Elliptic Functions

Elliptic curves



85.1 Riemann surfaces of \/¢(x), degy = 3,4

Want: elliptic integrals /R(az, v @(x)) dx with complex variables.

— Need: the Riemann surface R of \/o(x), degp = 3, 4.

The construction is the same as the case of \/z, V1 — 22.



e deg p(z) = 3.

p(z) =alz —a1)(z — az2)(z — as)

a # 0, aq, ag, ag: distinct.
The Riemann surface R of /p(x)

= two copies of C \ {aq, a9, a3} glued U{aq, ao, as}.
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R = (C~Aai,a0,a3})1 U{ar,az,as} U(C N {ag, a2, as})—

= {(z,w) | w” = p(2)}.



e deg p(z) = 4.

p(z) = a(z — ao)(z — a1)(z — a2)(z — as)
a # 0, ag, a1, ao, az: distinct.
The Riemann surface R of /¢(x)

= two copies of C \ {ag, a1, ag, as} glued U{aq, asg, as}.
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R = (C\ {ao,...,ag})+ U{Cm,...,()zg}U ((C\ {()40,...,&3})_
= {(z,w) | w® = p(2)}.



Proposition:

For both cases, deg v(z) = 3 and 4,
(i) R ={(z,w) | w? = ¢(2)}: a non-singular algebraic curve.

oF 5’F) #(0,0,0), where F(z,w) = w? — ¢(2)).
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(i) v/p(2) = w: holomorphic on R.
dz  dz
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Exercise: Check these statements.
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. holomorphic on R.

(iii) 1-form w =




35.2 Compactification and elliptic curves

> dz

When deg ¢(z) > 2,
2 VP(2)

— Need to add oo to R (Compactification).

converges.

e degp = 3.

Use the embedding into the projective plane P?:

R={(z,w) | w’=¢(z)}c C* — P?

(z,w) — [1:2z:wl.

Recall:
P? = C3~ {0}/ ~,
(a,b,c) ~ (a',b,d) < IN#0, (Aa,\b, \c) = (d,V, ).



Embedding of C? into P?:

C?3 (z,w) — [1:2:w] € P?

L1 X2

P2DU0::{[$02$12£U2]|$0#0}9[$0:$1:$2]=>(

2
R as a subset of Uy C P?: <@> = <ﬂ> l.e.,

L0 L0

2

roxrs; = a(xry — ar1xg)(r1 — aaxg)(xr1 — azxp).

Extend ‘R by this equation:

R :={[xg:z1:x2] | (%)} C P2
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What points are added to R?
Since P? \ Uy = {[zg : #1 : 22] | 29 = 0},
RNR={[xog:21:22] |20 =0, (%)}
= {[xo : x1 : x2] | x0 = 0 = axy}

:{:leotxltxg: xOZZL'l:O}:{[O:O:l]}

Namely, R =RU{oco}, co=[0:0:1].
The coordinates of P? in the neighbourhood of co: (§,7) := (

L 1 LQ L1 L0 X1 L0
(>|<)<:>—:a — — X1— — — y— — — (X3—
L2 L2 L2 L2 L2 L2 L2

> §=a(n— a1§)(n — a28)(n — asf).



Exercise:

Check that the equation

£ =a(n— a1§)(n — a28)(n — asf)

defines a non-singular algebraic curve in the nbd of (&£,7) = (0,0).

R = defined by equation (x) = closed in IP*

5 } — R : compact.
P“: compact

— R is a compact Riemann surface, a compactification of R.



o degp = 4.

p(z) = a(z —ag)(z — a1)(z — a2)(z — a3).
Want: compactification of R = {(z,w) | w? — ¢(z) = 0}.
Try the same procedure as before:

RcC C? «— Pp?

(z,w) — [1:2z:wl.

The homogeneous equation for R:

2
To 1 1 I1 X1
S— —a| — —Qp — — (Y] — — (9 — — (3
X0 X0 X0 X0 X0



Alas! oo =[0:0:1] is a singular point!

Exercise: Check this.

Another compactification:

Instead of P2, use X := W U W’/ ~, where

W =C?3 (z,w), W' =C?> (¢ n),

(Z7w) ~ (5777) <:>Z€:17 w = E

52

R C W as before. = the equation of R N W':

(8 () () () (o)

e, n° —a(l —apf)(1 — a18)(1 — aé)(1 — azé) = 0.
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R = {(&n) e W |n’ =a(l —aof)(l — ar&)(1 — a2€)(1 — azé)}.

a non-singular algebraic curve as before.

R=RUR cX=WuUw'.
What is R?

What point lies in R ~ R?

W'\W ={(¢=0,n)|neC}
— R'~R={(0,n) | n* =a} = {(0,£Va)} c W'

They do not belong to W, i.e., they are “infinities”: oot := (0, =/a)p.

R =TRU{ocos,00_}.
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Interpretation of R by the gluing construction:

R = (the Riemann surface of w = 1/ p(2))
— (C\ {0507“'7053})4—U{Oé()a'“aa%}u (C\ {&07“‘7&3})—‘

e When «; # 0 for Vi =0, ..., 3.

Denote ; := ozz._l.

R’ = (the Riemann surface of n = \/a(1 — apé) - - - (1 — azé))
— (C\ {607“'763})4—U{607"°753}U (C\ {507'-'753})—‘

1 1

L1 = >z = =

{§+H+ §+7 B; 4 5047;:%, {5 £_
04 <— ooy 02 +— oo_

Y

— R is constructed by gluing two C U {oco} = P!’s together.
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R = (P' < {ag,...,a3}) - U{ag,...,a3} U(P' < {aog,...,a3})_.

Figure: two P1's with cuts aga; & asas glued together = a torus:
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e When one of o;'s (say ag) = 0.

R’ = (the Riemann surface of = v/a(1 — 1€)(1 — awé)(1 — asf))
— (C N {51752763})4‘ U {61762753} U ((C N {51752753})—'

—> everything is the same as before.

Definition: Elliptic curve: compactification of {(z,w) € C? | w? = ¢(z)},

deg p(z) = 3 or 4.

Remark: When deg ¢ = 5: hyperelliptic curve.
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Recall: Elliptic integrals are reduced to

/R(.CC, V(1 —22)(1 — k222)) dx

by means of fractional linear transformations.

The same is true for elliptic curves:

Any elliptic curves are isomorphic to

compactification

{(z,w) |w? = (1 —22)(1 — k?2?)} : keC

as Riemann surfaces = 1-dim. complex manifold.

Exercise™: Prove this.
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In particular, any elliptic curve is homeomorphic to a torus.

Gluing of P!'s when degp = 3: ¢(2) = a(z — a1)(z — a2)(2 — a3).

Cuts are oo and asasg.
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