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Ýòî ïîäáîðêà îòêðûòûõ ïðîáëåì â ñîçäàâàåìîé íà íàøèõ ãëàçàõ äèñêðåòíîé òåîðèè ïîëÿ, à òàêæå
êëàññè÷åñêîé ãåîìåòðèè. Ôîðìóëèðîâêè áîëüøèíñòâà çàäà÷ ýëåìåíòàðíû è èñïîëüçóþò òîëüêî íåáîëü-
øîå êîëè÷åñòâî îïðåäåëåíèé, ïðèâåäåííûõ â òåêñòå. Â òî æå âðåìÿ èõ ðåøåíèå ïîäâîäèò ê âàæíûì
èäåÿì ñîâðåìåííîé ìàòåìàòèêè. Êàæäàÿ èç íóìåðîâàííûõ çàäà÷ (êðîìå óïðàæíåíèé) ìîæåò áûòü òå-
ìîé äëÿ êóðñîâîé ðàáîòû. Çàäà÷è ïîäõîäÿò äëÿ ñòóäåíòîâ ëþáîãî êóðñà. Òàêæå ïðèâîäèòñÿ ïîäáîðêà
óïðàæíåíèé äëÿ áûñòðîãî ââåäåíèÿ â êàæäîå èç òðåõ èññëåäîâàòåëüñêèõ íàïðàâëåíèé. À åùå åñòü
ñïåöêóðñ â Âûñøåé Øêîëå Ýêîíîìèêè â 2018/19 ó÷åáíîì ãîäó.

This is a collection of visual open problems in discrete �eld theory created in front of our eyes, and also
in classical geometry. The statements of most problems are elementary and use only a few de�nitions given
in the text. But their solution leads to important ideas of modern mathematics. Each individual problem
with a number (except exercises) is a topic for a one-year term work. The problems are appropriate at any
education term. A collection of exercises for quick introduction to the 3 research directions is also presented.
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1. Ñòàðòîâûå óïðàæíåíèÿ: èãðóøå÷íàÿ ìîäåëü êàëèáðîâî÷íîé òåîðèè

Íåñêîëüêî ãîðîäîâ ñîåäèíåíû äîðîãàìè â ôîðìå ðåøåòêèM×N ; ñì. ðèñóíîê. Â êàæäîì ãîðîäå ñâîè
òîâàðû (â íåîãðàíè÷åííîì êîëè÷åñòâå). Íàïðèìåð, â ãîðîäå A � àïåëüñèíû, â ãîðîäå B � áàíàíû. Äëÿ
ïàðû ñîñåäíèõ ãîðîäîâ A è B ôèêñèðîâàí êóðñ îáìåíà U(AB) > 0, íàïðèìåð, 2 áàíàíà çà àïåëüñèí.
Êóðñ ñèììåòðè÷åí, ò.å. U(BA) = U(AB)−1: çà 2 áàíàíà ïîëó÷àåì íàçàä ñâîé àïåëüñèí.

Õèòðûé ãîðîæàíèí ìîæåò ïðîåõàòü âîêðóã êâàäðàòà ABCD ðàçìåðà 1× 1, ìåíÿÿñü ïî ïóòè, â ðå-
çóëüòàòå ÷åãî åãî íà÷àëüíûé çàïàñ òîâàðîâ óìíîæèòñÿ íà U(AB)U(BC)U(CD)U(DA). Òàê, íà ðèñóíêå
ñëåâà îí ïîëó÷èò 8-êðàòíóþ ïðèáûëü. Îáîçíà÷èì U(ABCD) := U(AB)U(BC)U(CD)U(DA).

Â ÷àñòíîñòè, ïóòåøåñòâèå âîêðóã êâàäðàòà ABCD â òîì èëè èíîì íàïðàâëåíèè äàñò ïðèáûëü, åñëè
log2 U(ABCD) 6= 0. Îáùèé äîõîä îò ñïåêóëÿöèé èçìåðÿåòñÿ ñóììîé S[U ] âåëè÷èí log2

2 U(ABCD) ïî
âñåì êâàäðàòàì ABCD ðàçìåðà 1× 1 (îáõîäÿòñÿ îíè ïðîòèâ ÷àñîâîé). Òàê, íà ðèñóíêå ñëåâà

S[U ] = log2
2 U(ABCD) + log2

2 U(DCFE) = (log2 8)2 + (log2
1
2
)2 = 10.

Âû � êîðîëü è ìîæåòå óñòàíàâëèâàòü êóðñû îáìåíà âåçäå, êðîìå ãðàíèöû ðåøåòêè. Âû óñòàíàâëè-
âàåòå èõ, ÷òîáû ìèíèìèçèðîâàòü âåëè÷èíó S[U ]. Ïîëó÷åííûå êóðñû íàçîâåì îïòèìàëüíûìè.
1. Íàâåäèòå ïîðÿäîê â êîðîëåâñòâå íà ðèñóíêå ñëåâà, ò.å. ïîäáåðèòå çíà÷åíèå x, äëÿ êîòîðîãî ìèíè-
ìàëåí îáùèé äîõîä îò ñïåêóëÿöèé íà ðèñóíêå â öåíòðå.

Çàìåòèì, ÷òî çàìåíà ïåðåìåííûõ x(AB) := log2 U(AB) ñèëüíî óïðîùàåò âûðàæåíèå äëÿ äîõîäà:

S[x] :=
∑

ABCD
(x(AB) + x(BC) + x(CD) + x(DA))2.

Äëÿ êâàäðàòà ABCD ðàçìåðà 1× 1 îáîçíà÷èì x(ABCD) := x(AB) + x(BC) + x(CD) + x(DA). Òàê, íà
ðèñóíêå ñëåâà x(ABCD) = 3. Îáîçíà÷èì ÷åðåç W ìíîæèòåëü, íà êîòîðûé óìíîæèòñÿ çàïàñ òîâàðîâ
ïðè ïóòåøåñòâèè ïî ãðàíèöå âñåé ðåøåòêè ïðîòèâ ÷àñîâîé ñòðåëêè. Òàê, íà ðèñóíêå ñëåâà W = 4.
2. Ïðåäïîëîæèì, ÷òî ôèêñèðîâàííûå êóðñû îáìåíà íà ãðàíèöå òàêèå, êàê íà ðèñóíêå, ò.å.

U(AB) =


2, åñëè äîðîãà AB ïðèíàäëåæèò ñåâåðíîé èëè þæíîé ãðàíèöå ðåøåòêè

è íàïðàâëåíà ïðîòèâ ÷àñîâîé ñòðåëêè âäîëü ãðàíèöû;

1, åñëè äîðîãà AB ïðèíàäëåæèò âîñòî÷íîé èëè çàïàäíîé ãðàíèöå ðåøåòêè.

