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9T0 MOADOPKA OTKPBITHIX MPOD/IEM B CO3/aBAa€MOil Ha HAIIMX IJIA3aX JUCKPETHON TEOPHUH IOJIS, & TAKIKE
KJIaccu4Ieckoit reomerpun. GopMyaupOBKH OOIBITHHCTBA 33,124 9JI€MEHTAPHBI U HCIIOJIb3YIOT TOJIHKO HEOOIhb-
Imroe KOJIMn4YeCTBO OHpe,ZLeJIeHHfI, IpuUBEJCHHBIX B TEKCTE. B TO 2Ke BpeMd HUX pelnieHue moaBOAUT K BazKHBIM
HJesM COBpeMeHHOI MareMaTnku. Kazkaas W3 HyMepOBaHHbBIX 3324 (KpOMe yIparKHeHHii) MoKeT ObITh Te-
MOl 11 KypcoBOii paboThl. 3a1auu MOAXOIAT JJIsd CTYIEHTOB JI000ro Kypca. Tak:Ke IPUBOAUTCA TOI00PKA
VIOpazKHeHHH I OBICTPOro BBEJIEHHS B KarkKI0e M3 TPeX HCCIeI0BAaTeNbCKHX HAllpaBJIeHMil. A eme ecTb
crenkypce B Beicieit IlIkone Dkonomuku B 2018/19 yuebHOM romy.

This is a collection of visual open problems in discrete field theory created in front of our eyes, and also
in classical geometry. The statements of most problems are elementary and use only a few definitions given
in the text. But their solution leads to important ideas of modern mathematics. Each individual problem
with a number (except exercises) is a topic for a one-year term work. The problems are appropriate at any
education term. A collection of exercises for quick introduction to the 3 research directions is also presented.
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OTKpPBITEIE TPOOJIEMBI B INCKPETHON TEOPUN TOJIs

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

1. CrapToBble yIIpa>kKHEeHUs: UTPYIIeYHAd MOJEeJbh KaJnOpPOBOYHOI Teopun

Heckobko ropo10B coeuiennt joporamu B (popme perietkn M X N; cM. pucyHOK. B Kaxk10M ropoje cBou
ToBaphl (B HEOrpaHWYeHHOM KosmdecTse). Hampumep, B ropofe A — anenbcutsl, B ropoje B — Ganaubl. s
napel coceinux ropojioB A u B ¢dbukcuposan kypce obmena U(AB) > 0, nHanpumep, 2 GaHaHA 3a aleJIbCHH.
Kypc cummerpuuen, T.e. U(BA) = U(AB)™!: 3a 2 6anana nojsydaeM Ha3aJ CBO# aleIbCHH.
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XuTpslit rOpoyKaHUH MOYKeT mpoexaTh BOKpyT KBajaparta ABCD pa3mepa 1 X 1, MeHsICh O TIyTH, B pe-
3yJBTATE Yero ero HavaabHblii 3amac ToBapos ymuoxkurcs na U(AB)U(BC)U(CD)U(DA). Tak, na pucymke
cjeBa OH mosydut 8-Kparuyo npubslib. Oboznaunm U(ABCD) := U(AB)U(BC)U(CD)U(DA).

B wactHOCTH, Iy TernecTBue BOKPYT KBapara ABC'D B TOM Wil HHOM HAIPaBIEHHH JACT HPUOBLIb, €Ciin
log, U(ABCD) # 0. O6wuti dowod om cneryasyudi msmepserca cymmoii S[U] semmuann log; U(ABC D) no
Bcem kBajipatam ABC'D pasmepa 1 x 1 (06xojsiTest oHU TpOTUB YacoBoii). Tak, Ha PUCYHKe CJIeBa

S[U] = logs U(ABCD) + log U(DCFE) = (log, 8)* + (log, 2)* = 10.

Bbl — KOpoJib ¥ MOXKeTe yCcTaHABIUBATH Kypchl 0OOMeHa Be3/ie, KpoMe IpaHullbl peleTkd. Bor ycranapiu-
BaeTe uX, 4T00bl MUHUMU3HPOBaTh Besnuuny S[U]. [losydeHHble KypPChl HA30BEM ONMUMAALHbLMU.
1. Hapemure mopsiiok B KOPOJEBCTBE Ha PUCYHKE CJeBa, T.e. MOJADEpUTe 3HAYECHHE T, JJIsd KOTOPOro MHUHH-
MaJieH OOl JOXOM OT CIEKYJSIUi Ha PUCYHKE B IEHTPeE.

Bamernm, uaro 3amena nepemMeHHbX (AB) :=log, U(AB) ¢uibHO ynpoIaer BbipaKeHue JJIsl JTOXO/A:
._ 2
Sla] := ZABCD(:B(AB) + 2(BC) + #(CD) 4+ z(DA))>.

Hns xsagapara ABCD pasmepa 1 x 1 oboznaunm x(ABCD) := 2(AB) + x(BC) +x(CD) 4+ x(DA). Tak, na
pucyuke cieBa £(ABCD) = 3. O6o3uaunm depe3 W MHOXKHTETH, HA KOTOPBIH YMHOKUTCS 3a1ac TOBAPOB
IpU [y TemeCTBUN 110 TPAHUIIE BCEH PelIeTKH POTUB 4acoBoil crpesiku. Tak, Ha pucynke cjaesa W = 4.

2. [peamnoJiokumM, 4T0 (PUKCUPOBAHHBIE KyPChl OOMEHA Ha T'PAHUIE TaKnue, KaK HA PUCYHKE, T.e.

2, ecuu popora AB npwHAIEXKUT CeBEPHOR WK I0:KHOI I'DAHHIIE PEITeTKI
U(AB) = W HANPABJEHA IPOTUB 4aCOBOH CTPEJIKH BIOJIHL IPDAHUIIBL;
il ObI,

1, ecam gopora AB upuHaIIEKAT BOCTOYHON MJIM 3alaTHOH IPAHUIE PEIIeTKH.

