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Solution of the Cauchy problem utt = a2∆u, u|t=0 = ϕ(x), ut|t=0 = ψ(x), where ∆ � is n-dimensional
Laplace operator is given by the formula:

u(x, t) =
1

2πa

∫
|ξ−x|<at

ψ(ξ)dξ√
(at)2 − |ξ − x|2

+
∂

∂t

[
1

2πa

∫
|ξ−x|<at

ψ(ξ)dξ√
(at)2 − |ξ − x|2

]
(Poisson Formula),

for n = 2;

u(x, t) =
1

4πa2t

∫
|ξ−x|=at

ψ(ξ)dSξ +
∂

∂t

[
1

4πa2t

∫
|ξ−x|=at

ϕ(ξ)dSξ

]
(Kircho� Formula);

for n = 3.

1. Prove that the solution of the Cauchy problem

utt = a2∆u+ g(t)f(x), u(x, 0) = u0(x), ut(x, 0) = u1(x)

is given by the formula u(x, t) = u0(x) + tu1(x) + f(x)
∫ t
0
(t− τ)g(τ)dτ if f(x), u0(x), u1(x) are harmonic

functions in Rn, g(t) ∈ C1(t > 0).

2. Find a solution u(x, t), (x, t) = (x1, x2, x3, t) ∈ R3 × R+ of the problem:

utt = ∆u, u(x, 0) = 0, ut(x, 0) =
1

1 + (x1 + x2 + x3)2
.

3. Let u(x, y, t) be a solution of the Cauchy problem:

utt = uxx + uyy, u(x, y, 0) = 0, ut(x, y, 0) = ψ(x, y) ∈ C2(R2), t > 0

where ψ(x, y) = 0 for (x, y) ∈ [0, 1]× [0, 2], ψ(x, y) > 0 for all other (x, y).
a) Describe the set of values of (x, y, t) ∈ R2 × R+, such that u(x, y, t) = 0 by means enequatities.
b) Paint this set.

5. Let u(x, t) be a solution of the Cauchy problem:

utt = ∆u, u(x, 0) = 0, ut(x, 0) = ψ(x), x = (x1, x2, x3) ∈ R3, t > 0

where ψ(x) = 0 for 0.9 6 ‖x‖ 6 1, ψ(x) > 0 for all other x.
For what (x, t) is the function u(x, t) equal to zero?