Íàâåäèòå ïîðÿäîê â êîðîëåâñòâå äëÿ ñëåäóþùèõ ðàçìåðîâ ðåøåòêè, ò.å. çàïîëíèòå òàáëèöó:

Ðåøåòêà 1× 2 1× 3 1×N 2× 2
Âåëè÷èíà W 4
Ìèíèìàëüíîå çíà÷åíèå S[U ]
Îïòèìàëüíûå êóðñû äëÿ âñåõ äîðîã
Âåëè÷èíû x(AB) äëÿ âñåõ äîðîã AB
Âåëè÷èíû x(ABCD) äëÿ êâàäðàòîâ

3. a) Äëÿ êàêèõ çíà÷åíèé êóðñà îáìåíà íà ãðàíèöå ðåøåòêèM×N ìîæíî äîñòè÷ü ðàâåíñòâà S[U ]=0?
b) Äëÿ êàêèõ çíà÷åíèé M è N îïòèìàëüíûå êóðñû îäíîçíà÷íî îïðåäåëÿþòñÿ êóðñàìè íà ãðàíèöå?
c) Êàê ñâÿçàíû M , N , W è ìèíèìàëüíûé äîõîä îò ñïåêóëÿöèé?
d) Êàêàÿ èç ðåøåòîê � 8× 8 èëè 7× 9 � äàåò ìåíüøèé äîõîä îò ñïåêóëÿöèé ïðè îäèíàêîâîì W?
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Ýòî ïîäáîðêà îòêðûòûõ ïðîáëåì äèñêðåòíîé òåîðèè ïîëÿ. Ôîðìóëèðîâêè áîëüøèí-
ñòâà çàäà÷ èñïîëüçóþò òîëüêî ïîíÿòèÿ, äîñòóïíûå ïåðâîêóðñíèêàì, íî èõ ðåøåíèå ïîä-
âîäèò ê âàæíûì èäåÿì ñîâðåìåííîé ìàòåìàòèêè. Êàæäàÿ èç íóìåðîâàííûõ çàäà÷ ìîæåò
áûòü òåìîé äëÿ êóðñîâîé ðàáîòû. Çàäà÷è ïîäõîäÿò äëÿ ñòóäåíòîâ ëþáîãî êóðñà.

2. Îòêðûòûå ïðîáëåìû: îäíîâðåìåííîå ïðîòåêàíèå

Â ýòèõ çàäà÷àõ èçâåñòíûå âîïðîñû î ïðîòåêàíèè æèäêîñòè îáîáùàþòñÿ
íà íåñêîëüêî æèäêîñòåé.
Ðàññìîòðèì ÷àñòü øåñòèóãîëüíîé ðåøåòêè ñî ñòîðîíîé êëåòêè 1/n,

ðàñïîëîæåííóþ âíóòðè ïðàâèëüíîãî øåñòèóãîëüíèêà A1A2A3A4A5A6 ñî
ñòîðîíîé 1 è öåíòðîì â êëåòêå O.
Ïóñòü êàæäàÿ êëåòêà ðåøåòêè îêðàøèâàåòñÿ â îäèí èç 4 öâåòîâ (îáîçíà÷àåìûõ �0�,

�1�, �2�, �3�) ñ ðàâíûìè âåðîÿòíîñòÿìè íåçàâèñèìî äðóã îò äðóãà. Íåôîðìàëüíî, ìû
èçó÷àåì ïðîòåêàíèå òðåõ æèäêîñòåé: öâåòà 1, 2, 3 îçíà÷àþò, ÷òî êëåòêà ïðîïóñêàåò
òîëüêî æèäêîñòü 1, 2 èëè 3 ñîîòâåòñòâåííî, à öâåò 0 � ÷òî âñå òðè æèäêîñòè ñðàçó.
Ïóñòü çàäàíà íåêîòîðàÿ ðàñêðàñêà è ÷èñëî k = 1, 2 èëè 3. Áóäåì ãîâîðèòü, ÷òî

æèäêîñòü k ïðîòåêàåò ìåæäó êëåòêàìè x è y, åñëè x è y ìîæíî ñîåäèíèòü öåïî÷êîé
êëåòîê, ñîñåäíèõ ïî ñòîðîíå, â êîòîðîé êàæäàÿ êëåòêà èìååò öâåò k èëè 0. Àíàëîãè÷íî
îïðåäåëÿåòñÿ ïðîòåêàíèå ìåæäó äâóìÿ íàáîðàìè x è y êëåòîê ðåøåòêè.

1. Ðàññìîòðèì âåðîòíîñòü òîãî, ÷òî õîòÿ áû îäíà èç æèäêîñòåé 1, 2, 3 ïðîòåêàåò ìåæäó
öåíòðîì O è ãðàíèöåé ðåøåòêè. Ñòðåìèòñÿ ëè ýòà âåðîÿòíîñòü ê íóëþ ñ ðîñòîì n?

Ïðîòåêàíèå ìåæäó ñòîðîíàìè x è y øåñòèóãîëüíèêà A1A2A3A4A5A6 � ýòî ïðîòå-
êàíèå ìåæäó íàáîðàìè ãðàíè÷íûõ êëåòîê, äëÿ êîòîðûõ áëèæàéøàÿ ñòîðîíà � ýòî x è y
ñîîòâåòñòâåííî (ñ÷èòàåì, ÷òî áëèæàéøàÿ ñòîðîíà îïðåäåëåíà îäíîçíà÷íî). Ðàññìîòðèì
âåðîÿòíîñòü òîãî, ÷òî äëÿ êàæäîãî k = 1, 2, 3 æèäêîñòü k ïðîòåêàåò ìåæäó ïðîòèâî-
ïîëîæíûìè ñòîðîíàìè AkAk+1 è Ak+3Ak+4 (ñ÷èòàåì A7 = A1). Åå ïðåäåë ïðè n → ∞
(åñëè ñóùåñòâóåò) íàçîâåì âåðîÿòíîñòüþ òðîéíîãî ïðîòåêàíèÿ.

2. Ðàâíà ëè íóëþ âåðîÿòíîñòü òðîéíîãî ïðîòåêàíèÿ? Ñóùåñòâóåò ëè óêàçàííûé ïðåäåë?

Ñîáûòèÿ Xn, Yn, Zn ñòàíîâÿòñÿ íåçàâèñèìûìè ñ ðîñòîì n, åñëè P (Xn∩Yn∩Zn)−
P (Xn)P (Yn)P (Zn)→ 0, ãäå P (Xn∩Yn∩Zn) � âåðîÿòíîñòü îäíîâðåìåííîãî íàñòóïëåíèÿ
ýòèõ ñîáûòèé, à P (Xn), P (Yn), P (Zn) � âåðîÿòíîñòè èõ íàñòóïëåíèÿ ïî îòäåëüíîñòè.
3. Ïóñòü ñîáûòèå Xk

n � ïðîòåêàíèå æèäêîñòè k ìåæäó ïðîòèâîïîëîæíûìè ñòîðîíàìè
AkAk+1 è Ak+3Ak+4. Ñòàíîâÿòñÿ ëè X1

n, X
2
n, X

3
n íåçàâèñèìûìè ñ ðîñòîì n?