HagenTe nopsg/ 10K B KOPOJIEBCTBe JJIs CJIEIYIONINX Pa3MepPOB PEIeTKH, T.e. 3AI0JTHATe TaOIuILy:

Pemerka 1x2 1x3 1x N 2% 2

Bemmauna W 4
Munumasnbnoe 3uaderne S[U|

OnTuMasbHbBle KYPCH JJIsT BCEX J0POT
Bemmunnnt x(AB) mias Beex gopor AB
Benuunust x(ABCD) nas KBaapaTos

3. a) /I kakux 3HaYeHuii Kypca obMeHa Ha rpanuie pemerkn M X N MoxKHO gocTudb pasercTsa S[U| =07
b) st kakux 3uadenuit M u N onTuMaibHble KYPChl OMHO3HAYHO ONPEIESIIOTCs KYPCaMi Ha TpaHuie?
¢) Kax cBst3amnt M, N, W u MUHUMAJIBHBI JTOXOJ, OT CIEKYISAIHI?

d) Kakast u3 pemerok — 8 X 8 wi 7 X 9 — j1aeT MEHBIIUI JI0X0/ OT CHEKYJISIUiA npu oguHakoBom W7
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OTKpPBITEIE TPOOJIEMBI B INCKPETHON TEOPUN TOJIs

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

D10 1000PKA OTKPBITHIX MMPObJIeM JIMCKpeTHON Teopuu 1moJist. DopMysinpoBKr OOJIBITTMH-
CTBa 3a]1a49 UCTOJB3YIOT TOJHKO MOHATH, JOCTYITHBIE TEPBOKYPCHUKAM, HO UX pPeIleHne moj-
BOJIUT K BayKHBIM HJIesIM COBPEMEHHON MaTeMaTuKu. Kak1as n3 HyMepoOBaHHBIX 3a/1a9 MOXKET
OBITH TEMOIT JIJIsT KypCOBO# pabOThI. 3a/1a9u MOAXOAAT JjIst CTYJAEHTOB JII0DOT0 Kypca.

2. OTkpbIThIe TPODJIEMBI: OJHOBPEMEHHOE IMTPOTEKAHWE

Ha HECKOJILKO »KUJIKOCTE.

PaccMoTpum 4acTb MIECTUYTOJIBHO pelieTku ¢o CropoHoii kjerku 1/m,
PaCIOJIOKEHHYIO BHYTPH IIPABUIBHOTO miecTuyronbauka Ay AgAgA4AsAg co 3
croponoii 1 n nieaTpom B Kierke O.

[Tycrb Kaxkjast KjieTKa pereTkn okpalimBaercst B ojut u3 4 nperos (oboznadaembix <07,
“17, “27 “3”) ¢ paBHBIMH BEPOSITHOCTSIME HE3aBHCHMO JpYT oT jpyra. HedbopmaiabHo, MbI
n3ydaeM IIpOTeKaHue Tpex KujkKocreit: npera 1, 2, 3 o3HavalOT, 4TO KJETKa ITPOIyCKAeT
MOADKO KUJKOCTH 1, 2 nau 3 cCOOTBETCTBEHHO, & 1BeT ) — 4TO 6ce TpU KUJIKOCTU CPA3Yy.

[Tycrs 3ajiana nekoropasi packpacka u uucio k = 1, 2 uiam 3. Byjiem roBoputb, 4ro
olcudkocms k npomexaem mesncdy Kiemramu T U Y, eCIU T U Y MOXKHO COSJIMHUTH TENOYKO
KJIETOK, COCEJIHNX 110 CTOPOHE, B KOTOPO# KaxKaasi KiaeTka uMmeer npet k nan 0. AHaJIoruvaHO
OTPEJIEISIETCST NPoOMeKaHue MEXK Ly JAByMsi HabOpaMu T M Y KJIETOK PENIeTKH.

1. PaccmoTpum BEpOTHOCTH TOTO, ITO X0M.A Obl 00Ha W3 KUKOCTEH 1, 2, 3 TpoTeKaeT Mex Iy
nearpom O u rpanutei pemerku. CTpeMUTCs Jin 9Ta BEPOATHOCTH K HYJIIO ¢ POCTOM 1.7

IIpomexanue mescdy cmoponamu x u y mectnyroiabunka A1 AsAsA A5 Ag — 910 TipoTe-
KaHKMe MEXK/1y HaDOpaMK I'PAHUIHBIX KJIETOK, JIJIsl KOTOPBIX OJivxKaiilias CTOPOHA — 3TO T U Y
COOTBETCTBEHHO (cUnTaeM, 4To OJIMKailnasi CTOpoHa OpeJiesieHa OJHO3HaTHO). PaccmMorpim
BEPOSITHOCTH TOTO, 9TO st Kaostcdozo k = 1,2,3 KXugkocth k mMpoTeKaeT MeXy MPOTHBO-
110JOKHBIME cTOpOHAMU A Api1 M Apis3Agia (cauraem A; = Ap). Ee npegen npu n — 0o
(ecm CyIecTBYeT) HAZOBEM GEPOAMHOCTLIO MPOTHO20 NPOMEKAHUA.

2. Pasna Jiu HyJIIO BEPOSITHOCTD TPOHHOIO niporekanust? CylecrByer jin yKasaHHblil 1pejies?
Cobvimus X, Yy, Z, cmanosames nesasucumvimu ¢ pocmom n, ecan P(X, NY, NZ,) —

P(X,)P(Y,)P(Z,) — 0,tne P(X,NY,NZ,) — BepOATHOCTH OJHOBPEMEHHOTO HACTYIIICHUS

srux cobwiruit, a P(X,,), P(Y,), P(Z,) — BEpOATHOCTH WX HACTYILJICHUS TI0 OTIEJbHOCTH.

3. Ilycrs cobbrne X* — nmporekanue skujpkocTn k MKy MPOTHBONONOKHBIMA CTOPOHAMHE
1 yv2 y3
ApAgi1 1 Api3Agtq. Cranosarea s X, X7, X, He3aBUCUMBIME C POCTOM N7

4. Haitjjure BeposTHOCTH TPOHHOIO TPOTEKAHMUS.

5. Permmmre anajorn npegblayImux 3a/1a4, ecau mectnyroabunk Ay Ay A3 A4 AsAg 3amensiercs:
Ha MHOI'OYTOJIbHUK ¢ 6 ormedeHHbIME TOuKamu Ay, Ao, Asz, Ay, As, Ag Ha rpanuie.

