

3ζ
|δy0|3/2

]
, δy0 = y − y0.

Ñ äðóãîé ñòîðîíû, íà âñåì èíòåðâàëå ëèíåéíîãî ïðèáëèæåíèÿ ïîñòàâëåííàÿ çàäà÷à

ζ2φ′′n + (εn − u(y))φn =
d2φn
dδy2

0

− u′(y0)

ζ2
δy0 φn = 0

äîïóñêàåò òî÷íîå ðåøåíèå, êîòîðîå â ðàññìàòðèâàåìîé ñèòóàöèè èìååò âèä

φn(y) = Ai
[
sgnu′(y0)

|u′(y0)|1/3

ζ2/3
δy0

]
.

Ñðàâíåíèå ýòîãî ðåøåíèÿ ñ êâàçèêëàññè÷åñêèì êîððåêòíî ïðè |δy0| > C−2/3|u′(y0)|−1/3

èëè ïðè çíà÷åíèè àðãóìåíòà ôóíêöèè Ýéðè-Ôîêà áîëüøèì, ÷åì (Cζ)−2/3. Ýòî îòâå÷àåò
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àñèìïòîòèêå ýòîé ôóíêöèè, êîòîðàÿ ïîëó÷åíà ðàíåå. Ïîýòîìó êâàçèêëàññè÷åñêîå ðåøå-

íèå â êëàññè÷åñêè äîñòóïíîé îáëàñòè, ïîëó÷åííîå ñøèâêîé â òî÷êå ïîâîðîòà y1 èìååò

âèä

φn(y) =
A1

(εn − u(z))1/4
sin
[1

ζ

∫ y

y1

dz
√
εn − u(z) +

π

4

]
,

à â òî÷êå ïîâîðîòà y2 -

φn(y) =
A2

(εn − u(z))1/4
sin
[1

ζ

∫ y2

y

dz
√
εn − u(z) +

π

4

]
.

Ýòî îäíî è òîæå ðåøåíèå, åñëè

1

π

∫ y2

y1

dz
√
εn − u(z) = n+

1

2
, n = 0, 1, 2, . . . .

Â ìèðó ýòî óñëîâèå èçâåñòíî êàê ïðàâèëî êâàçèêëàññè÷åñêîãî êâàíòîâàíèÿ Áîðà-

Çîììåðôåëüäà.

VIII. Ðåøåíèå óðàâíåíèé Ìàêñâåëëà

Çàäà÷à: ïî çàäàííûì ðàñïðåäåëåíèÿì ïëîòíîñòè çàðÿäà %(t, ~x) è òîêà ~j(t, ~x) íàéòè

ýëåêòðîìàãíèòíûå ïîëÿ ~E(t, ~x) è ~B(t, ~x), òî åñòü ðåøèòü óðàâíåíèÿ Ìàêñâåëëà

div ~B = 0 (íåò ìàãíèòíûõ ìîíîïîëåé), rot ~E +
∂ ~B

∂t
= 0 (Ôàðàäåé), (13)

div ~E = % (Êóëîí), rot ~B − ∂ ~E

∂t
= ~j (Ìàêñâåëë). (14)

Óðàâíåíèÿ (13) ìîæíî óäîâëåòâîðèòü, åñëè ââåñòè ñêàëÿðíûé φ(t, ~x) è âåêòîðíûé

~A(t, ~x) ïîòåíöèàëû

~B = rot ~A, ~E = −~∇φ− ∂ ~A

∂t
.

Ââåäåííûå òàêèì îáðàçîì ïîòåíöèàëû îïðåäåëåíû íå îäíîçíà÷íî (åñòü êàëèáðîâî÷íûé

ïðîèçâîë). Äåéñòâèòåëüíî, åñëè ðàññìîòðåòü ïîòåíöèàëû

~A+ ~∇f, φ− ∂f

∂t
, f(t, ~x) − íåêîòîðàÿ ôóíêöèÿ,

òî ïîñòðîåííûå ïî ýòèì ïîòåíöèàëàì ýëåêòðîìàãíèòíûå ïîëÿ íå áóäóò îòëè÷àòüñÿ îò

îïðåäåëåííûõ ðàíåå. Ïîýòîìó íà ïîòåíöèàëû ìîæíî íàëîæèòü êàêîå-ëèáî óñëîâèå,
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ôèêñèðóþùåå ýòîò ïðîèçâîë. Âûáîð ýòîãî êàëèáðîâî÷íîãî óñëîâèÿ íå òðèâèàëüíàÿ çà-

äà÷à, îñîáåííî â êâàíòîâîé òåîðèè. Â ýëåêòðîäèíàìèêå ôèçè÷åñêîå ñîäåðæàíèå òåîðèè

ðàñêðûâàåò òàê íàçûâàåìàÿ êóëîíîâñêàÿ êàëèáðîâêà

div ~A = 0.

Â ýòîì ñëó÷àå ïåðâîå óðàâíåíèå (14) ïðèíèìàåò âèä óæå ðåøåííîé êóëîíîâñêîé çàäà÷è

~∇2φ = −%, φ(t, ~x) =
1

4π

∫
d~y

|~x− ~y|
%(t, ~y).

Âòîðîå óðàâíåíèå (14) ñâîäèòñÿ ê ñëåäóþùåìó

∂ ~A(t, ~x)

∂t2
− ~∇2 ~A(t, ~x) = ~j(t, ~x)− ~∇ 1

4π

∫
d~y

|~x− ~y|
∂%(t, ~y)

∂t
.

Åñëè âîñïîëüçîâàòüñÿ çàêîíîì ñîõðàíåíèÿ çàðÿäà
∂%

∂t
+ div~j = 0, ýòî óðàâíåíèå çàïè-

ñûâàåòñÿ âîò òàê

∂ ~A

∂t2
− ~∇2 ~A = ~jtr, jitr(t, ~x) = ji(t, ~x)− ∂2

∂xi∂xk

1

4π

∫
d~y

|~x− ~y|
jk(t, ~y).

Çäåñü îïðåäåëåíà òàê íàçûâàåìàÿ ïîïåðå÷íàÿ ïëîòíîñòü òîêà~jtr, äëÿ êîòîðîé div~jtr = 0.

Òàêèì îáðàçîì, çàäà÷à î ðåøåíèè óðàâíåíèé Ìàêñâåëëà ñâîäèòñÿ ê ðåøåíèþ âîëíî-

âîãî óðàâíåíèÿ
∂ϕ

∂t2
− ~∇2ϕ = j,

ñïðîñèòü Ñàøó Ä.

IX. Àíàëèòè÷åñêèå ñâîéñòâà ôóíêöèé Ãðèíà

Ðàññìîòðèì óðàâíåíèå, îïðåäåëÿþùåå âåùåñòâåííîå ìàññèâíîå ñêàëÿðíîå ïîëå

φ(t, ~x) = φ(t;x1, . . . , xn) âèäà(
∂2
t − (∂2

x1
+ · · ·+ ∂2

xn) +m2
)
φ(t, ~x) = j(t, ~x), (15)

ãäå m - ïîëîæèòåëüíûé ïàðàìåòð (ìàññà ñêàëÿðíîãî ïîëÿ), j(t, ~x) - çàäàííàÿ ôóíêöèÿ

âðåìåíè t è êîîðäèíàò x1, . . . , xn (âíåøíèé èñòî÷íèê).

Ðåøåíèå ýòîãî ëèíåéíîãî ïî ïîëþ φ(t, ~x) óðàâíåíèÿ ìîæíî çàïèñàòü â âèäå

φ(t, ~x) = φ0(t, ~x) +

∫
dτ

∫
dy1 . . . dynE(t, τ ; ~x, ~y)j(τ, ~y),
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çäåñü φ0(t, ~x) - ðåøåíèå óðàâíåíèÿ (15) ñ ïðàâîé ÷àñòüþ, ðàâíîé íóëþ, E(t, τ ; ~x, ~y) -

ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ(
∂2
t − (∂2

x1
+ · · ·+ ∂2

xn) +m2
)
E(t, τ ; ~x, ~y) = δ(t− τ)δ(x1 − y1) . . . δ(xn − yn).