4. Íàéäèòå âåðîÿòíîñòü òðîéíîãî ïðîòåêàíèÿ.

5. Ðåøèòå àíàëîãè ïðåäûäóùèõ çàäà÷, åñëè øåñòèóãîëüíèê A1A2A3A4A5A6 çàìåíÿåòñÿ
íà ìíîãîóãîëüíèê ñ 6 îòìå÷åííûìè òî÷êàìè A1, A2, A3, A4, A5, A6 íà ãðàíèöå.

6. Âåðíî ëè, ÷òî åñëè äâà ìíîãîóãîëüíèêà ñ 6 îòìå÷åííûìè òî÷êàìè íà ãðàíèöå ñîâ-
ìåùàþòñÿ êîíôîðìíûì îòîáðàæåíèåì, òî âåðîÿòíîñòè òðîéíîãî ïðîòåêàíèÿ äëÿ íèõ
ðàâíû?
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Ïóñòü òåïåðü âìåñòî øåñòèóãîëüíèêà äàí ïðàâèëüíûé òðåóãîëüíèê A1A2A3 ñî ñòîðî-
íîé 1 è öåíòðîì â êëåòêå O. Ðàññìîòðèì âñå êëåòêè, èç êîòîðûõ æèäêîñòü 1 ïðîòåêàåò
äî ñòîðîíû A2A3. Îíè îáðàçóþò íåñêîëüêî ìíîãîóãîëüíèêîâ, âîçìîæíî, ñ íåñêîëüêèìè
�äûðêàìè�. Ïóñòü ñîáûòèå Xn ñîñòîèò â òîì, ÷òî O íàõîäèòñÿ âíóòðè îäíîãî èç ìíîãî-
óãîëüíèêîâ (â òîì ÷èñëå, âîçìîæíî, âíóòðè îäíîé èç �äûðîê�). Àíàëîãè÷íî îïðåäåëèì Yn
è Zn. Ïðåäåë âåðîÿòíîñòè îäíîâðåìåííîãî íàñòóïëåíèÿ ñîáûòèé Xn, Yn, Zn ïðè n→∞
(åñëè ñóùåñòâóåò) íàçîâåì âåðîÿòíîñòüþ òðîéíîãî îêðóæåíèÿ.

7. Ðåøèòå àíàëîãè ïðåäûäóùèõ çàäà÷ äëÿ òðîéíîãî îêðóæåíèÿ âìåñòî ïðîòåêàíèÿ.

8. Ñôîðìóëèðóéòå è ðåøèòå àíàëîãè ïðåäûäóùèõ çàäà÷ äëÿ 8 öâåòîâ âìåñòî 4.

3. Îòêðûòûå ïðîáëåìû: çàêîíû ñîõðàíåíèÿ

Öåëü ýòèõ çàäà÷ � ïðîâåðèòü, êàêèå èç çàêîíîâ ñîõðàíåíèÿ, óñòàíîâëåííûõ â 2017 ãîäó
äëÿ êëàññè÷åñêîé äèñêðåòíîé òåîðèè ïîëÿ [2], âûïîëíÿþòñÿ äëÿ êâàíòîâîé òåîðèè.
9. Âåðíåìñÿ ê èãðóøå÷íîé ìîäåëè èç �1. Ïóñòü íà êàæäîé äîðîãå AB çàäàíî êîì-
ïëåêñíîå ÷èñëî j(AB), íàçûâàåìîå ñèëîé òîêà. Äëÿ äàííîãî íàáîðà êóðñîâ îáìåíà U
îáîçíà÷èì

S ′[U ] := −Re
(∑

ABCD
U(ABCD) +

∑
AB

U(BA)j(AB)
)
.

Êóðñû îáìåíà òåïåðü áóäóò ñëó÷àéíûìè êîìïëåêñíûìè ÷èñëàìè, ðàâíûìè 1 ïî ìîäóëþ.
À èìåííî, ïëîòíîñòü âåðîÿòíîñòè íàáîðà êóðñîâ U ðàâíà

P [U ] := e−S
′[U ]/Z,

ãäå ïîñòîÿííàÿ Z âûáèðàåòñÿ òàê, ÷òîáû ïîëíàÿ âåðîÿòíîñòü ðàâíÿëàñü 1.
Ïóñòü O � ëþáîé íåãðàíè÷íûé ãîðîä, à E,N,W, S � åãî ñîñåäè ñïðàâà, ñâåðõó, ñëåâà

è ñíèçó ñîîòâåòñòâåííî. Âåðíî ëè, ÷òî ìíèìàÿ ÷àñòü ìàòåìàòè÷åñêîãî îæèäàíèÿ ñëó-
÷àéíîé âåëè÷èíû

j(OE)U(EO) + j(ON)U(NO)− U(OW )j(WO)− U(OS)j(SO)

ðàâíà 0? (Ýòî îçíà÷àëî áû ñîõðàíåíèå çàðÿäà: íàïðèìåð, åñëè âñå êóðñû îáìåíà åäèíè÷-
íûå, òî ðàññìàòðèâàåìàÿ âåëè÷èíà ðàâíà ðàçíîñòè ìåæäó âòåêàþùèìè è âûòåêàþùèìè
èç óçëà O òîêàìè.)

10. Òî æå ñàìîå, åñëè êóðñû îáìåíà � óíèòàðíûå ìàòðèöû ðàçìåðà n× n, ñèëû òîêîâ
� ïðîèçâîëüíûå êîìïëåñêíûå ìàòðèöû n× n, âåëè÷èíà S ′[U ] çàìåíÿåòñÿ íà

S ′′[U ] := −Re Tr
(∑

ABCD
U(ABCD) +

∑
AB

U(BA)j(AB)
)
,

à ìíèìàÿ ÷àñòü çàìåíÿåòñÿ íà îðòîãîíàëüíóþ ïðîåêöèþ íà ïîäïðîñòðàíñòâî êîñîýðìè-
òîâûõ ìàòðèö.

11. Ñâÿçü ñèììåòðèé ñ çàêîíàìè ñîõðàíåíèÿ. Ïóñòü L(x, y) � äèôôåðåíöèðóåìàÿ
ôóíêöèÿ R2 → R. Ðàññìîòðèì ñëó÷àéíûé âåêòîð (x1, . . . , xN) ∈ RN ñ ïëîòíîñòüþ âåðî-
ÿòíîñòè

P (x1, . . . , xN) := exp

(
−

N+1∑
t=1

L(xt, xt − xt−1)

)
/Z,

4



ãäå ìû ïîëàãàåì x0 = 0, xN+1 = 1, à ïîñòîÿííàÿ Z âûáèðàåòñÿ òàê, ÷òîáû ïîëíàÿ âåðî-
ÿòíîñòü ðàâíÿëàñü 1. Ïóñòü íàøëèñü òàêèå ôóíêöèè s1(x1, . . . , xN), . . . , sN(x1, . . . , xN),
÷òî

∂

∂λ
L(xt + λst, xt − xt−1 + λ(st − st−1))

∣∣∣∣
λ=0

= 0

äëÿ ëþáûõ x1, . . . , xN ∈ R è 2 ≤ t ≤ N . Âåðíî ëè, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå
ñëó÷àéíîé âåëè÷èíû

st−1(x1, . . . , xN)
∂L

∂y
(xt, xt − xt−1)

íå çàâèñèò îò t?