6. Bepno Jjin, 9T0 ecim jiBa MHOTOYTOJIBHUKA ¢ 6 OTMEYEHHBIMU TOYKAMK Ha TPAHUIE COB-
MEITAI0TCsI KOH(MOPMHBIM OTOOparkeHHeM, TO BEPOATHOCTU TPOMHOIO MPOTEKAHUs JJIsT HUX
paBHBI?
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[IycTh Temeph BMECTO MIECTHYTOJbHUKA TaH MPABUIbHBI TpeyroabauK A As Az co cTopo-
Hoii 1 u merTpoMm B KjeTke O. PaccMOoTpuM Bce KJIETKH, U3 KOTOPBIX KUJTKOCTh 1 MpoTeKaeT
J10 ctoponbl Ay Az. Ouu 00pa3yoT HECKOJBKO MHOTOYTOJBHIKOB, BOSMOXKHO, C HECKOJILKUMMA
“nuipkamu’. Ilycrs cobbitue X, cocront B ToM, uro O HaXOIUTCsl BHYTPH OJIHOIO M3 MHOI'O-
YTOJIbHUKOB (B TOM 9HCJIe, BO3MOYKHO, BHYTPH OJIHOM U3 “JBIPOK”). AHAJIOTHIHO OTIpEIesIuM Y,
u Z,. llpenes BEpOATHOCTH OJJTHOBPEMEHHOI'O HACTYILIEHUs cOObITUit X,,, Y, Z, Ipu n — 00
(ecain cyiecTByeT) HA30BEM GEPOAMMOCTIDIO MPOTH020 OKPYHCEHUA.

7. Pemure anajorn npejbiymx 3a/a4 JiJisi TPORHOTO OKPYXKEHUsI BMECTO MMPOTEKAHUSI.

8. CdopmynupyiiTe 1 pelnTe aHAJOIU HIPEJbLIYIIUX 3324 JIJisd 8 1IBETOB BMecTO 4.

3. OTkpbIThIe IPOOJ/IEMBI: 3aKOHBI COXPaHEHUS

[lesb 9THX 3a/1a4 — IPOBEPUTH, KaKUe 13 3aKOHOB COXpaHeHHUsl, ycTaHOBIeHHbIX B 2017 rojy
JIsT KAGCCUMECKOT JMCKPETHON TeOprr 110J1st [2], BBIIOIHSIIOTCS JJIst K6aHM OG0T TEOPUH.
9. Bepuemcs k urpymeunoit mojesan u3 §1. Ilyers na kaxjoit jopore AB 3ajiaH0 KOM-
miekcHoe ducio j(AB), HasbiBaemoe cuaot moka. s mannoro nabopa Kypcos oomena U
0003HATNM

S'[U] := —Re (ZABCD U(ABCD)+ Y U(BA) j(AB)) .

Kypcol oOMena Tenepb OyayT caydaiiHbIMU KOMILJIEKCHBIMU UUCIaMU, PABHBIME 1 110 MOJIYJIIO.
A uMenHo, TI0THOCTH BeposiTHOCTH Habopa Kypcos U paBHa,

PlU] :=e ")z,

rJle MOCTOsIHHAsT Z BBIOMPAETCsI TaK, YTOOBI MOJIHAS BEPOSITHOCTH PaBHSIACH 1.

[Iycrs O — moboit Herparmanbiii ropos, a £, N, W, S — ero cocenu cipasa, CBepXy, CJIeBa
U CHU3Y COOTBETCTBEHHO. BepHO Jik, 9TO MHUMAas 4YacTh MaTEeMaTUIECKOI'O OXKUJIAHUS CJIy-
YalHOW BEJIMYUHDI

J(OEYU(EO) + j(ON)U(NO) —U(OW)j(WO) —U(0S)j(SO)

pasra 07 (910 03HaYATO0 ObI corpanenue 3apada: HATPUMED, €CITH BCE KyPChl OOMEHA €IUHI-
HBIE, TO PACCMATPUBaEMasi BeJIMUINHA PABHA PA3HOCTH MEXK]1y BTEKAIOIIMMHU U BBITEKAIOIUMN
n3 y3na O Tokamn. )

10. To xke camoe, ecim Kypchbl 0OMeHa — yHUTaPHbIEC MAaTPUILI pasMepa 1 X 1, CUJIbl TOKOB
— MPOM3BOJIbHBIE KOMILIECKHBIE MATPHUITHI 12 X 1, BeuuanHa S'[U] 3aMensiercst Ha

S"[U] :== —ReTr (ZABCD U(ABCD) + ZAB U(BA)j (AB)) ,

a MHUMas 9aCThb 3aME€HACTCA Ha OPTOIOHAJIbHYIO TPOCEKINIO Ha MHMOAIIPOCTPAaHCTBO KOCOIPMU-
TOBBIX MAaTPHII.

11. Csasv cummempuii ¢ zaxonamu coxpanenus. lycrs L(x,y) — muddepennupyemast
byukiua R? — R. Pacemorpum ciydaitnblit sekrop (71, ..., 2y) € RY ¢ miornocrsio sepo-

ATHOCTHU
N+1

P(xy,...,zN) :=exp | — Z L(xy,xe —xi1) | /2,
t=1



r7ie Mbl mojaraeMm xog = 0, xy1 = 1, a mocTosinHas Z BLIOMPAETCs Tak, YTOOLI MOJHAsT BEPO-

arHOCTh paBHsAnack 1. [lycts mamuiucs Takue GyHKIUA S1(T1, ..., TN )y .-, SN(T1, ..., TN),
9TO

0

—L(xt + )\St, Ty — Tp—1 + )\(St - St—l)) =0

O\ A=0
JUisd JIIO0BIX X1,...,xny € R u 2 < t < N. Bepno jiu, 9470 MareMaTudecKoe OXKHUJAHHUE
CIIY4aHON BEJIMYNHDBI

oL
St—1($1, e ,ZL"N)a—y(ﬂ?t, Lt — xt—l)

He 3aBUCUT OT t7

IIy6aukamuu ctyaenToB. Anajor 3amaan 9 s deticmeus Buassna ma gepese perren
B [1].
[1] M. Fedorov, Conservation laws in quantum field theory on graphs, submitted, 2018.