Åñëè íà ïîñòàâëåííóþ çàäà÷ó íàëîæèòü ñïåöèàëüíûå óñëîâèÿ, ôèêñèðóþùèå ïðîèçâîë,

ñâÿçàííûé ñ âûáîðîì ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ, òî ðåøåíèå ìîæíî ïðåäñòàâèòü

â âèäå

φ(t, ~x) =

∫
dτ

∫
dy1 . . . dynD(t, τ ; ~x, ~y)j(τ, ~y),

ãäå D(t, τ ; ~x, ~y) - ôóíêöèÿ Ãðèíà ðàññìîòðåííîãî óðàâíåíèÿ ñ óñëîâèÿìè, ôèêñèðóþùè-

ìè ïðîèçâîë.

Ñàìî ðàññìîòðåííîå óðàâíåíèå èíâàðèàíòíî îòíîñèòåëüíî îäíîðîäíîãî ñäâèãà ïî âðå-

ìåíè è ïðîñòðàíñòâó, åñëè ýòîé æå èíâàðèàíòíîñòüþ îáëàäàþò íàëîæåííûå óñëîâèÿ,

òî (ïîäóìàéòå êàê äîêàçàòü)

D(t, τ ; ~x, ~y) = D(t− τ, ~x− ~y).

Â ýòîì ñëó÷àå íóæíî ðåøàòü áîëåå ïðîñòîå óðàâíåíèå(
∂2
t − (∂2

x1
+ · · ·+ ∂2

xn) +m2
)
D(t, ~x) = δ(t)δ(x1) . . . δ(xn).

Ðåøèì ýòî óðàâíåíèå ìåòîäîì ïðåîáðàçîâàíèÿ Ôóðüå. Èùåì ðåøåíèå â âèäå

D(t, ~x) =

∫
dω

2π

∫
dk1 . . . dkn

(2π)n
DF (ω, k1, . . . , kn) e−iωt+ik1x1+···+iknxn .

Äëÿ DF (ω;~k) ïîëó÷àåì àëãåáðàè÷åñêîå óðàâíåíèå, êîòîðîå ñëåäóåò ðåøàòü â S ′

(ω − εk)(ω + εk)D(ω; k1, . . . , kn) = −1, εk =
√
m2 + k2,

ãäå k2 = k2
1 + · · ·+ k2

n.

Ðåøåíèå ýòîãî óðàâíåíèÿ â S ′

DF (ω,~k) =
1

2εk
P

1

ω + εk
− 1

2εk
P

1

ω − εk
+ C1(k)δ(ω − εk) + C2(k)δ(ω + εk).

Ïðåäñòàâèì îáîáùåííûå ôóíêöèè, ôèãóðèðóþùèå â îòâåòå, â âèäå ïðåäåëîâ ôóíêöèé,

êîòîðûå àíàëèòè÷åñêèå ëèáî â âåðõíåé, ëèáî â íèæíåé ïîëóïëîñêîñòÿõ êîìïëåêñíîé

ïåðåìåííîé ω

P
1

x
=

1

2

( 1

x+ i0
+

1

x− i0

)
, δ(x) =

1

2iπ

( 1

x− i0
− 1

x+ i0

)
.
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Òåïåðü îòâåò äëÿ ôóðüå-îáðàçà ôóíêöèè Ãðèíà ìîæíî ïðåäñòàâèòü â âèäå

DF (ω,~k) =

1

ω − εk + i0

[
− 1

4εk
− C1(k)

2iπ

]
+

1

ω − εk − i0

[
− 1

4εk
+
C1(k)

2iπ

]
+

1

ω + εk + i0

[ 1

4εk
− C2(k)

2iπ

]
+

1

ω + εk − i0

[ 1

4εk
+
C2(k)

2iπ

]
.

A. Çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà

Ôóíêöèÿ Ãðèíà íàçûâàåòñÿ çàïàçäûâàþùåé, åñëè çíà÷åíèå ïîëÿ φ(t, ~x) â ìîìåíò

âðåìåíè t îïðåäåëÿåòñÿ çíà÷åíèÿìè èñòî÷íèêà j(τ, ~y) òîëüêî â ìîìåíòû âðåìåíè τ ,

ïðåäøåñòâóþùèå âðåìåíè t (ïðèíöèï ïðè÷èííîñòè). Ýòî îçíà÷àåò, ÷òî

DR(t, τ ; ~x, ~y) = 0 ïðè τ > t.

Ýòî óñëîâèå èíâàðèàíòíî îòíîñèòåëüíî ñäâèãîâ ïî âðåìåíè, ïîýòîìó äëÿ ðàññìàòðèâà-

åìîãî óðàâíåíèÿ

DR(t, ~x) = 0 ïðè t < 0.

Ðàññìîòðèì ôóðüå-îáðàç çàïàçäûâàþùåé ôóíêöèè Ãðèíà

DRF (ω,~k) =

∫
dt

∫
dx1 . . . dxnDR(t, ~x)eiωt−ik1x1−···−iknxn =∫ ∞

0

dt

∫
dx1 . . . dxnDR(t, ~x)eiωt−ik1x1−···−iknxn .

Ïîñìîòðèì íà ôóðüå-îáðàç ôóíêöèè Ãðèíà êàê íà ôóíêöèþ êîìïëåêñíîé ÷àñòîòû ω =

ω1 + iω2. Èç ïðèâåäåííîãî âûðàæåíèÿ âèäíî, ÷òî ïðè ω2 > 0 èíòåãðàë ïî âðåìåíè

ñõîäèòñÿ è, ñëåäîâàòåëüíî, DRF (ω,~k) - àíàëèòè÷íà â âåðõíåé ïîëóïëîñêîñòè ÷àñòîòû,

êàê ôóíêöèè êîìïëåêñíîé ïåðåìåííîé.

Îòñþäà ñðàçó æå ñëåäóåò, ÷òî â îáùåé ôîðìóëå äëÿ ôóðüå-îáðàçà ôóíêöèè Ãðèíà

ñëåäóåò çàíóëèòü âòîðîé è ÷åòâåðòûé ÷ëåíû:

C1(k) =
iπ

2εk
, C2(k) = − iπ

2εk
.

È, ñëåäîâàòåëüíî,

DRF (ω,~k) = − 1

(ω + i0)2 − ε2k
.
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B. Îïåðåæàþùàÿ ôóíêöèÿ Ãðèíà

Ôóíêöèÿ Ãðèíà íàçûâàåòñÿ îïåðåæàþùåé, åñëè çíà÷åíèå ïîëÿ φ(t, ~x) â ìîìåíò âðå-

ìåíè t îïðåäåëÿåòñÿ çíà÷åíèÿìè èñòî÷íèêà j(τ, ~y) òîëüêî â ìîìåíòû âðåìåíè τ , ïîñëå-

äóþùèìè çà âðåìåíåì t . Ýòî îçíà÷àåò, ÷òî

DA(t, τ ; ~x, ~y) = 0 ïðè τ < t.

Ïîâòîðÿÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ïðîâåäåííûì äëÿ çàïàçäûâàþùåé ôóíêöèè Ãðè-

íà, óáåæäàåìñÿ, ÷òî îïåðåæàþùàÿ ôóíêöèÿ Ãðèíà àíàëèòè÷íà â íèæíåé ïîëóïëîñêî-

ñòè êîìïëåêñíîé ÷àñòîòû. Â ýòîì ñëó÷àå

C1(k) = − iπ

2εk
, C2(k) =

iπ

2εk
,

è, òàêèì îáðàçîì,

DAF (ω,~k) = − 1

(ω − i0)2 − ε2k
.

C. Ïðè÷èííàÿ ôóíêöèÿ Ãðèíà

Îïðåäåëèì ïðè÷èííóþ (èëè ôåéíìàíîâñêóþ) ôóíêöèþ Ãðèíà ÷åðåç àíàëèòè÷åñêèå

ñâîéñòâà åå ôóðüå-îáðàçà ïî ÷àñòîòå. Ïóñòü äëÿ ïðè÷èííîé ôóíêöèè Ãðèíà ïîëþñ ñ

ïîëîæèòåëüíîé äåéñòâèòåëüíîé ÷àñòüþ ëåæèò â íèæíåé ïîëóïëîñêîñòè êîìïëåêñíîé

÷àñòîòû (êàê äëÿ çàïàçäûâàþùåé ôóíêöèè Ãðèíà), à ïîëþñ ñ îòðèöàòåëüíîé äåéñòâè-

òåëüíîé ÷àñòüþ - â âåðõíåé ïîëóïëîñêîñòè êîìïëåêñíîé ÷àñòîòû (êàê äëÿ îïåðåæàþùåé

ôóêöèè Ãðèíà).