Ïóáëèêàöèè ñòóäåíòîâ. Àíàëîã çàäà÷è 9 äëÿ äåéñòâèÿ Âèëëýíà íà äåðåâå ðåøåí
â [1].
[1] M. Fedorov, Conservation laws in quantum �eld theory on graphs, submitted, 2018.

[2] M. Skopenkov, Discrete �eld theory: symmetries and conservation laws, submitted, 2017. arXiv:1709.04788
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Íàïðàâëåíèå II. Íàãëÿäíàÿ òåîðèÿ ïîòåíöèàëà è çàìîùåíèÿ

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Îòêðûòûé Âîïðîñ. Êàêèå ìíîãîóãîëüíèêè ìîæíî ñëîæèòü èç ïîäîáíûõ äðóã äðóãó
ïðÿìîóãîëüíèêîâ ñ äàííûì îòíîøåíèåì ñòîðîí x?

4. Ñòàðòîâûå óïðàæíåíèÿ
� Ó ìåíÿ åñòü ìûñëü! � ñêàçàë óäàâ, îòêðûâàÿ ãëàçà. � Ìûñëü. È ÿ å�å äóìàþ.

� Êàêàÿ ìûñëü? � ñïðîñèëà ìàðòûøêà.

� Òàê ñðàçó íå ñêàæåøü...

� Óõ òû! � ïîäïðûãíóëà ìàðòûøêà. � Îõ, êàêàÿ õîðîøàÿ ìûñëü. À ìîæíî ÿ å�å òîæå íåìíîæêî ïîäóìàþ?

Ã. Îñòåð, �Áàáóøêà óäàâà�

1. Ñëîæèòå êâàäðàò èç íåñêîëüêèõ ïðÿìîóãîëüíèêîâ m×n, ãäå m è n � öåëûå ÷èñëà.

2. Äèçàéíåðó çàêàçàëè ðàìû äëÿ êâàäðàòíîãî îêíà. Íà ïðîåêòàõ (ðèñóíêè A,B) ïîêàçà-
íî, êàê äîëæíû ïðèìûêàòü ñòåêëà äðóã ê äðóãó, è êàê îíè äîëæíû áûòü îðèåíòèðîâàíû
(êîðîòêîé èëè äëèííîé ñòîðîíîé ââåðõ). Ìîæíî ëè ñäåëàòü âñå ñòåêëà â êàæäîé ðàìå
ïîäîáíûìè ïðÿìîóãîëüíèêàìè?

3. Ìîæíî ëè ðàçðåçàòü êâàäðàò íà 3 ïîäîáíûõ, íî íåðàâíûõ ïðÿìîóãîëüíèêà?

4. Ìîæíî ëè ðàçðåçàòü êâàäðàò íà 5 êâàäðàòîâ?

5. Âñå ïîëêè ó øêàôà íà ðèñóíêå C, êàê è âñå ëîñêóòêè, èç êîòîðûõ ñøèòî îäåÿëî íà
ðèñóíêå D � êâàäðàòíûå. ßâëÿþòñÿ ëè êâàäðàòíûìè ñàìè øêàô è îäåÿëî?

6. Ìîæíî ëè çàìîñòèòü âñþ ïëîñêîñòü ïîïàðíî ðàçëè÷íûìè êâàäðàòàìè, äëèíû ñòîðîí
êîòîðûõ � öåëûå ÷èñëà?

A B C D

7. Ìîæíî ëè êâàäðàò ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñ îòíîøåíèåì ñòîðîí 2 +
√

2?

8. ßâëÿåòñÿ ëè 1+
√

2 ñóììîé êâàäðàòîâ ÷èñåë âèäà a+ b
√

2, ãäå a è b � ðàöèîíàëüíû?

Ïóñòü íà ïðÿìîóãîëüíîì ëèñòå áóìàãè íàðèñîâàíî ðàçáèåíèå íà ïðÿìîóãîëüíèêè. Ðàç-
ðåøàåòñÿ ðàçðåçàòü ëèñò âäîëü ëþáîãî îòðåçêà íà äâà ïðÿìîóãîëüíèêà, ïîòîì ïðîèçâå-
ñòè òàêèå îïåðàöèè ïî-îòäåëüíîñòè ñ êàæäîé èç ïîëó÷èâøèõñÿ ÷àñòåé, è òàê äàëåå. Åñëè
òàêèì îáðàçîì ìîæíî ðåàëèçîâàòü èñõîäíîå ðàçáèåíèå, òî íàçîâåì åãî òðèâèàëüíûì.
Íàïðèìåð, ðàçáèåíèÿ íà ðèñóíêàõ A,B� òðèâèàëüíûå, à Ñ,D� íåò.
Ñëåäóþùèå 4 óïðàæíåíèÿ ïðåäëàãàåòñÿ ðåøèòü òîëüêî äëÿ òðèâèàëüíûõ ðàçáèåíèé.

9. Êàêèå ïðÿìîóãîëüíèêè ìîæíî ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñî ñòîðîíîé 1?

10. Êàêèå ïðÿìîóãîëüíèêè ìîæíî ðàçðåçàòü íà êâàäðàòû?

11. Ìîæíî ëè êâàäðàò ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñ îòíîøåíèåì ñòîðîí
√

2?

12. Âñå ÷èñëà, êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå x = a+ b
√

2 ñ ðàöèîíàëüíûìè a è b,
íàçîâåì õîðîøèìè. Ïðè êàêèõ õîðîøèõ x êâàäðàò ìîæíî ðàçðåçàòü íà ïðÿìîóãîëüíèêè
ñ îòíîøåíèåì ñòîðîí x?
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Íàïðàâëåíèå II. Íàãëÿäíàÿ òåîðèÿ ïîòåíöèàëà è çàìîùåíèÿ

Mikhail Skopenkov mikhail·skopenkov@gmail·com

5. Îòêðûòûå ïðîáëåìû î çàìîùåíèÿõ ñ ôèçè÷åñêîé èíòåðïðåòàöèåé

1. Äàí êîíâåðò â ôîðìå ïðÿìîóãîëüíèêà a×b. Ïðè êàêèõ âåùåñòâåííûõ a è b åãî ìîæíî
îêëåèòü êâàäðàòíûìè ìàðêàìè áåç ïðîñâåòîâ è íàëîæåíèé ñ îáåèõ ñòîðîí? Êâàäðàòû
ðàçðåøàåòñÿ ïåðåãèáàòü ÷åðåç êðàé ïðÿìîóãîëüíèêà, èõ ðàçìåðû ìîãóò ðàçëè÷àòüñÿ.