[2] M. Skopenkov, Discrete field theory: symmetries and conservation laws, submitted, 2017. arXiv:1709.04788
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Hanpapnenne 1. Harnsaanas Teopus noTeHmaa M 3aMOIEHNS

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

OrkpoiThiii Boripoc. Kakue MHOIOyroJibHUKYM MOYXKHO CJIOXKUTH U3 110J00HBIX JAPYT JIPYTY
MPSMOYTOJLHUKOB C JIAHHBIM OTHOIIIEHUEM CTOPOH 7

4. CTapTOBbIe YonpaxkHeHnu#d
— Y wmens ecmo moicav! — cxasan ydas, omxpusas eaaza. — Muocav. U s e€ dymaro.

— Kakas Moicav? — cnpocusa Mapmoluika.

— Tax cpasy me ckastcews...

— Vx mu! — nodnpwenysa mapmuwra. — O, KaKaA TOPOUWAA MBLCAL. A MOHCHO A €€ MONCE HEMHONCKO NOOYMAL0?
I. Ocmep, “Babywra ydasa”

1. Craoxnre KBaJApaT N3 HECKOJIBKNUX MPAMOYTOJIBHUKOB M X N, TAE M N N — IIeJIble YnCJa.

2. Jlusaiinepy 3aka3aju paMbl Jjist KBajpaTrHoro okHa. Ha npoekrax (pucyuku A B) mokasa-
HO, KaK JIOJIXKHBI IPUMBIKATH CTEKJIa JIPYT K JAPYTY, U KaK OHU JIOJ?KHbBI ObITH OPUEHTUPOBAHbI
(KopOTKoﬁ WJIN JIJIMHHON CTOPOHOM BBepx). MoxHo Jin ¢jiesiaTh Bce CreKJsa B KaxKJjoi pame
110JIOOHBIMU IPAMOYTOJbHUKAMU !

3. MoxHo Jin pazpesarb KBajpaT Ha 3 HOJOOHbBIX, HO HEPABHbBIX IPSIMOYIOJbHUKA?
4. MoxHo 1 paspe3arTh KBajpar Ha b KBaJIpaToB?

5. Bce nonkn y mkada Ha pucyrke C, Kak ¥ BCe JIOCKYTKH, W3 KOTOPHIX CITUTO OJESIO Ha
pucynke D — kBajparHbie. ABISIOTCS JIM KBaAPATHBIME CaMu MKad U 0J1estio?

6. MoxxHO Jin 3aMOCTUTH BCIO TIJIOCKOCTD MOTIAPHO Pa3/IMUHBbIMU KBaJipaTaMiu, JJIUHBI CTOPOH
KOTOPBIX — TieJible Jucia?

7. MoxHO Jin KBaJ[paT pa3pe3arh Ha IPIMOYTOJIBHUKN ¢ OTHOIICHHEM CTOPOH 2 + v/27
8. Spusiercst i 1+ /2 CyMMOIT KBaJIpaTOB Ynces BUIa a + b\/ﬁ, rjie a 1 b — panmonaabHbI?

[TycTh Ha npsiMmoyroJibHOM JiucTe OyMaru HaprcoBaHO pa3OueHne Ha MPSIMOYTOJIbHUKN. Pa3-
peraeTcss pa3pe3arhb JUCT BJIOJIb JIIOOOr0 OTPE3Ka Ha, JIBa MPSAMOYTOJbHUKA, TOTOM TPOU3BE-
CTHU TaK¥e OTMePAINH TO-0T/IeJIbHOCTH ¢ KayKJI0# W3 MOy IUBIITUXCS JacTeil, u Tak jajee. Ecin
TaKUM 00pPa3soM MOXKHO Peaju30BaTh HUCXOJIHOE pasdWeHue, TO HA30BEM €ro Mmpusud.boHbiM.
Hanpuwmep, pasouenust na pucynkax A,B — rpusnasibnbie, a C,D — ner.

Cutejryrotiue 4 yrpaxKHeHus PeJJIaraeTcs PEiuTh moabko 0ad MPueuasbHuT pa3oneHuii.

9. Kakune npsiMmoyrojibHUKM MOXKHO pa3pesarh Ha MPSIMOYTOJIbLHUKK CO CTOPOHOM 17
10. Kakwue npsiMmOyrosibHUKH MOYKHO pa3pe3aTh Ha KBaPaThl!
11. Moo Jin KBaJpaT pa3pesarhb Ha NPSMOYTOIBHIKN ¢ OTHOIIEHIHEM CTOPOH v/27

12. Bce uncsa, KOTOpbIe MOXKIHO IPEACTABATD B BUJE T = @ + b\v/2 ¢ pAlHOHATIBHBIME @ U D,
Ha30BeM Topowumu. [Ipr KaKnX XOpPOIIUX T KBaJAPaT MOXKHO Pa3pe3aTh Ha IPAMOYTOJbLHAKA
¢ OTHOLIEHUEM CTOPOH 7

Updated version: https: //www. mccme. ru/ “mskopenkov/ skopenkov-pdf/problems. pdf 2018


https://www.mccme.ru/~mskopenkov/skopenkov-pdf/problems.pdf

Hanpapnenne 1. Harnsaanas Teopus noTeHmaa M 3aMOIEHNS

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

5. OTKpbIThIE TPODOJIEMBI O 3aMOIIEHNAX C (PU3MUECKOIT MHTEPIIPEeTAIINEN

1. Jlan kouBept B popMme npsiMmoyroJibHuka a X b. IIpn kakux BelecTBeHHbIX ¢ U b €ro MOYKHO
OKJIENTh KBaJIPATHBIMU MapkaMu O€3 MPOCBETOB M HaJOXKeHu# ¢ obeux cropon? Ksajpars
pasperaercd rneperudbaTh dyepe3 Kpail mpsiMOyroibHUKA, UX pa3Mephbl MOTYT Pa3IndaThCs.