Ýòî îçíà÷àåò, ÷òî

C1(k) = C2(k) =
iπ

2εk
,

è, îêîí÷àòåëüíî,

DFF (ω,~k) = − 1

ω2 − ε2k + i0
.

X. Çàäà÷è

1. Óðàâíåíèå Áåññåëÿ

x2φ′′n(x) + xφ′n(x) + (x2 − n2)φn(x) = 0, n = 0, 1, . . . , 0 < x <∞.



32

Ïðèâåñòè ýòî óðàâíåíèå ê âèäó, ïðèãîäíîìó äëÿ ðåøåíèÿ åãî ìåòîäîì Ëàïëàñà.

Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ è âûáðàòü òàêîé êîíòóð èíòåãðè-

ðîâàíèÿ, êîòîðûé äàåò ðåãóëÿðíîå â òî÷êå x = 0 ðåøåíèå. Ïîëó÷èòü ðàçëîæå-

íèå â ðÿä â îêðåñòíîñòè ýòîé òî÷êå, îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ýòîãî ðÿäà.

Èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå íàéòè ðåêóððåíòíûå ñîîòíîøåíèÿ ìåæ-

äó φn+1, φn, φn−1 è φn, φn−1, φ
′
n. Ñðàâíèòü ïîëó÷åííûå ðåçóëüòàòû ñî ñâîéñòâàìè

ôóíêöèè, èçâåñòíîé â ìèðó êàê ôóíêöèÿ Áåññåëÿ Jn(x).

2. Èññëåäîâàòü âîïðîñ î ñóùåñòâîâàíèè ñâÿçàííîãî ñîñòîÿíèÿ â ìåëêîé òðåõìåðíîé

ÿìå

U(x1, x2, x3) =

−U0,
√
x2

1 + x2
2 + x2

3 < a

0,
√
x2

1 + x2
2 + x2

3 > a
.

3. Âû÷èñëèòü ñ îòíîñèòåëüíîé ïîãðåøíîñòüþ íå áîëåå 5%∫ 10

1

dx xx.

4. Íàéòè àñèìïòîòèêó Γ(x)-ôóíêöèè ïðè x→ +∞.

5. Ôóíêöèÿ Ýéðè-Ôîêà - ðåøåíèå óðàâíåíèÿ

Ai′′(x)− xAi(x) = 0, −∞ < x <∞.

Íàéòè âòîðîå ëèíåéíî íåçàâèñèìîå äåéñòâèòåëüíîå ðåøåíèå ýòîãî óðàâíåíèÿ.

Èññëåäîâàòü åãî ñâîéñòâà.

6. Äâóìåðíîå âîëíîâîå óðàâíåíèå. Ðåøèòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

∂2u

∂t2
= c2

(∂2u

∂x2
1

+
∂2u

∂x2
2

)
, u = u(t, x1, x2)

ñ íà÷àëüíûìè óñëîâèÿìè

u(0, x1, x2) = f(x1, x2),
∂u

∂t
(0, x1, x2) = g(x1, x2).

7. Äëèííàÿ (î÷åíü) òðóáà ðàäèóñà R çàêîïàíà íà ãëóáèíó h îò ïîâåðõíîñòè çåìëè

è ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå T0. Ïîñòðîèòü óðîâíè ïîñòîÿííîé

òåìïåðàòóðû â çåìëå, åñëè òåìïåðàòóðà íà ïîâåðõíîñòè çåìëè ïîñòîÿííà.
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8. Ïîñòðîèòü íà ïëîñêîñòè (x, y) êðèâóþ, çàäàííóþ ïàðàìåòðè÷åñêè

x = 2t− 4t3, y = t2 − 3t4.

9. Âû÷èñëèòü ∫
dx1 . . . dxN exp

[
−

∑
16i6j6N

xixj

]
.

10. Îïðåäåëèòü ôîðìó ïðîãèáà ñòåðæíÿ h(x) äëèíû l ñ çàäåëàííûìè êîíöàìè ïîä

âëèÿíèåì ñîáñòâåííîãî âåñà, åñëè åãî ñâîáîäíàÿ ýíåðãèÿ èìååò âèä

F =

∫ l

0

dx
[E I

2

(
h′′(x)

)2 − ρgh(x)
]
,

çäåñü E-ìîäóëü Þíãà ñòåðæíÿ, I-åãî ìîìåíò èíåðöèè, ρ-ìàññà åäèíèöû äëèíû

ñòåðæíÿ, g-óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ.

Ðèñ. 8: Ïðîãèá ñòåðæíÿ ñ çàäåëàííûìè êîíöàìè

11. Ðàññìîòðèì óðàâíåíèå

φ′′(x)− 2xφ′(x) + 2nφ(x) = 0, −∞ < x <∞.

Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà n ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå ýòîãî óðàâ-

íåíèÿ, êîòîðîå ïðè x → ±∞ ñòðåìèòñÿ ê áåñêîíå÷íîñòè íå áûñòðåå êîíå÷íîé

ñòåïåíè x.
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XI. Q-ãàðìîíè÷åñêèé îñöèëëÿòîð

-0 rx
A�
�
�
�
�
�A

A
A
A
A
A�

-0 r
m = 1

x0-ïîëîæåíèå
ðàâíîâåñèÿ

BB�
��

�
��

�
��B

BB

B
BB

B
BB��

q

H(q, p) =
1

2
p2 +

1

2
ω2q2

êâàíòîâàíèå

Ĥ =
1

2m
p̂2 +

1

2
mω2q̂2, [q̂, p̂] = i~I

÷àñòîòà îñöèëëÿòîðà ω

U(q)

q

E

Ðåøèì ãëàâíóþ çàäà÷ó êâàíòîâîé ìåõàíèêè

Ĥ|φn〉 = En|φn〉.

Ââåäåì îïåðàòîðû óíè÷òîæåíèÿ è ðîæäåíèÿ

â
def
=

1√
2~ω

(p̂− iωq̂), â+ def
=

1√
2~ω

(p̂+ iωq̂).

Íàéäåì êîììóòàöèîííûå ñîîòíîøåíèÿ ìåæäó ýòèìè îïåðàòîðàìè

[â, â+] =
1

2~ω
(−iω[q̂, p̂] + iω[p̂, q̂]) = −i

1

~
[q̂, p̂] = I.

Âûðàçèì îïåðàòîðû êîîðäèíàòû, èìïóëüñà ÷åðåç îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ

q̂ = i

√
~

2ω
(â− â+), p̂ =

√
~ω
2

(â+ â+),

è ãàìèëüòîíèàí

Ĥ =
1

2
~ω(â+â+ ââ+) = ~ω

[
â+â+

1

2

]
.

Ïåðâîíà÷àëüíóþ çàäà÷ó ïåðåïèøåì â âèäå

~ω
[
â+â+

1

2

]
|φn〉 = En|φn〉 ⇒

â+â|φn〉 =
(En
~ω
− 1

2

)
|φn〉 = λn|φn〉, En = ~ω

(
λn +

1

2

)
.

Äîêàæåì íåñêîëüêî óòâåðæäåíèé.

1. Ñîáñòâåííîå çíà÷åíèå λn íå îòðèöàòåëüíî.

λn = 〈φn|λn|φn〉 = 〈φn|â+â|φn〉 = (|X〉 = â|φn〉) = 〈φn|â+|X〉 =

=
1√
2~ω
〈φn|p̂+ iωq̂|X〉 =

1√
2~ω

(〈X|p̂|φn〉+ iω〈X|q̂|φn〉) =
1√
2~ω
〈X|p̂− iωq̂|φn〉 =

= 〈X|â|φn〉 = 〈X|X〉 > 0, Q.E.D.
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2. Ïóñòü |φn〉 ñîáñòâåííîå ñîñòîÿíèå îïåðàòîðà â+â ñ ñîáñòâåííûì çíà÷åíèåì λn. Òîãäà

â+|φn〉 òîæå ñîáñòâåííîå ñîñòîÿíèå ýòîãî îïåðàòîðà (ìîæåò áûòü íå íîðìèðîâàííîå íà

åäèíèöó) ñ ñîáñòâåííûì çíà÷åíèåì λn + 1.