2. Ïîâåðõíîñòè êàêèõ ðàâíîãðàííûõ òåòðàýäðîâ ìîæíî îêëåèòü êâàäðàòàìè áåç ïðî-
ñâåòîâ è íàëîæåíèé? À êàêèõ � ïðàâèëüíûìè òðåóãîëüíèêàìè?

3. Ïîâåðõíîñòè êàêèõ ìíîãîãðàííèêîâ ìîæíî îêëåèòü êâàäðàòàìè áåç ïðîñâåòîâ è
íàëîæåíèé? À êàêèõ � ïðàâèëüíûìè òðåóãîëüíèêàìè?

4. Íåêîòîðûå ïàðû ñòîðîí ìíîãîóãîëüíèêà íà ðèñóíêå (ñëåâà èëè ñïðàâà) ñêëååíû. Ïðè
êàêèõ äëèíàõ ñòîðîí ïîëó÷åííóþ ïîâåðõíîñòü ìîæíî ðàçðåçàòü íà êâàäðàòû?

5. Ñóùåñòâóåò ëè ìíîãîóãîëüíèê, êîòîðûé ìîæíî ðàçðåçàòü íà êâàäðàòû, íî íåëüçÿ
òðèâèàëüíî ðàçðåçàòü íà êâàäðàòû (îïðåäåëåíèå äàíî â �4, ñì. âåðñèþ íà ñàéòå)?

6. Êàêèå ìíîãîóãîëüíèêè ðàçðåçàþòñÿ íà ïðÿìîóãîëüíèêè ñ äàííûì îòíîøåíèåì ñòîðîí
x? À êàêèå � íà ïðÿìîóãîëüíèêè ñ äàííûìè îòíîøåíèÿìè ñòîðîí x1, . . . , xn?

7. Êàêèå ìíîãîóãîëüíèêè ðàçðåçàþòñÿ íà ïðàâèëüíûå òðåóãîëüíèêè? À êàêèå � íà
ðîìáû ñ óãëîì 60◦?

8. Ñóùåñòâóåò ëè öåíòðàëüíî-ñèììåòðè÷íûé ìíîãîóãîëüíèê, êîòîðûé ìîæíî ðàçðåçàòü
íà ïðàâèëüíûå òðåóãîëüíèêè, íî íåëüçÿ ðàçðåçàòü íà ðîìáû ñ óãëîì 60◦?

9. Êàêèå ìíîãîóãîëüíèêè ìîæíî ðàçðåçàòü íà òðàïåöèè, ãîìîòåòè÷íûå äàííîé?

10. Êîãäà èç ïàðàëëåëåïèïåäîâ, ïîäîáíûõ äàííîìó, ìîæíî ñîñòàâèòü êóá?

Ïóáëèêàöèè ñòóäåíòîâ. Çàäà÷à 1 äëÿ ñëó÷àÿ ðàâíûõ êâàäðàòîâ ðåøåíà â [5]. Çà-
äà÷à 2 äëÿ ïðàâèëüíîãî òåòðàýäðà ðåøåíà â [1]. Ðåøåíèå çàäà÷è 6 äëÿ ðàçðåçàíèé ïðÿ-
ìîóãîëüíèêà è õîðîøèõ x1, . . . , xn (îïðåäåëåíèå äàíî â �4, ñì. âåðñèþ íà ñàéòå) îïóá-
ëèêîâàíî â [9] è óïðîùåíî â [6]. Çàäà÷è 6 è 9 äëÿ ÷àñòíûõ ñëó÷àåâ ðåøåíû â [3, 4].
Ýëåìåíòàðíîå ââåäåíèå â èñïîëüçóåìûå ìåòîäû äàíî â [10, 8, 7], ââîäíûå çàäà÷è � â [2].

[1] Áàëàêèí À., Îêëåèâàíèå òåòðàýäðà êâàäðàòàìè, Ìàòåìàòè÷åñêîå ïðîñâåùåíèå. Ñåð. 3., 2018, â ïå÷àòè.

[2] Êâàäðàò èç ïîäîáíûõ ïðÿìîóãîëüíèêîâ, 26-ÿ ëåòíÿÿ êîíôåðåíöèÿ ìåæäóíàðîäíîãî ìàòåìàòè÷åñêîãî Òóðíèðà ãîðîäîâ, 2014,
http://www.turgor.ru/lktg/2014/3/index.htm

[3] Çâåðåâ È., Ðàçðåçàíèÿ ìíîãîóãîëüíèêîâ íà òðàïåöèè, ïîäîáíûå äàííîé, ïðåäñòàâëåíî ê ïóáëèêàöèè, 2017. arXiv:1709.02773

[4] Íîâèêîâ È., Ðàçðåçàíèå íà ïîäîáíûå ïðÿìîóãîëüíèêè ìíîãîóãîëüíèêîâ, ñîñòàâëåííûõ èç ðàâíûõ ïðÿìîóãîëüíèêîâ, 2018.

[5] Îæåãîâ Ô., Îêëåèâàíèå ïðÿìîóãîëüíèêà ðàâíûìè êâàäðàòàìè ñ îáîèõ ñòîðîí, ïðåäñòàâëåíî ê ïóáëèêàöèè, 2018.

[6] Ðÿáîâ Ï., Äîïîëíåíèå ê ðåçóëüòàòàì Ô. Øàðîâà // Ìàò. ïðîñâåùåíèå. Ñåð. 3. 2018. Âûï. 22 (âåñíà). Ñ. 165�170. arXiv:1711.09406

[7] Ñêîïåíêîâ Ì., Ìàëèíîâñêàÿ Î., Äîðè÷åíêî Ñ. Ñîáåðè êâàäðàò // Êâàíò. 2015. N2. Ñ. 6-11. arXiv:1305.2598

[8] Ñêîïåíêîâ Ì.,Ïðàñîëîâ Ì.,Äîðè÷åíêî Ñ. Ðàçðåçàíèÿ ìåòàëëè÷åñêîãî ïðÿìîóãîëüíèêà//Êâàíò.2011.N3.Ñ.10-16. arXiv:1011.3180

[9] Øàðîâ Ô.À., Ðàçðåçàíèÿ ïðÿìîóãîëüíèêà íà ïðÿìîóãîëüíèêè ñ çàäàííûìè îòíîøåíèÿìè ñòîðîí // Ìàòåìàòè÷åñêîå ïðîñâå-
ùåíèå. Ñåð. 3. 2016. Âûï. 20. Ñ. 200-214. arXiv:1604.00316

[10] Øàðîâ Ô.À., x-ïëîùàäü, ïðåäñòàâëåíî ê ïóáëèêàöèè, 2017. arXiv:1711.08503
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Íàïðàâëåíèå III. Íàãëÿäíàÿ ãåîìåòðèÿ äëÿ àðõèòåêòóðû

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Îòêðûòûé Âîïðîñ. Íà êàêèõ ïîâåðõíîñòÿõ ÷åðåç êàæäóþ òî÷êó ïðîõîäÿò 2 ïàðà-
áîëû ñ âåðòèêàëüíûìè îñÿìè?