2. IloBepxHOCTH KaKWX PaBHOTPAHHBIX TETPA’dIPOB MOYXKHO OKJIEUTH KBaJpaTaMu Oe3 Mpo-
CBETOB M HaJIOKeHWH! A KaKnX — MPaBUJIbHBIMIA TPEYTOJbHUKAMMI !

3. [IloBepxHocTu KakKux MHOI'OIPDAHHMKOB MOXKHO OKJIEMTH KBajiparaMu 0e3 IIPOCBETOB U
HaJIOXKeHni? A KaKuxX — MpaBUILHBIMA TPEYTOJTbLHAKAMIE !

4. Hekoropblie mapbl CTOPOH MHOTOYTOJTbHUKA HA PUCYHKE (CJIeBa WK ClipaBa) CKyeeHbl. [1pu
KaKWX JJIMHAX CTOPOH TOJIYUYEHHYIO MOBEPXHOCTh MOXKHO pas3pe3arh Ha KBaJIPaThl!

— 1 —

5. CyiecTByer Jii MHOIOYTOJIbHUK, KOTOPBIF MOYXKHO pa3pe3arh Ha KBaJpaThl, HO HEJIb3s

MPUBUAALHO PA3PE3aTh Ha KBaJparhl (onpejenerue jaHo B §4, cM. Bepcuio Ha caiire)?

6. Kaxkue MHOrOYroJibHUKY PA3pe3aiorcst Ha, HPIMOYIOJIbLHUKHY ¢ JAHHBIM OTHOLIEHKEM CTOPOH
x? A Kakne — Ha IPAMOYTOJLHUKK C JAHHLIMU OTHOIIEHUSME CTOPOH X1, ..., T,7

7. Kakue MHOroyrojJbHUKHM paspe3alorTcsl Ha NpaBUJIbHbIE TPEyroJbHuKu? A Kakue — Ha
pomObI ¢ yriom 60°7

8. CyimecTByer 1 NeHTPAILHO-CUMMETPUIHDLII MHOTOYTOILHUK, KOTOPLIA MOXKHO Pa3pe3aTh
Ha IPaBUJIbHBIE TPEYTOJLHUKY, HO HEJIb3sl pa3pe3arh Ha poMObI ¢ yriaoMm 60°7

9. Kakmne MHOrOyroJIbHUKN MOYXKHO paspe3arh Ha TPaTenun, TOMOTeTHIHbIe JaHHO’

10. Korya us napaJuiesenuieion, moJo0HbIX JaHHOMY, MOYKHO COCTaBUTH Ky0?

ITybaukarum crygeHTOB. 3ajaqa 1 Jiyisi ciydas pashuxr KBajparos peiiena B [5]. 3a-
nada 2 JUist npasuavrozo Terpasapa perena B [1|. Permenne 3amauun 6 jiis paspesanuii npa-
MOY2ONONUKG T TOPOWUL T1, . .., T, (onpemenenue qano B §4, cM. Bepcuio Ha cafite) omyb-
sukoBano B [9] u yuporieno B [6]. Bajgauu 6 u 9 jyist wacTHBIX ciaydaes perienbl B |3, 4].
DieMeHTapHOE BBEJIEHUE B UCIOJIb3yeMble MeToibl jano B [10, 8, 7|, BBosHBIE 381811 — B [2].
[1] Banmakun A., OxienBanue TeTpasapa kBagparamu, Maremarudeckoe npocsemenue. Cep. 3., 2018, B meuarn.

[2] KeazpaT n3 momoGHBIX TIPSIMOYTOJIBHUKOB, 26-s1 JIeTHsIsE KOH(DEPeHIs MeXIyHAPOJAHOTO MaTeMaTHdeckoro TypHupa roponos, 2014,
http://wuw.turgor.ru/lktg/2014/3/index .htm

[3] 3Beper ., Pa3pesanuss MHOrOyroJbHUKOB Ha TpPAIeNUH, H0J00HbIe JAHHOM, IpeacTaBieHo K mybmkanuu, 2017, arXiv:1709.02773
[4] Hosukos U., Paspe3anue Ha 0J00HBIE MIPSIMOYTOJIBHAKA MHOIOYTOJIHUKOB, COCTABJIEHHBIX U3 PABHBIX IIPSIMOYTOJBHUKOB, 2018.

[5] Oxeroe @., OksrenBaHe TPSMOYTOILHIKA PABHBIMHU KBaIpaTaMu ¢ 0GOMX CTOPOH, IIPEJCTaBJIeHO K Iybsmkarmu, 2018.

[6] PsiGos IL., Tononuenue k pesyasraram @. Ilaposa // Mar. mpocsemenne. Cep. 3. 2018. Brim. 22 (Becna). C. 165-170. arXiv:1711.09406
[7] Ckomenkos M., Manuuoeckast O., Topuuenko C. Cobepu kBazpar // Ksanrt. 2015. N2. C. 6-11. arXiv:1305.2598

[8] Cxonenkos M. IIpaconos M.,Jopuuenko C. Paspesanunsa merasmaeckoro upamoyronpauka/ /Ksanr.2011.N3.C.10-16. arXiv:1011.3180

[9] LIapos ®@.A., Pa3pe3anus upsMOoyrosbHUKa Ha IPAMOYTOJBLHUKU C 33JaHHBIME OTHOLIeHMAME CTOpoH // Maremarumdeckoe npocse-

menne. Cep. 3. 2016. Berm. 20. C. 200-214. arXiv:1604.00316

[10] ITapor @.A., x-rutomags, npeacTaBaeHo K myGmamkanmm, 2017. arXiv:1711.08503
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Hampasnaenue 111, Harnganas reomerpus 11 apXUTCKTYPhI

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

OtkpseIThiii Bonpoc. Ha kakux moBepxHOCTSX depe3 KaxkIylo TOUYKY MPOXOJSIT 2 IIapa-
0OJIbI C BePTUKAJIBLHBIMU OCSIMU?