â+â|φn〉 = λn|φn〉, â+â+â|φn〉 = â+(ââ+ − 1)|φn〉 = â+ââ+|φn〉 − â+|φn〉 = λnâ
+|φn〉,

èëè (â+â) â+|φn〉 = (λn + 1)â+|φn〉, Q.E.D.

3. Ïóñòü |φn〉 ñîáñòâåííîå ñîñòîÿíèå îïåðàòîðà â+â ñ ñîáñòâåííûì çíà÷åíèåì λn. Òîãäà

â|φn〉 òîæå ñîáñòâåííîå ñîñòîÿíèå ýòîãî îïåðàòîðà (ìîæåò áûòü íå íîðìèðîâàííîå íà

åäèíèöó) ñ ñîáñòâåííûì çíà÷åíèåì λn − 1.

Îïÿòü ðàññìîòðèì ñîáñòâåííîå ñîñòîÿíèå |φn〉 ñ ñîáñòâåííûì çíà÷åíèåì λn. Ïîäåé-

ñòâóåì íà ýòî ñîñòîÿíèå N -ðàç îïåðàòîðîì óíè÷òîæåíèÿ ((â)N |φn〉). Ñîãëàñíî óòâåð-

æäåíèþ 3, ïîëó÷åííîå ñîñòîÿíèå áóäåò ñîáñòâåííûì ñ ñîáñòâåííûì çíà÷åíèåì λn −N .

Êàêîâî áû íå áûëî çíà÷åíèå λn, âñåãäà íàéäåòñÿ òàêîå N , ÷òîáû âåëè÷èíà λn − N

ñòàëà îòðèöàòåëüíîé, ÷òî ïðîòèâîðå÷èò óòâåðæäåíèþ 1. Âûõîä èç ýòîãî ïðîòèâîðå÷èÿ

ñîñòîèò â òîì, ÷òîáû ñîãëàñèòüñÿ ñ òåì, ÷òî íà íåêîòîðîì øàãå ïðè äåéñòâèè îïå-

ðàòîðîì óíè÷òîæåíèÿ ïîëó÷àåòñÿ íóëåâîé âåêòîð ãèëüáåðòîâà ïðîñòðàíñòâà, êîòîðûé

âñåãäà ðåøàåò óðàâíåíèå íà ñîáñòâåííûå ñîñòîÿíèÿ, íî, ïî îïðåäåëåíèþ, íå ñîáñòâåí-

íîå ñîñòîÿíèå. Ïîýòîìó: äîëæíî ñóùåñòâîâàòü ñîáñòâåííîå ñîñòîÿíèå φ0〉 (íàçûâàåòñÿ

âàêóóìíîå) òàêîå, ÷òî

â|φ0〉 = 0, 〈φ0|φ0〉 = 1.

Ñîáñòâåííîå çíà÷åíèå äëÿ ýòîãî ñîáñòâåííîãî ñîñòîÿíèÿ â+â|φ0〉 = 0, ðàâíî íóëþ λn = 0.

Ïðèøåë ÷åðåä îïåðàòîðîâ ðîæäåíèÿ: ëþáîå ñîñòîÿíèå âèäà (â+)n|φ0〉, n- íàòóðàëüíîå

÷èñëî, ñîãëàñíî óòâåðæäåíèþ 2, � ñîáñòâåííîå ñ ñîáñòâåííûì çíà÷åíèåì λn = n. Ïðî-

ñòûå ðàññóæäåíèÿ (ìåòîäîì îò ïðîòèâíîãî) ïîêàçûâàþò, ÷òî ìîæíî ñ÷èòàòü, ÷òî äðó-

ãèõ ñîáñòâåííûõ ñîñòîÿíèé íåò. Îñòàåòñÿ îòíîðìèðîâàòü ïîëó÷åííûå ñîñòîÿíèÿ. Ïóñòü

íàéäåíû òàêèå cn, ÷òî ñîñòîÿíèå |φn〉 = cn(â+)n|φ0〉 - íîðìèðîâàíî, òîãäà

1 = 〈φn|φn〉 = cn〈φn|(â+)n〉 =
cn
cn−1

〈φn|â+|φn−1〉 =
cn
cn−1

〈φn−1|â|φn〉 =

=
cnc̄n

cn−1c̄n−1

〈φn−1|ââ+|φn−1〉 =
cnc̄n

cn−1c̄n−1

〈φn−1|â+â+ 1|φn−1〉 =
cnc̄n

cn−1c̄n−1

n.

Ðåøåíèå ðåêóððåíòíîãî ñîîòíîøåíèÿ cn = 1/
√
n!, êàê è ïîëîæåíî, ñ òî÷íîñòüþ äî

ôàçîâîãî ìíîæèòåëÿ.
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So: ðåøåíèå çàäà÷è î ñïåêòðå çíà÷åíèé ýíåðãèè è ñîáñòâåííûõ ñîñòîÿíèÿõ ãàìèëü-

òîíèàíà äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà

En = ~ω(n+ 1/2), n = 0, 1, . . . , |n〉 =
1√
n!

(â+)n|0〉,

ãäå âàêóóìíîå ñîñòîÿíèå îïðåäåëÿåòñÿ óðàâíåíèåì â|0〉 = 0, 〈0|0〉 = 1,

(ââåäåíî íîâîå îáîçíà÷åíèå |φn〉 = |n〉).

Ïîëó÷åííûå ñîáñòâåííûå ñîñòîÿíèÿ îáðàçóþò ïîëíûé áàçèñ ãèëüáåðòîâà ïðîñòðàíñòâà

è, ñëåäîâàòåëüíî, îïðåäåëÿþò åãî. Ïîñòðîåííîå òàêèì îáðàçîì ïðîñòðàíñòâî ñîñòîÿíèé

íàçûâàåòñÿ ôîêîâñêèì (Â.À.Ôîê).

Ðåàëèçàöèÿ êàíîíè÷åñêèõ êîììóòàöèîííûõ ñîîòíîøåíèé â íåêîòîðîì êîíêðåòíîì

ãèëüáåðòîâîì ïðîñòðàíñòâå (ïðåäñòàâëåíèå êàíîíè÷åñêèõ êîììóòàöèîííûõ ñîîòíîøå-

íèé) äàåò ïðàêòè÷åñêóþ âîçìîæíîñòü ðåøàòü çàäà÷è êâàíòîâîé ìåõàíèêè, ïðè÷åì ïðè

íåêîòîðûõ óñëîâèÿõ òà èëè èíàÿ ðåàëèçàöèÿ ïðèâîäèò ê ôèçè÷åñêè ýêâèâàëåíòíûì

îòâåòàì.

Ðàññìîòðèì ïðîñòðàíñòâî L2(−∞ < x < ∞, dx) êîìïëåêñíîçíà÷íûõ ôóíêöèé φ(x),

çàäàííûõ íà âñåé äåéñòâèòåëüíîé îñè, ñ ñóììèðóåìûì ïî ìåðå Ëåáåãà dx êâàäðàòîì∫ ∞
−∞

dx φ̄(x)φ(x) < +∞.

Äâå ôóíêöèè, îòëè÷àþùèåñÿ äðóã îò äðóãà íà ìíîæåñòâå ìåðû íóëü, ñ÷èòàþòñÿ ýêâè-

âàëåíòíûìè.

Òàêîå ïðîñòðàíñòâî ëèíåéíî. Êåò-ñîñòîÿíèþ ãèëüáåðòîâà ïðîñòðàíñòâà |φ〉 ñòàâèòñÿ â

ñîîòâåòñòâèå ôóíêöèÿ φ(x) ∈ L2, à áðà-ñîñòîÿíèþ 〈φ| � φ̄(x). Ñêàëÿðíîå ïðîèçâåäåíèå

〈χ|φ〉 =

∫ ∞
−∞

dx χ̄(x)φ(x).