6. Ñòàðòîâûå óïðàæíåíèÿ

Ïóñòü l1 è l2 � äâå ïðÿìûå íà ïëîñêîñòè, l � ïðÿìàÿ, íå ïàðàëëåëüíàÿ íè îäíîé èç
íèõ. Ïàðàëëåëüíûì ïðîåêòèðîâàíèåì ïðÿìîé l1 íà ïðÿìóþ l2 îòíîñèòåëüíî íàïðàâëå-
íèÿ l íàçûâàþò îòîáðàæåíèå, êîòîðîå òî÷êå A ïðÿìîé l1 ñòàâèò â ñîîòâåòñòâèå òî÷êó
ïåðåñå÷åíèÿ ïðÿìîé lA, ïàðàëëåëüíîé l è ïðîõîäÿùåé ÷åðåç A, ñ ïðÿìîé l2.
11. Ëþáîå ëè ïàðàëëåëüíîå ïðîåêòèðîâàíèå ïðÿìîé íà ïðÿìóþ ñîõðàíÿåò äëèíû îò-
ðåçêîâ?

Ïðîñòûì îòíîøåíèåì óïîðÿäî÷åííîé òðîéêè òî÷åê A, B, C íà ïðÿìîé (B 6= C)

íàçûâàåòñÿ òàêîå ÷èñëî x, ÷òî
−→
AC = x ·

−−→
BC.

12. a) Ïðîñòîå îòíîøåíèå óïîðÿäî÷åííîé òðîéêè òî÷åê íà ïðÿìîé ðàâíî x. Íàéäèòå
ïðîñòûå îòíîøåíèÿ ýòèõ òî÷åê, çàïèñàííûõ âî âñåõ äðóãèõ ïîðÿäêàõ.
b) Ïðîñòîå îòíîøåíèå óïîðÿäî÷åííîé òðîéêè òî÷åê íà ïðÿìîé ñîõðàíÿåòñÿ ïðè ïàðàë-
ëåëüíîì ïðîåêòèðîâàíèè.

13. a) Êîìïîçèöèåé íåñêîëüêèõ ïàðàëëåëüíûõ ïðîåêòèðîâàíèé ïðÿìîé ìîæíî ïåðåâå-
ñòè ëþáûå äâå ðàçëè÷íûå òî÷êè â ëþáûå äðóãèå äâå ðàçëè÷íûå òî÷êè.
b) Âåðíî ëè àíàëîãè÷íîå óòâåðæäåíèå äëÿ äâóõ òðîåê òî÷åê íà ïðÿìîé?
c) Äàéòå îïðåäåëåíèå ïàðàëëåëüíîãî ïðîåêòèðîâàíèÿ îäíîé ïëîñêîñòè â ïðîñòðàíñòâå
íà äðóãóþ.
d) Êîìïîçèöèåé íåñêîëüêèõ ïàðàëëåëüíûõ ïðîåêòèðîâàíèé ïëîñêîñòè ìîæíî ïåðåâåñòè
ëþáîé òðåóãîëüíèê â ëþáîé äðóãîé.
e) Âåðíî ëè àíàëîãè÷íîå óòâåðæäåíèå äëÿ äâóõ ÷åòûðåõóãîëüíèêîâ?

14. a) Êàæäàÿ ñòîðîíà òðåóãîëüíèêà ïîäåëåíà íà òðè ðàâíûå ÷àñòè, è òî÷êè äåëåíèÿ
ñîåäèíåíû ñ ïðîòèâîïîëîæíûìè âåðøèíàìè. Äîêàæèòå, ÷òî äèàãîíàëè �âíóòðåííåãî�
6-óãîëüíèêà ïåðåñåêàþòñÿ â îäíîé òî÷êå.
b) Â êàêîì îòíîøåíèè äåëèò îñíîâàíèÿ òðàïåöèè ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç òî÷êó ïå-
ðåñå÷åíèÿ äèàãîíàëåé è òî÷êó ïåðåñå÷åíèÿ ïðîäîëæåíèé áîêîâûõ ñòîðîí?
c) Äàíû äâå ïàðàëëåëüíûå ïðÿìûå è òî÷êè A,B íà îäíîé èç íèõ. Ïîñòðîéòå îäíîé
ëèíåéêîé ñåðåäèíó îòðåçêà AB.

15. Ïóñòü íåïðåðûâíàÿ áèåêöèÿ f : R→ R ñåðåäèíó ëþáîãî îòðåçêà ïåðåâîäèò â ñåðå-
äèíó åãî îáðàçà, à òî÷êè 0 è 1 îñòàâëÿåò íà ìåñòå. Òîãäà äëÿ âñåõ x, y ∈ R è m,n ∈ Z,
a) f(2x) = 2f(x); b) f(x+ y) = f(x) + f(y); c) f(m/n) = m/n; d) f(x) = x.

Çàäà÷à Äíÿ. Îñíîâíàÿ òåîðåìà àôôèííîé ãåîìåòðèè ( Ì�åáèóñ�ôîí Øòàóäò). Ëþ-
áîå íåïðåðûâíîå âçàèìíî-îäíîçíà÷íîå îòîáðàæåíèå ïëîñêîñòè, ïåðåâîäÿùåå ïðÿìûå â
ïðÿìûå, ÿâëÿåòñÿ êîìïîçèöèåé ïàðàëëåëüíûõ ïðîåêòèðîâàíèé.
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Direction I. Discrete �eld theory

Mikhail Skopenkov mikhail·skopenkov@gmail·com

3. Leading exercises: toy model of gauge theory

Several cities are connected by roads in the shape of an M ×N grid; see the �gure. Each city has its own
type of goods (in unlimited quantity). E.g., city A has apples and city B has bananas. For two neighboring
cities A and B an exchange rate U(AB) > 0 is �xed, e.g., 2 bananas for an apple. The rate is symmetric,
i.e., U(BA) = U(AB)−1: one gets back an apple for 2 bananas.

A cunning citizen can travel and exchange along a 1× 1 square ABCD to multiply his initial amount of
goods by a factor of U(AB)U(BC)U(CD)U(DA). E.g., in the �gure to the left the factor is 2 · 1 · 4 · 1 = 8.
Denote U(ABCD) := U(AB)U(BC)U(CD)U(DA).