6. CraproBble ynmpaKHEeHUd

[Tycrs [4 u [y — jBe npsiMble Ha [JIOCKOCTH, [ — TpsiMasi, He HapaJiie/ibHas HU OJHOM u3
Hux. [lapasresvroim npoexmuposanuem TPAMOR (1 HA TTPAMYIO lo OTHOCHTEIHLHO HAIpPaBJIe-
Hust | HA3BIBAIOT OTOOpakKeHue, KOTopoe Touke A NmpsMmoit [; CTaBUT B COOTBETCTBHE TOUKY
nepeceveHust MpsiMoit |4, mapaJiesbHoi [ n ipoxojsmeil gepe3 A, ¢ npsimoit .

11. Joboe Jin napaJsiie/ibHOe 1ITPOEKTUPOBAHUE HPIMOIM Ha HPAMYIO COXPaHSeT JIJIMHBbI OT-
pe3KoB?

IIpocmuim ommuowenuem ymnopsiouennoii Tpoitku touexk A, B, C' na npsimoit (B # ()
Ha3bIBaeTCs Takoe ducyo x, uro AC' = x - BC.

12. a) [IpocToe oTHotenne ymopsiiouenHoi Tpoikn ToUeK Ha MpsAMoit paBHo x. Haiiaure
IIPOCTHIE OTHOIIEHUS STUX TOYEK, 3alIMCAHHBIX BO BCEX JIPYI'UX MMOPsSIJIKaX.

b) I[IpocToe oTHOIIIEHNE YIOPSIOUEHHONH TPORKN TOUEK Ha MPSMOil COXPAHSIETCS TIPH TapaJ-
JIEJILHOM TPOEKTUPOBAHWH.

13. a) KoMmmnosunuei HECKOJIBKUX MAPAJUICbHBIX TPOCKTHPOBAHUI MPSIMOl MOXKHO TI€peBe-
CTHU JIIOOBIE JIBE pa3JUIHble TOYKHU B JIIOOLIE JIPYTHE JIBE pa3IuIHble TOUKH.

b) BepHo Jin aHasiornaHoe yTBEpXKIEHUE JJIs JIBYX TPOEK TOUEK Ha MPsSMOii?

¢) Haitre oupejesienue napajuiesbHOrO HPOEKTUPOBAHUS OJHOM [LJIOCKOCTH B POCTPAHCTBE
Ha JPYTYIO.

d) Kommnosunueil HeCKOIbKUX MapaJiieIbHbIX TPOEKTUPOBAHUI TIOCKOCTH MOXKHO MEPEBECTH
JIIOOO# TPEYroJIbHUK B JIIOOOW JIPYTOii.

e) Bepro sin anajoruaHoe yTBEp:KICHUE IS JIBYX UETHIPEXYTOJIbHUKOB?!

14. a) Kaxjasi cropoHa TPEyroJibHUKa MOJIeJIeHa Ha TPU PABHBIC YaCTH, M TOYKM JICJICHUs]
COEJINHEHBI C IMPOTUBOIOJIOXKHBIMU BepiinHamMu. JlokaxKuTe, UTO JUATOHAJIH “BHYTpPEHHEro”
6-yroJIbHUKa MePeCceKaloTCst B OJIHON TOUKE.

b) B kakoM OTHOIIEHUHU JICJUT OCHOBAHUs TPANEIUK TPsiMast, IPOXOJIAIIAsT Yepe3 TOUKY I1e-
pecedeHusl AUaroHaJieil 1 TOUKY IepecedeHusl IPOI0KEeHH ODOKOBBIX CTOPOH !

¢) Hdaubl jnBe mapaJuienbHble npsamble n Toukn A, B Ha onHoit u3 mHux. [locrpoiite omHoii
JINHEWKOI cepenuay orpeska AB.

15. Ilycro menpepoiBaas ouekmus f: R — R cepemnuay m000ro orpeska mepeBojuT B cepe-
JHYy ero obpasa, a Touku 0 u 1 ocrapisier Ha Mmecre. Torma juisi Bcex ,y € R um,n € 7Z,

a) f(2z) =2f(x); D) f(x+y) = fle)+ fly); <) f(m/n)=m/n; d) f(z)==2.

Bamaga Husa. Ocnosnas meopema afdunnot ecomempuu ( Mébuyc—gpon HImayom). Jlio-
60€e HelpepbIBHOE B3aMMHO-OJHO3HAYHOE OTOOpaXKeHHUe IJIOCKOCTH, HMEePEeBOsIIee PsiMble B
IPSIMBIE, SIBJISIETCS KOMIIO3UINEH MapaJlie/IbHBIX TPOEKTHPOBAHMTIA.
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Direction I. Discrete field theory

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

3. Leading exercises: toy model of gauge theory

Several cities are connected by roads in the shape of an M x N grid; see the figure. Each city has its own
type of goods (in unlimited quantity). E.g., city A has apples and city B has bananas. For two neighboring
cities A and B an exchange rate U(AB) > 0 is fixed, e.g., 2 bananas for an apple. The rate is symmetric,
i.e., U(BA) = U(AB)™': one gets back an apple for 2 bananas.

2
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A cunning citizen can travel and exchange along a 1 x 1 square ABC'D to multiply his initial amount of
goods by a factor of U(AB)U(BC)U(CD)U(DA). E.g., in the figure to the left the factoris 2-1-4-1=28.
Denote U(ABCD) := U(AB)U(BC)U(CD)U(DA).

In particular, a trip along the square ABCD gives profit in one of the directions, if log, U(ABCD) # 0.
The total speculation profit is measured by the sum S[U] of the values logs U(ABCD) over all 1 x 1 squares
ABCD (say, bypassed counterclockwise). E.g., in the figure to the left

S[U] = logi U(ABCD) + logs U(DCFE) = (log, 8)* + (log, £)* = 10.

You are the king, who can set exchange rates except those on the boundary of the grid. You set them to

minimize the quantity S[U]. The resulting rates are called optimal.
1. Clean up the kingdom in the left figure, i.e., find the number x for which the total speculation profit in

the middle figure is minimal.
Notice that the change of variables z(AB) := log, U(AB) simplifies the expression for the profit a lot:

Sla] := ZABCD(:U(AB) + #(BC) + #(CD) 4+ z(DA))?.