Ïðîñòðàíñòâî L2 ïîëíî ïî ñîîòâåòñòâóþùåì îáðàçîì îïðåäåëåííîé íîðìå.

Ñàìîñîïðÿæåííûé îïåðàòîð êîîðäèíàòû q̂ îïðåäåëåí íà Dq: φ(x) ∈ Dq, åñëè xφ(x) ∈ L2.

Äåéñòâóåò ýòîò îïåðàòîð î÷åíü ïðîñòî

q̂|φ〉 ⇒ x · φ(x).

Ñàìîñîïðÿæåííûé îïåðàòîð èìïóëüñà p̂ îïðåäåëåí íà Dp: φ(x) ∈ Dp, åñëè φ(x) - àáñî-

ëþòíî íåïðåðûâíàÿ ôóíêöèÿ è ∂xφ(x) ∈ L2. Äåéñòâèå ýòîãî îïåðàòîðà íà Dp

p̂|φ〉 ⇒ −i~∂xφ(x).
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Ïàðà ñàìîñîïðÿæåííûõ îïåðàòîðîâ q̂, p̂, äåéñòâóþùèõ íà ãèëüáåðòîâîì ïðîñòðàíñòâå

H, îáðàçóþò ïðåäñòàâëåíèå êàíîíè÷åñêèõ êîììóòàöèîííûõ ñîîòíîøåíèé, åñëè â H ñó-

ùåñòâóåò ïëîòíîå âñþäó ïîäïðîñòðàíñòâî D : D ⊆ Dq ∩ Dp è

q̂p̂− p̂q̂ = i~ Î íà D.

Ïðîâåðÿåì

(q̂p̂− p̂q̂)|φ〉 ⇒ x(−i~∂x)φ(x)− (−i~∂x)xφ(x) = −i~φ(x), Q.E.D.

Äàííàÿ êîíêðåòíàÿ ðåàëèçàöèÿ ãèëüáåðòîâà ïðîñòðàíñòâà è êîììóòàöèîííûõ ñîîòíî-

øåíèé íàçûâàåòñÿ êîîðäèíàòíûì ïðåäñòàâëåíèåì. Î÷åâèäíî, ÷òî åñòü è äðóãèå (íà-

ïðèìåð, èìïóëüñíîå ïðåäñòàâëåíèå).

Ðàññìîòðèì ãàðìîíè÷åñêèé îñöèëëÿòîð â êîîðäèíàòíîì ïðåäñòàâëåíèè.

Ĥ =
1

2
p̂2 +

1

2
ω2q̂2 ⇒ Ĥ = −~2

2
∂2
x +

1

2
ω2x2,

(÷òîáû ýòîò îïåðàòîð ñòàë íàáëþäàåìîé, íóæíî îïðåäåëèòü DH). Çàäà÷à î ñïåêòðå

ãàìèëüòîíèàíà è åãî ñîáñòâåííûõ ñîñòîÿíèÿõ

−~2

2
∂2
xφn(x) +

1

2
ω2x2φn(x) = Enφn(x).

Ïðåæäå ÷åì ðåøàòü óðàâíåíèå, åãî íóæíî îáåçðàçìåðèòü. Èñòî÷íèê ðàçìåðíîñòè � x. Ñäåëàåì

çàìåíó x = a0u.

− ~2

2a2
0

∂2
uφn(u) +

1

2
ω2a2

0u
2φn(u) = Enφn(u), ∂2

uφn(u)− ω2a4
0

~2
u2φn(u) = −2

Ena
2
0

~2
φn(u).

Îïðåäåëèì a0 òàê, ÷òîáû

ω2a4
0

~2
= 1, a0 =

√
~
ω
,

è ââåäåì íîâóþ ïåðåìåííóþ

εn =
Ena

2
0

~2
=
En
~ω

,

òîãäà óðàâíåíèå ïðèíèìàåò âèä

(
∂2
u − u2

)
φn(u) = −2εnφn(u).

Ýòî óðàâíåíèå íóæíî ðåøàòü. Íî íå áóäåì, ïîòîìó ÷òî îíî óæå ðåøåíî. Íàéäåì âèä

ðåøåíèé â êîîðäèíàòíîì ïðåäñòàâëåíèè. Äëÿ ýòîãî âûïèøåì óðàâíåíèå íà âàêóóìíîå
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ñîñòîÿíèå

â|0〉 =
1√
2~ω

(p̂− iωq̂)|0〉 = 0 ⇒ 1√
2~ω

(−i~∂x − iωx)φ0(x) = 0,

(∂u + u)φ0(u) = 0, φ0(u) = Ce−u
2/2.

Íîðìèðîâêà

1 =

∫
dx φ̄(x)φ(x) = C2

√
~
ω

∫
du e−u

2

= C2

√
π~
ω
, C =

( ω
π~

)1/4

.

Ñîáñòâåííûå ñîñòîÿíèÿ

|n〉 =
1√
n!

(â+)n|0〉 ⇒ φn(u) = C
e−iπn/2

√
n!2n

(∂u − u)ne−u
2/2,

è, èçìåíèâ ôàçîâûé ìíîæèòåëü (äîïóñòèìî), îòâåò ìîæíî ïåðåïèñàòü ÷åðåç ïîëèíîìû

Ýðìèòà

φn(u) =
( ω
π~

)1/4 1√
n!2n

Hn(u)e−u
2/2, Hn(u) = (−1)neu

2 dn

dun
e−u

2

.

Ðèñ. 9: ñîáñòâåííûå ñîñòîÿíèÿ îñöèëëÿòî-

ðà â êîîðäèíàòíîì ïðåäñòàâëåíèè φn(u)

ïðè n = 0, 2, 4, 6

Ðèñ. 10: ñîáñòâåííûå ñîñòîÿíèÿ îñöèëëÿ-

òîðà â êîîðäèíàòíîì ïðåäñòàâëåíèè φn(u)

ïðè n = 1, 3, 5
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XII. Èíòåãðàëüíûå óðàâíåíèÿ. Èìïóëüñíîå ïðåäñòàâëåíèå êâàíòîâîé ìåõàíèêè

Çàäà÷à î ñïåêòðå ñâÿçàííûõ ñîñòîÿíèé ãàìèëüòîíèàíà En îäíîìåðíîé íåðåëÿòèâèñò-

ñêîé ÷àñòèöû ìàññûm â êîîðäèíàòíîì ïðåäñòàâëåíèè ñâîäèòñÿ ê íàõîæäåíèþ ðåøåíèé

φn(x), ëåæàùèõ â L2(dx, x ∈ R1), äèôôåðåíöèàëüíîãî óðàâíåíèÿ

− 1

2m
φ′′n(x) + U(x)φn(x) = Enφn(x), (16)

çäåñü U(x) - ïîòåíöèàëüíàÿ ýíåðãèÿ, â ïîëå êîòîðîé äâèæåòñÿ ðàññìàòðèâàåìàÿ ÷àñòè-

öà.

Ïåðåõîäó â èìïóëüñíîå ïðåäñòàâëåíèå îòâå÷àåò ïðåîáðàçîâàíèå Ôóðüå âîëíîâîé ôóíê-

öèè φn(x):

ϕn(p) =

∫
dx e−ipxφn(x), φn(x) =

∫
dp

2π
eipxϕn(p).

Íàéäåì êàêîå óðàâíåíèå ïîëó÷àåòñÿ ïðè ýòîì íà ôóíêöèþ ϕn(p). Äëÿ ýòîãî âûïîëíèì

ïðåîáðàçîâàíèå Ôóðüå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (16):

− 1

2m

∫
dx e−ipxφ′′n(x) +

∫
dx e−ipxU(x)φn(x) = Enϕn(p),

p2

2m
+

∫
dq

2π

∫
dx e−i(p−q)xU(x)ϕn(q) = Enϕn(p),

è, åñëè îïðåäåëèòü ïðåîáðàçîâàíèå Ôóðüå ïîòåíöèàëüíîé ýíåðãèè Uk =

∫
dx e−ikxU(x),

ïîëó÷èì ñëåäóþùåå óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ

p2

2m
ϕn(p) +

∫
dq

2π
Up−qϕn(q) = Enϕn(p).