In particular, a trip along the square ABCD gives pro�t in one of the directions, if log2 U(ABCD) 6= 0.
The total speculation pro�t is measured by the sum S[U ] of the values log2

2 U(ABCD) over all 1× 1 squares
ABCD (say, bypassed counterclockwise). E.g., in the �gure to the left

S[U ] = log2
2 U(ABCD) + log2

2 U(DCFE) = (log2 8)2 + (log2
1
2
)2 = 10.

You are the king, who can set exchange rates except those on the boundary of the grid. You set them to
minimize the quantity S[U ]. The resulting rates are called optimal.
1. Clean up the kingdom in the left �gure, i.e., �nd the number x for which the total speculation pro�t in
the middle �gure is minimal.

Notice that the change of variables x(AB) := log2 U(AB) simpli�es the expression for the pro�t a lot:

S[x] :=
∑

ABCD
(x(AB) + x(BC) + x(CD) + x(DA))2.

For each 1 × 1 square ABCD denote x(ABCD) := x(AB) + x(BC) + x(CD) + x(DA). E.g., in the
�gure to the left, x(ABCD) = 3. Denote by W the factor multiplying the initial amount of goods for a
counterclockwise travel around the whole boundary. E.g., in the �gure to the left, W = 4.
2. Assume that the �xed rates at the boundary are as in the �gure, i.e.,

U(AB) =


2, if AB is on the southern or northern border of the grid

and is directed counterclockwise along the boundary;

1, if AB is on the eastern or western border of the grid.

Clean up the kingdom for the following particular grid sizes, i.e., complete the table:

Grid 1× 2 1× 3 1×N 2× 2
The value W 4
The minimal value for S[U ]
Optimal rates U(AB) for all roads AB
Values x(AB) for all roads AB
Values x(ABCD) for all 1× 1 squares
3. a) For which values of the boundary rates in an M ×N grid one can achieve S[U ] = 0?

b) For which values of M and N the optimal rates are uniquely determined by the boundary rates?
c) How M , N , W and the minimal speculation pro�t are related?
d) Which of the grids � 8× 8 or 7× 9 � has smaller speculation pro�t, if W is the same?
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Direction II. Visual potential theory and tilings

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Open question. Which polygons can be tiled by rectangles of given side ratio x?

4. Leading excercises
� I have a thought! � said Boa and opened his eyes. � A thought. And I think it.

� Which thought? � asked Monkey.

� It takes time to explain...

� Wow! � jumped Monkey. � What a good thought! May I also think it a bit?

G. Oster, �Boa's grandmother�

1. Form a square from rectangles m× n, where m and n are integers.

2. A designer was o�ered to make square window frames. In Figures A,B it is shown how
the panes should be adjacent to each other and how they should be oriented (with the short
side or with the long one to the top). Can all panes in each frame be similar rectangles?

3. Is it possible to dissect a square into 3 similar, but not equal rectangles?

4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D,
are squares. Are the board and the piecework also squares?

6. Is it possible to tile the plane by pairwise distinct squares with integer sides?

A B C D

7. Is it possible to dissect a square into rectangles of side ratio 2 +
√

2?

8. Is 1 +
√

2 a sum of squares of numbers of the form a+ b
√

2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of
paper along any straight line segment into two rectangles, then repeat the same operation
separately for each of the obtained parts, and so forth. If it is possible to represent the initial
tiling in this way, then the tiling is called trivial. For instance, the tilings shown in Figure A,B
are trivial, but those in Figure Ñ,D are not.
It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 1?

10. Which rectangles can be dissected into squares?

11. Is it possible to dissect a square into rectangles of side ratio
√

2?

12. All numbers, which can be represented in the form x = a+ b
√

2 with rational a and b,
are called good. For which good x a square may be tiled by rectangles of side ratio x?
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5. Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a×b. For which real a and b it can be completely
covered by nonoverlapping square marks from both sides? It is allowed to fold the squares
across the edges of the envelope, and the sizes of the squares may be di�erent.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares?
And into regular triangles?

3. Which polytopes made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the �gure (to the left or to the right) are glued. For
which side lengths the resulting surface can be tiled by squares?

5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares
(see the de�nition in �4)?

6. Which polygons can be tiled by rectangles of given side ratio x? And by rectangles of
given side ratios x1, . . . , xn?

7. Which polygons can be tiled by regular triangles? And by rhombi with a 60◦ angle?

8. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot
be tiled by rhombi with a 60◦ angle?

9. Which polygons can be tiled by trapezoids homothetic to a given one?

10. When a cube can be tiled by parallelipipeds similar to a given one?

Publications of students. Problem 1 for equal squares is solved in [3]. Problem 2 for a
regular tetrahedron is solved in [1]. A solution of Problem 6 for tilings of a rectangle and good
x1, . . . , xn (see the de�nition in �4) is published in [5] and later simpli�ed in [4]. Problems 6
and 9 are solved [10, 2] in some particular cases. Elementary introduction to the methodology
is given in [6, 8, 7], introductory problems are in [9].

[1] A. Balakin, Covering a tetrahedron by squares, Mat. Prosveschenie 3rd ser. (2018), to appear (in Russian).

[2] I. Novikov, Tiling polygons composed of equal rectangles into similar rectangles, submitted, 2018 (in Russian).

[3] F. Ozhegov, Covering of a rectangle by equal squares from both sides, submitted, 2018 (in Russian).

[4] P. Ryabov, A compement to the results by F. Sharov, Mat. Prosveschenie 3rd ser. 22 (Spring) (2018), 165�170. arXiv:1711.09406

[5] F. Sharov, Dissection of a rectangle into rectangles with given side ratios, Mat. Prosveschenie 3rd ser. 20 (2016), 200�214 (in Russian)
arXiv:1604.00316 (in English and in Russian).

[6] F. Sharov, x-area, submitted, 2017 (in Russian). arXiv:1711.08503

[7] M. Skopenkov, O. Malinovskaya, S. Dorichenko, Compose a square, Kvant 2 (2015), 6-11 (in Russian). arXiv:1305.2598

[8] M. Skopenkov, M. Prasolov, S. Dorichenko, Dissections of a metal rectangle, Kvant 3 (2011), 10-16 (in Russian). arXiv:1011.3180

[9] A square from similar rectangles, 26th summer conference of International mathematical Tournament of towns, 2014 (in English and
in Russian), http://www.turgor.ru/lktg/2014/3/index.htm

[10] I. Zverev, Dissections of polygons into similar trapezoids, submitted, 2017 (in Russian). arXiv:1709.02773
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6. Inverse problem for alternating-current networks

1An alternating-current network is a (not necessarily planar) graph with a �xed subset of
vertices (boundary vertices) and a complex number c(xy) with positive real part (conductance)
assigned to each edge xy [2, Section 2.4]. The voltage is any complex-valued function v(x) on
the set of vertices such that for each nonboundary vertex y we have

∑
xy c(xy)(v(x)−v(y)) =

0, where the sum is over all the edges containing the vertex y. One can see that the voltage
is uniquely determined by its boundary values [2, Section 5.1]. The current �owing into
the network through a boundary vertex y is i(y) :=

∑
xy c(xy)(v(x) − v(y)). The network

responce is the matrix of the linear map taking the vector of voltages at the boundary vertices
to the vector of currents �owing into the network through the boundary vertices.
The general electrical-impedance tomography problem is to reconstruct the network from its

response. For direct-current planar networks, meaning that all the conductances are positive,
the problem has been solved in [1].
Teaser. There is a matrix realizable as the response of the network in the �gure to the

right (for the boundary vertices N1, N2, N3 and some edge conductances R1, R2, R3) but not
to the left.