For each 1 x 1 square ABCD denote z(ABCD) := x(AB) + x(BC) + x(CD) + x(DA). E.g., in the
figure to the left, x(ABCD) = 3. Denote by W the factor multiplying the initial amount of goods for a
counterclockwise travel around the whole boundary. E.g., in the figure to the left, W = 4.

2. Assume that the fixed rates at the boundary are as in the figure, i.e.,

2,
U(AB) = and is directed counterclockwise along the boundary;
1, if AB is on the eastern or western border of the grid.

if AB is on the southern or northern border of the grid

Clean up the kingdom for the following particular grid sizes, i.e., complete the table:

Grid 1x2 1x3 1x N 2% 2

The value W 4
The minimal value for S[U]

Optimal rates U(AB) for all roads AB
Values z(AB) for all roads AB

Values z(ABCD) for all 1 x 1 squares

3. a) For which values of the boundary rates in an M x N grid one can achieve S[U] = 07

b) For which values of M and N the optimal rates are uniquely determined by the boundary rates?
¢) How M, N, W and the minimal speculation profit are related?
d) Which of the grids — 8 x 8 or 7 x 9 — has smaller speculation profit, if W is the same?
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Direction II. Visual potential theory and tilings

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

Open question. Which polygons can be tiled by rectangles of given side ratio x?

4. Leading excercises
— I have a thought! — said Boa and opened his eyes. — A thought. And I think it.

— Which thought? — asked Monkey.
— It takes time to explain...
— Wow! — jumped Monkey. — What a good thought! May I also think it a bit?

G. Oster, “Boa’s grandmother”

1. Form a square from rectangles m x n, where m and n are integers.

2. A designer was offered to make square window frames. In Figures A.B it is shown how
the panes should be adjacent to each other and how they should be oriented (with the short
side or with the long one to the top). Can all panes in each frame be similar rectangles?

3. Is it possible to dissect a square into 3 similar, but not equal rectangles?
4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D,
are squares. Are the board and the piecework also squares?

6. Is it possible to tile the plane by pairwise distinct squares with integer sides?

7. Is it possible to dissect a square into rectangles of side ratio 2 4+ /27
8. Is 14 +/2 a sum of squares of numbers of the form a + bv/2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of
paper along any straight line segment into two rectangles, then repeat the same operation
separately for each of the obtained parts, and so forth. If it is possible to represent the initial
tiling in this way, then the tiling is called #rivial. For instance, the tilings shown in Figure A,B
are trivial, but those in Figure C,D are not.

It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 17
10. Which rectangles can be dissected into squares?
11. Is it possible to dissect a square into rectangles of side ratio v/2?

12. All numbers, which can be represented in the form = = a 4+ bv/2 with rational a and b,
are called good. For which good x a square may be tiled by rectangles of side ratio x?
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5. Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a x b. For which real a and b it can be completely
covered by nonoverlapping square marks from both sides? It is allowed to fold the squares
across the edges of the envelope, and the sizes of the squares may be different.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares?
And into regular triangles?

3. Which polytopes made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the figure (to the left or to the right) are glued. For
which side lengths the resulting surface can be tiled by squares?

1 1

5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares
(see the definition in §4)7

6. Which polygons can be tiled by rectangles of given side ratio 7 And by rectangles of
given side ratios xy,...,x,"

7. Which polygons can be tiled by regular triangles? And by rhombi with a 60° angle?

8. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot
be tiled by rhombi with a 60° angle?

9. Which polygons can be tiled by trapezoids homothetic to a given one?

10. When a cube can be tiled by parallelipipeds similar to a given one?

Publications of students. Problem 1 for equal squares is solved in [3]. Problem 2 for a
reqular tetrahedron is solved in [1]. A solution of Problem 6 for tilings of a rectangle and good
T1,..., %, (see the definition in §4) is published in [5] and later simplified in [4]. Problems 6
and 9 are solved |10, 2| in some particular cases. Elementary introduction to the methodology
is given in [6, 8, 7], introductory problems are in [9].

[1] A. Balakin, Covering a tetrahedron by squares, Mat. Prosveschenie 3rd ser. (2018), to appear (in Russian).

[2] I. Novikov, Tiling polygons composed of equal rectangles into similar rectangles, submitted, 2018 (in Russian).

[3] F. Ozhegov, Covering of a rectangle by equal squares from both sides, submitted, 2018 (in Russian).

[4] P. Ryabov, A compement to the results by F. Sharov, Mat. Prosveschenie 3rd ser. 22 (Spring) (2018), 165-170. arXiv:1711.09406

[5] F. Sharov, Dissection of a rectangle into rectangles with given side ratios, Mat. Prosveschenie 3rd ser. 20 (2016), 200—214 (in Russian)
arXiv:1604.00316 (in English and in Russian).

[6] F. Sharov, x-area, submitted, 2017 (in Russian). arXiv:1711.08503
[7] M. Skopenkov, O. Malinovskaya, S. Dorichenko, Compose a square, Kvant 2 (2015), 6-11 (in Russian). arXiv:1305.2598
[8] M. Skopenkov, M. Prasolov, S. Dorichenko, Dissections of a metal rectangle, Kvant 3 (2011), 10-16 (in Russian). arXiv:1011.3180

[9] A square from similar rectangles, 26th summer conference of International mathematical Tournament of towns, 2014 (in English and
in Russian), http://wuw.turgor.ru/lktg/2014/3/index.htm

[10] I. Zverev, Dissections of polygons into similar trapezoids, submitted, 2017 (in Russian). arXiv:1709.02773
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6. Inverse problem for alternating-current networks

YAn alternating-current network is a (not necessarily planar) graph with a fixed subset of
vertices (boundary vertices) and a complex number ¢(xy) with positive real part (conductance)
assigned to each edge zy [2, Section 2.4]. The voltage is any complex-valued function v(z) on
the set of vertices such that for each nonboundary vertex y we have 3, c(zy)(v(z) —v(y)) =
0, where the sum is over all the edges containing the vertex y. One can see that the voltage
is uniquely determined by its boundary values |2, Section 5.1]. The current flowing into
the network through a boundary vertex y is i(y) == >_,, c(xy)(v(x) — v(y)). The network
responce is the matrix of the linear map taking the vector of voltages at the boundary vertices
to the vector of currents flowing into the network through the boundary vertices.