Òàêèì îáðàçîì, îäíà è òà æå ôèçè÷åñêàÿ çàäà÷à â äðóãîì ïðåäñòàâëåíèè êàíîíè÷åñêèõ

êîììóòàöèîííûõ ñîîòíîøåíèé ïðèîáðåòàåò äðóãóþ ìàòåìàòè÷åñêóþ îáîëî÷êó: âìåñòî

ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íóæíî ðåøàòü óðàâíåíèå èíòåãðàëüíîå.

Â ýòîì ìåñòå íóæíî âñïîìíèòü èëè èçó÷èòü òåîðèþ èíòåãðàëüíûõ óðàâíåíèé. Çäåñü

æå îãðàíè÷èìñÿ ïðèìåðîì, êîãäà èíòåãðàëüíîå óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ

ðåøàåòñÿ áûñòðî è ïðîñòî. Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

λnϕn(p) =

∫
dqD(p, q)ϕn(q),

çäåñü D(p, q) - ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ. Ïóñòü ýòî ÿäðî èìååò ïðîñòåéøèé ñåïà-

ðàáåëüíûé âèä

D(p, q) = L(p)R(q),
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òîãäà

λnϕn(p) = L(p)Cn, Cn =

∫
dq R(q)ϕn(q),

çäåñü âàæíî, ÷òî âåëè÷èíà Cn íå çàâèñèò îò p. Òî åñòü ïåðâîå ñîîòíîøåíèå ïîçâîëÿåò

íàéòè ϕn êàê ôóíêöèþ p:

ϕn(p) = L(p)
Cn
λn
.

Åñëè òåïåðü âîñïîëüçîâàòüñÿ âòîðûì ñîîòíîøåíèå, ñ÷èòàÿ Cn 6= 0, íàõîäèì ñîáñòâåííîå

çíà÷åíèå (åäèíñòâåííîå!)

λn =

∫
dq R(q)L(q), n = 1.

Ñàìà æå ïîñòîÿííàÿ Cn, êàê âñåãäà â ëèíåéíûõ çàäà÷àõ, íàõîäèòñÿ èç óñëîâèÿ íîðìè-

ðîâêè. Êîíå÷íî æå, äëÿ òîãî, ÷òîáû ýòà ñõåìà ðàáîòàëà íà ôóíêöèè L(p), R(p) ñëåäóåò

íàëîæèòü òàêèå îãðàíè÷åíèÿ, ÷òîáû âñå ñîîòâåòñòâóþùèå èíòåãðàëû ñõîäèëèñü.

Îïèñàííàÿ ïðîöåäóðà ëåãêî îáîáùàåòñÿ íà ÿäðà èíòåãðàëüíûõ óðàâíåíèé âèäà

D(p, q) =
N∑
k=1

Lk(p)Rk(p),

ïðè÷åì â ýòîì ñëó÷àå ìîæíî îæèäàòü ñóùåñòâîâàíèÿ N ñîáñòâåííûõ çíà÷åíèé (âîç-

ìîæíî âûðîæäåííûõ) ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ.

XIII. Ãèäðîäèíàìèêà. Óðàâíåíèå Êîðòåâåãà-äå Âðèçà

Ðàññìîòðèì òå÷åíèå ìåëêîé âîäû ïî äîñòàòî÷íî øèðîêîìó êàíàëó. Âÿçêîñòüþ ïðå-

íåáðåãàåì, æèäêîñòü ñ÷èòàåì íåñæèìàåìîé (ïëîòíîñòü % = const, ïîýòîìó áàçîâûå -

óðàâíåíèÿ Ë.Ýéëåðà:

%
∂~v

∂t
+ %(~v, ~∇)~v = −~∇p+ %~g, div~v = 0,

çäåñü ~v(t;x, y) - ïîëå ñêîðîñòåé æèäêîñòè, p(t;x, y) - ïîëå äàâëåíèÿ (íàä ïîâåðõíîñòüþ

âîäû ñ÷èòàåì äàâëåíèå, ðàâíûì íóëþ), ~g - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ.

Âûïîëíèì ïðåîáðàçîâàíèå èç âåêòîðíîãî àíàëèçà

(~v, ~∇)vi = vk∂kvi = vk(∂kvi − ∂ivk) + vk∂ivk = −vk(δimδkn − δinδkm)∂mvn +
1

2
∂iv

2 =

= −εiklvkεlmn∂mvn +
1

2
∂iv

2 = −[~v × rot~v]i +
1

2
∇iv2.
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Åñëè âîñïîëüçîâàòüñÿ ýòèì ñîîòíîøåíèåì è âû÷èñëèòü ðîòîð îò óðàâíåíèÿ Ýéëåðà, òî

ïîëó÷èòñÿ
∂

∂t
rot~v − rot[~v × rot~v] = 0.

Ó ýòîãî óðàâíåíèÿ åñòü ðåøåíèå rot~v = 0. Ïîýòîìó, åñëè â íà÷àëüíûé ìîìåíò âðåìåíè

òå÷åíèå áåçâèõðåâîå, òî îíî îñòàåòñÿ òàêîâûì è äàëåå. Ýòî îçíà÷àåò, ÷òî ïîëå ñêîðîñòåé

ìîæíî ïðåäñòàâèòü â âèäå

~v(t;x, y) = ~∇φ(t;x, y),

à óðàâíåíèå íåïðåðûâíîñòè âûäàåò, ÷òî ââåäåííûé ïîòåíöèàë óäîâëåòâîðÿåò óðàâíåíèþ

Ëàïëàñà

~∇2φ(t;x, y) =
( ∂2

∂x2
+

∂2

∂y2

)
φ(t;x, y) = 0.

Äëÿ ïîòåíöèàëüíîãî òå÷åíèÿ óðàâíåíèå Ýéëåðà ïðèíèìàåò ôîðìó

~∇
[∂φ
∂t

+
1

2

(
~∇φ
)2

+ gy +
p

%

]
= 0,

êîòîðàÿ îïðåäåëÿåò ïîëå äàâëåíèÿ (èíòåãðèðîâàíèå ýòîãî óðàâíåíèÿ ïðèâîäèò ê ïðî-

èçâîëüíîé ôóíêöèè âðåìåíè, êîòîðóþ ïåðåîïðåäåëåíèåì ïîòåíöèàëà ìîæíî ñäåëàòü

ðàâíîé íóëþ)

p(t;x, y) = −%
[∂φ
∂t

+
1

2

(
~∇φ
)2

+ gy
]
. (17)

-
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y = S(t;x)
Òå÷åíèå äëèííûõ âîëí ïî ìåëêîé

âîäå, îäíîðîäíîå â íàïðàâëåíèè

ïåðïåíäèêóëÿðíîì ðèñ.. Óñëîâèÿ:

h� λ, a� h, ~v = ~v(t;x, y).

Ðàññìàòðèâàåìàÿ çàäà÷à èíòåðåñíà òåì, ÷òî ïðîèñõîäèò ñî ñâîáîäíîé ïîâåðõíîñòüþ

y = S(t;x), à íå ñ ðàñïðåäåëåíèåì ïîëåé ñêîðîñòåé è äàâëåíèÿ âíóòðè æèäêîñòè. Â

ýòîé çàäà÷å íóæíî ïîëó÷èòü ýâîëþöèþ ãðàíèöû, èñõîäÿ èç ðåøåíèÿ âíóòðè æèäêîñòè,

à íå íàîáîðîò, êàê áûâàåò, íàïðèìåð, ïðè æåñòêîì çàäàíèè ãðàíè÷íûõ óñëîâèé.

