Elliptic Functions

Applications of elliptic integrals



32.1 Arithmetic-geometric mean

Well-known fact: geometric mean < arithmetic mean:

(G<A) \@ga‘;b

for a,b > 0.

Repeat the processs: ag = a, by := b fora = b > 0,

bn_|_1 .= anbn.
Because of the inequality (G<A),

bn é bn—l—l § an+1 é An,,



{antn=012. ., {bn}n=012..: bounded monotone sequences.

—> da := lim a,, B := lim b,.

n—oo n—oo
_ 1
In fact, « = (3, i.e., ¢, := i(an — bn) — 0.
Proof:
_ b, _
Oﬁan—bnﬁan bn_lzan1+n1—bn_1zcn_1.

M(a,b) := lim a, = lim b, : arithmetic-geometric mean (AGM ).

n—o0 n—oo



Easy to see:

(i) M(a,b) = M(b,a).

(i) M(Aa, \b) = AM (a,b).
(iii) M(a,a) =
(iv) M(a,b) = M(an,b,) (n=0,1,2,...).

(i) = enough to study M(a,1) or M(1,b) for a > 1 > b.

1
Theorem: If 0 < k < 1, then M(1,k) = gK(k’)’

o k' :=+1—£k2,

e K(K'): complete elliptic integral of the first kind,

/ V1-— k’281n9 /\/

/2 2).



Proof:

Lemma: for a = b > 0,

I(a.b) /”/2 db T 1
a,b) = _ =z .
0 Va2cos20+ b2sin20 2 M (a,b)

Once this lemma is proved, the theorem is its corollary:

M(1,k) =

N | )

I(l,k)7
and

I(1, k) j/W/Q d
o vV cos20 + k2sin? 0

/2
:/ 40 = K(k").
0o 1—(1—k2)sin?4




Proof of the lemma:

Key:
b
I(a,b) = I (a 1
2
In fact,
db
Va2 cos2f + b2sin2 0

/71‘/2 40
o cosBva? -+ b%tan?6

dt
V(@ + )62 + 7).

\/—b>

(t = btan0,

\ b2_|_t2_

dé’ C082 0’

b2

cos? 6

A




1 b
Another change of the integration variable: u = 5 (t — %)

2 | 42\(12 | 42 2 2 2
- —_ + + — + + 4u”).
=5 3 ; , (a® +t*)(b* +t°) =t“((a + b) u”)

uf\ s
(Figure: graph of u = u(t).) - //\

00 du
I{a,0) = /—oo V ((a+0)2 + 4u?)(ab + u?)

du 1 (1 ab) B Vab + u?

o0 du
:2/0 V(@ +b)? + 4u)(ab + u?)
d

) /O \/((“T“’)2 +u?) (Vab)? +u?)
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Comparing the expression of I(a,b) in the last two pages, we have

J(a,b):1<a;b,\/@).

Repeating the procedure,
I(a,b) =I(a1,b1) = -+ = I(an,by) = - — I(M(a,b), M(a,b)).
In general,

Ie.o) /7T/2 db
c,c) =
0 \/02 cos 6 + c2sin? 6

_/7r/2 do _/7‘(‘/2@_ 1
0 C\/COS 6 + sin? 6 0 & 2¢

7L

2M (a,b)

— [(a,b) =




Similarly, when k > 1,

1
Mk, 1) = g K= /1— k2.

K(K')’

Remark: k' € R but K (k / makes sense.
k’2 sin” @

Example: & =2 (K =+/-1): K(vV/—1) = >

M(\/i, 0 l.e.

/1 de ™

o V1—z* 2M(v2,1)

GauB found this formula by computing the both sides by hand!
From aq and by M(v/2,1) = 1.981402347... = ——

1
2f0 flfw4

(cf. GauB, Gesammelte Werke, Tagebuch.)
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32.2 Motion of a simple pendulum

[: length of the string, T': tension, mg: gratity.
(x(t),y(t)) = (Icosp(t),lsinp(t)): coordinates of the point mass.

d2
acceleration = ﬁ(l cos p(t), I sin p(t))

d
— %(—lgb sin ¢, [ cos )

= (=1 sinp — 1p? cos @, 1P cos p — 1 sin @)
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The equation of motion:

—sinp | COS (¥ B —1T"cos p + mg
ml O — ml e
COS —sin @ —T'sin @
x-component X (— sin ¢)4 y-component X cos p: mlp = —mgsin p, i.e.,
d2_gp = —w?sin o, wi= /2.
dt? [

Linear approximation: amplitude < 1 = sinp =~ .

d290 2
— = —w .
12 1

A LINEAR differential equation of the second order.

General solution: (t) = ¢ coswt + co sinwt, ¢1,co € R.
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Exact solutions without approximation sin ¢ ~ .

(eq. of motion) x¢:

d2_gpd_g0 = —w?sin gpd—gp
dt’

1d [dy : d, o
2dt \ dt a8 %)
1 /do\?
J ()t . _ (i) — UJ2 COS © + (const.),

~ 1 (dy :
E = 5 (E) — w?cos ¢ = (const.),

~ conservation law of the energy.

Remark: the total energy of the pendulum is

ml? [ dy
2 dt

(kinetic energy) + (potential energy) =

12

2
) — mgl cos p = ml?

~

E.



o := maximum amplitude, i.e., if p(ty) = «, H(tg) = 0.

— F = —w?cosa, hence

1 (dp\?
— <£) — WQ(COSQD — COS Oé) p— 2w2 (Sln2 % — Slﬂ2 f) ,

2
d_gp — 2w+ / sin? ¢ sin? f
dt 2 2"

87

Note: sin§| < sin oX because |p| = a < 7.

Notations: k := sin %, 6 := arcsin (k_l sin f) l.e., Sil’lg — ksin 6.

2
The equation of motion becomes

Cfi_f — Qw\/kQ — k2sin® 0 = 2kw cos .
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de  dpdf

On the other hand, T T and
d, ., d/. o\ . _COS%d¢_\/1—k2Sin29dgp
@ksme—de (81n2>, l.e., kcosf = 5 g > 7
Hence,
2
kcosf  db _ 9%wcost,
V1 — k2sin2 g dt
1 db

:w7
V1 — Ek2sin2g dt

0(t) 4 t
/ = / w dt = wt.
0(0) /1 — k2sin26 0

(Normalisation: 6(0) =0, i.e., ©(0) =0.)

The left hand side = F'(k,0(t)) = elliptic integral of the first kind.
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The motion of the pendulum:

1
H0) = —F(k.0) = éF (sin %9) .

Period = 4(time between ¢ = 0 and ¢ = «)

[
= 4(time between § = 0 and 6 = g) =44/ -K (sin %) :
g

(The period depends on the amplitude!)

o T 1
. K( . _) o |
Since M9 2 M(1,cos 5)
_ Period(a = 0)
Period(a) = .
eriod() M(1,cos 5)

The pendulum knows the AGM!
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