The general electrical-impedance tomography problem is to reconstruct the network from its
response. For direct-current planar networks, meaning that all the conductances are positive,
the problem has been solved in [1].

Teaser. There is a matrix realizable as the response of the network in the figure to the
right (for the boundary vertices Ny, Ny, N3 and some edge conductances Ry, Rs, R3) but not
to the left. . N

Fe : Ny N

Denote by Wy, the set of complex b x b matrices A having the following 4 properties:
1) A is symmetric;
2) the sum of the entries of A in each row is zero;
3) ReA is non-negatively definite;
4) it U = (Uy,...,U) € R® and UT(ReA)U = 0 then Uy = - - - = U,

11. Prove that the set of responses of all the possible connected alternating-current networks

(
(
(
(

with b boundary vertices is the set Wy,

It is known that Conditions (1-4) are necessary. Sufficiency is known for b =2 and b = 3
|2, Theorem 4.7]. For general b there is a solution by G. Rote (private communication).
12. Given a response matrix provide an algorithm to reconstruct the network and the edge
conductances.
13. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.
14. Describe the set of all the responses of all the possible planar networks with edge
conductances having positive real parts.
15. Let the conductance of each edge be either w or 1/w, where w is a variable. Describe
the set of all the possible responses of such networks as functions in w.

This is known for b = 2 boundary vertices — Foster’s reactance theorem |2, Theorem 2.5|.

[1] E. B. Curtis and J. A. Morrow, Inverse problems for electrical networks, Series on Appl. Math. 13, World Scientific,
Singapore, 2000.

[2] M. Prasolov and M. Skopenkov, Tilings by rectangles and alternating current, J. Combin. Theory A 118:3 (2011), 920-937,
http://arxiv.org/abs/1002.1356.

IPublished in Discrete differential geometry, Oberwolfach Reports, 2015
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7. Asymptotic estimates for conductance

The Green function R(x,y) 1is the resistance between the origin and

the vertex (z,y) in a infinite square lattice of unit resistors. P i R
Teaser. R(0,1) = 1/2, R(1,1) = 2/x, and R(z,y) = 5-In(z*+y*)+O(1). | et
The same asymptotic form holds for triangular and hexagonal lattices. i\ * ;“‘“7'
16. Prove the same for arbitrary nondegenerate uniform orthogonal lattice. L. -/
17. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) — u(w)| =

O(lz — wl).

18. Generalize star-triangle transformation to nonrhombic lattices.

8. Convergence of dicrete analytic functions to their continuous counterparts

A quadrilateral lattice is a finite graph () C C with rectilinear edges such that each bounded
face is a quadrilateral. A complex-valued function f on the vertices of @) is called discrete
analytic, if for each quadrilateral face 21292324 we have

flz1) = f(z3)  f(z2) — f(24)

Z1 — 23 Z9 — Z4

The real part of a discrete analytic function is called a discrete harmonic function. The
discrete Dirichlet problem is to find a discrete harmonic function with given values at the

boundary. A function u is equicontinuous, if |u(z) —u(w)| = O(¢(|z — w|)) for some function
¢(z) such that lim, o ¢(z) = 0.

2

Teaser. The function f(z) = z is discrete analytic but f(z) = 2 is not unless the faces of

(@ are parallelogramms.
e
1 T

19. Is it true that discrete harmonic functions are equicontinuous?

20. Isit true that the solution of the Dirichlet problem converges to its continuous counterpart
under lattice refinement?

13



Open problems in geometry and potential theory
Direction III. Visual geometry for architecture

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

This is a collection of visual open problems in geometry. The statements of most problems
are elementary and use only a few definitions given in the text. But their solution leads to
important ideas of modern mathematics. Each individual problem with a number is a topic
for a one-year term work. The problems are suitable at any education term.

9. Surfaces containing two parabolas through each point

21. Find all functions f: R> — R with the following property: through each point of the
plane one can draw two lines such that the restriction of the function f to each of the lines
are quadratic functions.

Example. The surfaces given by the equations
z = zy(z + y) (left figure) or 2 = 22 + y* (middle figure)

An isotropic circle is either a parabola with the axis parallel to Oz (middle figure) or an
ellipse whose projection into the plane Oxy is a circle (right figure).
22. Find all surfaces in R? containing a line and an isotropic circle through each point.

23. Find all surfaces in R? containing two isotropic circles through each point.
24. Which sets of circles can be the top view of the isotropic circles on such surfaces?

25. Find all surfaces in R3 enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry |7, §2|.

26. Find all surfaces in R?® containing 3 isotropic circles through each point. Find all
hexagonal webs from isotropic circles on surfaces (except isotropic spheres).
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10. Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

27. Let r and R be fixed. Find all surfaces in R? such that through each point of the surface
one can draw two circles of radii » and R fully contained in the surface.

28. Let a be fixed. Find all surfaces in R? such that through each point of the surface one
can draw two circles fully contained in the surface and intersecting at angle a.

29. Let a be fixed. Find all surfaces in R3 such that through each point of the surface one
can draw two circles fully contained in the surface, the planes of which intersect at angle a.

Hint. Deduce from the classification of surfaces in R? containing 2 circles through each point.

The surface ®(u,v) = (u+1)(v+7)~ in R? | where i and j are quaternion units, contains
a line and a circle through each point but it not a quadric, cf. [4].
30. Find all surfaces in R* containing a line and a circle through each point.

31. Consider the surface in R* = H parametrized as
(I)(S, t) = (CLQSt + a18 + CLQt + &3)([)08t + bls + bgt + bg)_l,

where a;,0; € H are fixed, and s,t € R are variables. How many circles can the surface
contain through each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic
preimage of the surface.

e what degree does it have (cf. [2])7
e is it always the intersection of the unit sphere in R® with two other quadrics?
e what is the configuration of the planes of the circles on it (cf. [5])?

32. Does each surface in R* containing 3 circles through each point belong to this class of
surfaces (cf. [3])7
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