Ðàññìîòðèì òî÷êó ñ êîîðäèíàòàìè (x, y) íà ñâîáîäíîé ïîâåðõíîñòè. Ñêîðîñòü â ýòîé

òî÷êå ñâÿçàíà ñ èçìåíåíèåì ôîðìû ýòîé ïîâåðõíîñòè ñ òå÷åíèåì âðåìåíè ñëåäóþùèì

îáðàçîì

~V
∣∣∣
y=S(t;x)

=
(dx

dt
,
dy

dt

)∣∣∣
y=S(t;x)

=
(dx

dt
,
∂S(t;x)

∂t
+
∂S(t;x)

∂x

dx

dt

)
.
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Åñëè æå èäòè ñî ñòîðîíû æèäêîñòè, òî ñêîðîñòü â òî÷êå ñ êîîðäèíàòàìè (x, y) îïðåäå-

ëÿåòñÿ ïîòåíöèàëîì è ðàâíà

~V
∣∣∣
y=S(t;x)

=
( ∂
∂x
φ
(
t;x, S(t;x)

)
,
∂

∂y
φ
(
t;x, S(t;x)

))
.

Ïðèðàâíÿâ ýòè ñêîðîñòè è èñêëþ÷èâ
dx

dt
, ïîëó÷èì ãðàíè÷íîå óñëîâèå êàê ôóíêöèîíàëü-

íîå óðàâíåíèå íà S(t;x)

∂tS(t;x) + ∂xS(t;x) · ∂xφ
(
t;x, S(t;x)

)
− ∂yφ

(
t;x, S(t;x)

)
= 0. (18)

Åùå îäíî óðàâíåíèå íà S(t;x) ïîëó÷àåòñÿ, åñëè âñïîìíèòü, ÷òî íà ïîâåðõíîñòè äàâëåíèå

îáðàùàåòñÿ â íóëü (ñì. (17)):

∂tφ
(
t;x, S(t;x)

)
+

1

2

[
~∇φ
(
t;x, S(t;x)

)]2
+ gS(t;x) = 0. (19)

Â ýòè óðàâíåíèÿ âõîäèò ïîòåíöèàë φ, îïðåäåëÿþùèé ïîëå ñêîðîñòåé â æèäêîñòè.

Îí íàõîäèòñÿ ðåøåíèåì óðàâíåíèÿ Ëàïëàñà. Áóäåì èñêàòü ðåøåíèå ýòîãî óðàâíåíèÿ â

âèäå

φ(t;x, y) =
∑
k=0

ykϕk(t, x), ϕ0 ≡ ϕ.

Ïîäñòàíîâêà â óðàâíåíèå Ëàïëàñà äàåò ðåêóððåíòíîå ñîîòíîøåíèå

ϕk+2(t;x) = − 1

(k + 1)(k + 2)
∂2
xϕk(t;x), k = 0, 1, . . . .

Èç óñëîâèÿ îáðàùåíèÿ â íóëü íîðìàëüíîé êîìïîíåíòû ñêîðîñòè vy(t;x, 0) = ∂yφ(t;x, 0)

íà äíå êàíàëà ñëåäóåò, ÷òî âñå íå÷åòíûå êîìïîíåíòû ϕk ñëåäóåò ñ÷èòàòü ðàâíûìè íóëþ.

Òåïåðü ñòàíîâèòñÿ âàæíûì óñëîâèå ìåëêîñòè âîäû. Äåéñòâèòåëüíî, â æèäêîñòè y 6

h + a, à êàæäàÿ ïðîèçâîäíàÿ ïî x ïðèâîäèò ê ïîÿâëåíèþ 1/λ â ïîëó÷åííîé ïîñëåäî-

âàòåëüíîñòè, ïîýòîìó êàæäûé ïîñëåäóþùèé ÷ëåí ïðåäúÿâëåííîãî ðàçëîæåíèÿ èìååò

îòíîñèòåëüíóþ ìàëîñòü (h/λ)2:

φ(t;x, y) = ϕ(t;x)− 1

2
y2∂2

xϕ(t;x) +
1

24
∂4
xϕ(t;x) + . . . .

Ïðîñòðàíñòâåííûå ïðîèçâîäíûå îò ïîòåíöèàëà, êîòîðûå âõîäÿò â óðàâíåíèÿ (18), (19),

ðàâíû (îãðàíè÷èìñÿ ïåðâûìè äâóìÿ ÷ëåíàìè ðàçëîæåíèÿ)

∂xφ(t;x, y) = f(t, x)− ελ
1

2
y2∂2

xf(t;x), ∂yφ(t;x, y) = −y∂xf(t;x) + ελ
1

6
y3∂3

xf(t;x),
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çäåñü îïðåäåëåíà íîâàÿ ôóíêöèÿ f(t;x) = ∂xϕ(t;x) è ââåäåí ôîðìàëüíûé ïàðàìåòð ελ,

êîòîðûé îçíà÷àåò, ÷òî ÷ëåíû ðàçëîæåíèÿ ñ ýòèì ïàðàìåòðîì ìàëû ïî âåëè÷èíå (h/λ)2.

Â çàäà÷å åñòü åùå îäèí ìàëûé ïàðàìåòð - ìàëûå âîçìóùåíèÿ ïîâåðõíîñòè a/h� 1.

×òîáû åãî ïðîÿâèòü, çàïèøåì

S(t;x) = h+ εas(t;x), |εas(t;x)| 6 a� h.

Â ïåðâîì ïîðÿäêå ìàëîñòè ïî εa ïîëó÷àåì

∂xφ
(
t;x, S(t;x)

)
= f(t, x)− ελ

1

2
h2∂2

xf(t;x) +O(ε2a, εaελ, ε
2
λ),

∂yφ
(
t;x, S(t;x)

)
= −h∂xf(t;x)− εas(t;x)∂xf(t;x) + ελ

1

6
h3∂3

xf(t;x) +O(ε2a, εaελ, ε
2
λ).

Óðàâíåíèÿ (18) è (19) íå ëèíåéíû. Êàê ýòî âîäèòñÿ, èññëåäóåì èõ ëèíåéíóþ âåðñèþ.

Â íåâîçìóùåííîé ñèòóàöèè f(t;x) = s(t;x) = 0, ïîýòîìó (âòîðîå óðàâíåíèå ïðîäèôôå-

ðåíöèðîâàíî ïî ∂x) â íèçøåì ïîðÿäêå ìàëîñòè ýôôåêòà

εa∂ts(t;x) + h∂xf(t;x) = 0, ∂tf(t;x) + gεa∂xs(t;x) = 0.

Îòñþäà ñëåäóåò, ÷òî â ëèíåéíîì ïðèáëèæåíèè ïîëÿ s(t;x), f(t;x) ïîä÷èíÿþòñÿ îäíîìó

âîëíîâîìó óðàâíåíèþ

(∂2
t − c2∂2

x)s(t;x) = 0, (∂2
t − c2∂2

x)f(t;x) = 0, c2 = gh,

ïðè÷åì, êàê è âîçìóùåíèå ïîâåðõíîñòè, ïîëå f(t;x) èìååò ïåðâûé ïîðÿäîê ìàëîñòè ïî

εa. Òàêèå âîçìóùåíèÿ ïîâåðõíîñòè æèäêîñòè íàçûâàþòñÿ äëèííûìè ãðàâèòàöèîííûìè

âîëíàìè.

Ïîëó÷åííîå âîëíîâîå óðàâíåíèå ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì

(∂t − c∂x)(∂t + c∂x)s(t;x) = 0.

Îòñþäà âèäíî, ÷òî ó âîëíîâîãî óðàâíåíèÿ åñòü ðåøåíèå, äëÿ êîòîðîãî ∂ts(t;x) =

−c∂xs(t;x). Ýòî ðåøåíèå îòâå÷àåò âîçìóùåíèþ, áåãóùåìó âïðàâî. Èìåííî òàêîå ðå-

øåíèå ìû è áóäåì ïîäïðàâëÿòü, ÷òîáû ó÷åñòü ýôôåêòû íåëèíåéíîñòè (ïàðàìåòð εa) è

äèñïåðñèè (ïàðàìåòð ελ). Äëÿ òàêîãî ðåøåíèÿ f(t;x) = s(t;x)εac/h, ïîýòîìó â ñëåäóþ-

ùåì ïîðÿäêå ìàëîñòè ïî ïàðàìåòðàì εa, ελ áóäåì èñêàòü ðåøåíèå â âèäå

f(t;x) = εa
c

h

[
s(t;x) + εa δfa(t;x) + ελ δfλ(t;x)

]
.
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Ãðàíè÷íûå óñëîâèÿ (18) è (19) ïðèíèìàþò ñëåäóþùóþ ôîðìó

∂ts+ c∂xs+ εa

[
c∂xδfa +

c

h
∂xs

2
]

+ ελ

[
c∂xδfλ −

1

6
ch2∂3

x

]
= O(ε2a, εaελ, ε

2
λ), (20)

∂ts+ c∂xs+ εa

[
∂tδfa +

c

2h
∂xs

2
]

+ ελ

[
∂tδfλ −

1

2
h2∂t∂

2
xs
]

= O(ε2a, εaελ, ε
2
λ).