Denote by Ψb the set of complex b× b matrices Λ having the following 4 properties:

(1) Λ is symmetric;
(2) the sum of the entries of Λ in each row is zero;
(3) ReΛ is non-negatively de�nite;
(4) if U = (U1, . . . , Ub) ∈ Rb and UT (ReΛ)U = 0 then U1 = · · · = Ub.

11. Prove that the set of responses of all the possible connected alternating-current networks
with b boundary vertices is the set Ψb.

It is known that Conditions (1�4) are necessary. Su�ciency is known for b = 2 and b = 3
[2, Theorem 4.7]. For general b there is a solution by G. Rote (private communication).

12. Given a response matrix provide an algorithm to reconstruct the network and the edge
conductances.

13. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.

14. Describe the set of all the responses of all the possible planar networks with edge
conductances having positive real parts.

15. Let the conductance of each edge be either ω or 1/ω, where ω is a variable. Describe
the set of all the possible responses of such networks as functions in ω.

This is known for b = 2 boundary vertices � Foster's reactance theorem [2, Theorem 2.5].

[1] E. B. Curtis and J. A. Morrow, Inverse problems for electrical networks, Series on Appl. Math. 13, World Scienti�c,
Singapore, 2000.

[2] M. Prasolov and M. Skopenkov, Tilings by rectangles and alternating current, J. Combin. Theory A 118:3 (2011), 920�937,
http://arxiv.org/abs/1002.1356.

1Published in Discrete di�erential geometry, Oberwolfach Reports, 2015
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7. Asymptotic estimates for conductance

The Green function R(x, y) is the resistance between the origin and
the vertex (x, y) in a in�nite square lattice of unit resistors.

Teaser. R(0, 1) = 1/2, R(1, 1) = 2/π, and R(x, y) = 1
2π ln(x2+y2)+O(1).

The same asymptotic form holds for triangular and hexagonal lattices.
16. Prove the same for arbitrary nondegenerate uniform orthogonal lattice.

17. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) − u(w)| =
O(|z − w|).
18. Generalize star-triangle transformation to nonrhombic lattices.

8. Convergence of dicrete analytic functions to their continuous counterparts

A quadrilateral lattice is a �nite graphQ ⊂ C with rectilinear edges such that each bounded
face is a quadrilateral. A complex-valued function f on the vertices of Q is called discrete
analytic, if for each quadrilateral face z1z2z3z4 we have

f(z1)− f(z3)

z1 − z3
=
f(z2)− f(z4)

z2 − z4
.

The real part of a discrete analytic function is called a discrete harmonic function. The
discrete Dirichlet problem is to �nd a discrete harmonic function with given values at the
boundary. A function u is equicontinuous, if |u(z)−u(w)| = O(φ(|z−w|)) for some function
φ(x) such that limx→0 φ(x) = 0.

Teaser. The function f(z) = z is discrete analytic but f(z) = z2 is not unless the faces of
Q are parallelogramms.

Q
Q Q

z1
z3

z2

z4

Q

19. Is it true that discrete harmonic functions are equicontinuous?

20. Is it true that the solution of the Dirichlet problem converges to its continuous counterpart
under lattice re�nement?
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Open problems in geometry and potential theory

Direction III. Visual geometry for architecture

Mikhail Skopenkov mikhail·skopenkov@gmail·com

This is a collection of visual open problems in geometry. The statements of most problems
are elementary and use only a few de�nitions given in the text. But their solution leads to
important ideas of modern mathematics. Each individual problem with a number is a topic
for a one-year term work. The problems are suitable at any education term.

9. Surfaces containing two parabolas through each point

21. Find all functions f : R2 → R with the following property: through each point of the
plane one can draw two lines such that the restriction of the function f to each of the lines
are quadratic functions.

Example. The surfaces given by the equations
z = xy(x+ y) (left �gure) or z = x2 + y2 (middle �gure)

An isotropic circle is either a parabola with the axis parallel to Oz (middle �gure) or an
ellipse whose projection into the plane Oxy is a circle (right �gure).
22. Find all surfaces in R3 containing a line and an isotropic circle through each point.

23. Find all surfaces in R3 containing two isotropic circles through each point.

24. Which sets of circles can be the top view of the isotropic circles on such surfaces?

25. Find all surfaces in R3 enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry [7, �2].

26. Find all surfaces in R3 containing 3 isotropic circles through each point. Find all
hexagonal webs from isotropic circles on surfaces (except isotropic spheres).
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10. Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

Cyclide (a degree 4 surface) Cli�ord translational surface (a degree 8 surface)

27. Let r and R be �xed. Find all surfaces in R3 such that through each point of the surface
one can draw two circles of radii r and R fully contained in the surface.

28. Let α be �xed. Find all surfaces in R3 such that through each point of the surface one
can draw two circles fully contained in the surface and intersecting at angle α.

29. Let α be �xed. Find all surfaces in R3 such that through each point of the surface one
can draw two circles fully contained in the surface, the planes of which intersect at angle α.

Hint. Deduce from the classi�cation of surfaces in R3 containing 2 circles through each point.

The surface Φ(u, v) = (u+ i)(v+ j)−1 in R4 , where i and j are quaternion units, contains
a line and a circle through each point but it not a quadric, cf. [4].
30. Find all surfaces in R4 containing a line and a circle through each point.

31. Consider the surface in R4 = H parametrized as

Φ(s, t) = (a0st+ a1s+ a2t+ a3)(b0st+ b1s+ b2t+ b3)
−1,

where ai, bi ∈ H are �xed, and s, t ∈ R are variables. How many circles can the surface
contain through each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic
preimage of the surface.

• what degree does it have (cf. [2])?

• is it always the intersection of the unit sphere in R5 with two other quadrics?

• what is the con�guration of the planes of the circles on it (cf. [5])?

32. Does each surface in R4 containing 3 circles through each point belong to this class of
surfaces (cf. [3])?
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[1] Dietz, R., Hoschek, J., J�uttler, B., An algebraic approach to curves and surfaces on the sphere and on other quadrics, Comp. Aided
Geom. Design, 10:3(1993), 211-229.

[2] R. Krasauskas, S. Zube, Bezier-like parametrizations of spheres and cyclides using geometric algebra. In: K. Guerlebeck (Ed.),
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2011.
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