Èç ýòèõ óðàâíåíèé ñëåäóåò, âî-ïåðâûõ, ïðàâèëüíîå, íî òðèâèàëüíîå óòâåðæäåíèå

∂ts+ c∂xs = O(εa, ελ), (21)

âî-âòîðûõ, åñëè âû÷åñòü îäíî óðàâíåíèå èç äðóãîãî è ïðèðàâíÿòü êîýôôèöèåíòû ïðè

íåçàâèñèìûõ ïàðàìåòðàõ, âîçíèêíóò äâà óðàâíåíèÿ

(∂t − c∂x)δfa(t;x)− c

2h
∂xs

2(t;x) = O(εa, ελ),

(∂t − c∂x)δfλ(t;x)− 1

6
h2∂2

x

(
3∂ts(t;x)− c∂xs(t;x)

)
= O(εa, ελ).

Èç òðèâèàëüíîãî, íî ïîëåçíîãî ñîîòíîøåíèÿ (21) ñëåäóåò, ÷òî

c∂xs
2 = −1

2
(∂t − c∂x)s2 +O(εa, ελ), (3∂t − c∂x)s = 2(∂t − c∂x)s+O(εa, ελ),

îòêóäà íåïîñðåäñòâåííî ïîëó÷àåì, ÷òî

δfa(t;x) = − 1

4h
s2(t;x), δfλ(t;x) =

1

3
h2∂2

xs(t;x).

Ïîäñòàâèâ ýòè çíà÷åíèÿ â óðàâíåíèå (20), íàéäåì óðàâíåíèå íà ïîâåðõíîñòü ìåëêîé

âîäû (çäåñü ïàðàìåòðû εa, ελ ìîæíî ïîëîæèòü ðàâíûìè åäèíèöû):

1

c
∂ts(t;x) + ∂xs(t;x) +

3

2h
s(t;x)∂xs(t;x) +

1

6
h2∂3

xs(t;x) = 0.

Åñëè ââåñòè íîâûå áåçðàçìåðíûå ïåðåìåííûå

ξ =
x− ct
h

, τ =
ct

h
, s =

3s

2h
,

òî èñêîìîå óðàâíåíèå ñòàíîâèòñÿ âîò òàêèì

∂s(τ, ξ)

∂τ
+ s(τ, ξ)

∂s(τ, ξ)

∂ξ
+

1

6

∂3s(τ, ξ)

∂ξ3
= 0.

Ýòî è åñòü óðàâíåíèå Êîðòåâåãà-äå Âðèçà. Ðåøàòü åãî - óâëåêàòåëüíàÿ çàäà÷à äëÿ ïûò-

ëèâîãî óìà.
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XIV. Äèàìàãíåòèçì Ëàíäàó

Ñïðîñèòü Ãëåáà Ï.

XV. Çàäà÷è

1. Ïóñòü δSR
- ïðîñòîé ñëîé íà ñôåðå x2

1 + · · · + x2
n = R2, δ-ôóíêöèÿ íà Rn. Íàéòè

ïðåäåë
1

R2

( 1

σnRn−1
δSR
− δ
)
, R→ 0 â D′,

ãäå σn - ïëîùàäü åäèíè÷íîé ñôåðû â Rn.

2. Ðåøèòü çàäà÷ó Êîøè

∂2Y (t, x)

∂t2
= 9

∂2Y (t, x)

∂x2
− 2Z(t, x),

∂2Z(t, x)

∂t2
= 6

∂2Z(t, x)

∂x2
− 2Y (t, x),

Y (0, x) = cos x, Z(0, x) = 0,
∂Y (0, x)

∂t
=
∂Z(0, x)

∂t
= 0.

3. Êëàññè÷åñêàÿ ÷àñòèöà â ïîòåíöèàëå U(x) =
1

4
x4− 3

2
x2 +x ñ ýíåðãèåé E = 0 ìîæåò

ñîâåðøàòü ôèíèòíûå äâèæåíèÿ äâóõ òèïîâ: â ëåâîé è ïðàâîé ÿìàõ (ñì. ðèñ.),

ñîîòâåòñòâåííî. Ñðàâíèòü ïåðèîäû ýòèõ ôèíèòíûõ äâèæåíèé.

Ðèñ. 11: Ïîòåíöèàëüíàÿ ýíåðãèÿ

4. Ðåøèòü óðàâíåíèå ∫ 1

0

dx (x+ y)2u(x) = λu(y) + 1.
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5. Ïîñòðîèòü êîíå÷íîìåðíûå íåïðèâîäèìûå ïðåäñòàâëåíèÿ àëãåáðû ìîìåíòîâ

[Mx,My] = iMz, [My,Mz] = iMx, [Mz,Mx] = iMy.

6. Èññëåäîâàòü ãðóïïû ñèììåòðèè êâàíòîâîãî äâóìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿ-

òîðà

Ĥ =
1

2
(p̂2
x + p̂2

y) +
1

2
ω2(q̂2

x + q̂2
y).

7. Èññëåäîâàòü ñâÿçàííûå ñîñòîÿíèÿ (En < 0) â ïîòåíöèàëå

U(x) = −κδ(x+ a)− κδ(x− a), κ > 0.

Âû÷èñëåíèÿ ïðîâåñòè â èìïóëüñíîì ïðåäñòàâëåíèè êàíîíè÷åñêèõ êîììóòàöèîí-

íûõ ñîîòíîøåíèé.

8. Íàéòè äèñïåðñèþ ïëîñêîé çâóêîâîé âîëíû â âÿçêîé æèäêîñòè, êîòîðàÿ îïèñûâà-

åòñÿ ñëåäóþùèìè ãèäðîäèíàìè÷åñêèìè óðàâíåíèÿìè

%
[∂~v
∂t

+ (~v, ~∇)~v
]

= −~∇p+ η~∇2~v +
(
ζ +

η

3

)
~∇div~v − óðàâíåíèå Íàâüå-Ñòîêñà,

∂%

∂t
+ div%~v = 0 − óðàâíåíèå íåïðåðûâíîñòè,

p = f(%) − óðàâíåíèå ñîñòîÿíèÿ.

Çäåñü ~v(t, ~x), %(t, ~x), p(t, ~x) - ïîëÿ ñêîðîñòåé, ïëîòíîñòè è äàâëåíèÿ, ñîîòâåòñòâåí-

íî; η, ζ - êîýôôèöèåíòû âÿçêîñòè è âòîðîé âÿçêîñòè, ñîîòâåòñòâåííî.

Äîïîëíèòåëüíûé âîïðîñ: íà êàêîé ãëóáèíå øóì ëåòÿùåãî íàä îçåðîì ðåàêòèâíîãî ñà-

ìîëåòà âîñïðèíèìàåòñÿ êàê øåëåñò ëèñòüåâ â îñåííåì ëåñó.

9. Íàéòè óñëîâèå êâàçèêëàññè÷åñêîãî êâàíòîâàíèÿ â ïîòåíöèàëå

@
@
@
@
@
@
@
@

-

6

x

U(x)

En

U(x) =

∞, x < 0

u(x), x > 0

10. Óðàâíåíèå Áþðãåðñà èìååò âèä

∂

∂t
u(t, x) + u(t, x)

∂

∂x
u(t, x) = κ

∂2

∂x2
u(t, x), κ > 0.

Ðåøèòü çàäà÷ó Êîøè: u(0, x) =
2κ

1 + ex
.
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11. Ñôîðìóëèðîâàòü (èëè ïðèäóìàòü) êðàñèâóþ çàäà÷ó ìàòåìàòè÷åñêîé ôèçèêè è

ðåøèòü åå.


