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AnaHOTaUA. DTO MOADOPKA OTKPBHITHIX MPODBJEM B CO3IaBaeMOil Ha HAIMAX TJa3axX IWCKPETHO
TEOPHUH M0JIdA, a TAKKE KJIacCuieckoit reomerpun. CopMyIupOBKH HOJTBITUHCTBA 33129 3JeMEHTAPHBI U
WCTIOIB3YIOT TOJBKO HEOOIBIT0e KOJAMIECTBO ONPeeeHnil, TPUBEIEHHBIX B TEKCTE. B TO XKe BpeMd ux
pelllenre TOMBOIUT K BaXKHBIM HJeIM COBPDeMEHHOHN MaTeMaTnku. Kaxigasd m3 HyMepOBaHHBIX 3a/1a¢
(kpome ympasKHeHWiT) MOXKET ObITh TeMOH st KypCcoBOi paboThl. 3a/auu MOAXOAAT st CTYAEHTOB
Jioboro Kypca. Tak:ke npuBoguTcs moa60pKa yIpaXKHeHnH Jjist ObICTPOTO BBEJEHUS B KAXK0€ U3 TPex
HCCIIeIOBATEIbCKUX Hanpapienuii. A eme ectsb crnenkypc B Boicieii [TTkone Dxonomuku B 2018/19
yIeOHOM TOmy.

Abstract. This is a collection of visual open problems in discrete field theory created in front of
our eyes, and also in clagsical geometry. The statements of most problems are elementary and use only
a few definitions given in the text. But their solution leads to important ideas of modern mathematics.
Each individual problem with a number (except exercises) is a topic for a one-year term work. The
problems are appropriate at any education term. A collection of exercises for quick introduction to the
3 research directions is also presented. There is also a special course in Higher School of Economics in
2018/19 academic year.

1 /IuckperHas Teopus IOJisd

Tema pexomendosana cmydenmam 1—4 KYPcos u Ma2UCMPEHIMAM.

1.1 CraproBble yIpa kHEHNdA: UTPyIIevHasd MOJEJb KaInOpPOBOYHOII Teopun

Heckoabko roponos coennnensl goporamu B popMme permerkn M X N; cM. pucyHOK. B Kazkmom ropoze
CBOM TOBaphl (B HEOrPAHWYEHHOM KojmuecTBe). Hampumep, B ropoge A — amenbcunbl, B ropoge B —
Ganambl. st maper cocennnx roponos A m B dukcuposan Kypc oomena U(AB) > 0, nampumep, 2
fanana 3a aneabcun. Kype cummerpuuen, T.e. U(BA) = U(AB)™!: 3a 2 6anana nosydaem Ha3a| CBOI
areJIbCUH.
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https://www.mccme.ru/~mskopenkov/skopenkov-pdf/problems.pdf

XuTpbIit TOpOKAHUH MOXKET poexaTh BOKpyT kBaapara ABCD pasmepa 1 X 1, MEHASICH IO TyTH,

B pe3yJibraTe 4ero ero HadasbHblil 3anac ropapos ymuoxkurces Ha U(AB)U(BC)U(CD)U(DA). Tak, na
PHCYHKE CJI€Ba OH HOTydnT 8-KpaTHyto npubelis. Oboznauum U(ABCD) := U(AB)U(BC)U(CD)U(DA).
B wacraocru, nyremecrsue Bokpyr ksaapara ABCD B TOM uau MHOM HANPABJIEHUN JACT HPH-
6b11h, ecn logy U(ABCD) # 0. Obwut doxod om cnexyasyut nsmepsiercst cymmoit S[U] Beamann
log2 U(ABCD) no scem kBagpatam ABCD pasmepa 1 X 1 (06xomsTcst onm mpoTus 9acosoit). Tax, Ha

DHCYHKE CJieBa

S[U] = log3 U(ABCD) + log3 U(DCFE) = (log, 8)* + (log, 3)? = 10.

Ber — kopoJib 1 MOXKeTe ycTaHaBIMBATHL KYPChl 0OMeHa Be3/le, KpOMe I'paHuIlbl pemerku. Bel ycranas-
JmBaere ux, 4robbl MunuMusuposars sesmauny S[U]. TloydeHHble Kypebl HA30BEM ONMUMAALHBLMU.
1. Hapenumre mOpsiToK B KOPOJIEBCTBE HA, PUCYHKE C/IeBa, T.e. MOADEpUTE 3HAUEHUE I, JJIT KOTOPOTO
MUHUMAJIEH OOIIUi JOXOI OT CIEKYJIANNi HA PUCYHKE B IEHTPE.

BamernM, aro 3amena nepeMeHHbIX T(AB) := log, U(AB) yupommaer BbIpazKeHue it JOXOIa:
- 2
Slz] == ZABCD(m(AB) + 2(BC) + z(CD) + z(DA))2.

Hns xeagpara ABCD pasmepa 1 x 1 obosnaunm 2(ABCD) := x(AB) + 2(BC) + x(CD) + z(DA).
Tak, va pucynke ciaesa £(ABCD) = 3. O6o3naunm depe3 W MHONKHUTETh, Ha KOTOPbIH YMHOKHUTCS
3amac TOBAPOB MIPU MY TEIIECTBUN 10 TPAHUITE BCEH PEIIETKY MPOTUB 9acOBOil cTpesiku. Tak, Ha pUCYHKe
cmeBa W = 4.

2. Tlpenmooxum, 910 (PUKCHPOBAHHBIE KYPChl 0OMEHA HA TPAHUIE TAKNe, KAK HA PUCYHKE, T.e.

2, ecqam gopora AB TpWHAIIEKUT CEBEPHON WM I0KHON TPAHUIE PEITeTKN
U(AB) = U HallpaBJ/leHa IIPOTUB YaCOBOU CTPEJIKU BJOJb I'DAHUIIBL;

1, ecnm gopora AB HpUHAMIEKUT BOCTOUHON WJIM 3aIaIHON IPAHUIE PEIIETKM.

Hagejinre 1ops,/10K B KOPOJIEBCTBE JIJIsi CAEAYIONINX PA3MEPOB PEIIeTKH, T.€. 3aM0JHUTe TabJIuIy:

Pemerka 1x2 1x3 1x N 2x2
Bemmauma W 4
Munnmasnbroe 3nadenue S[U]

OnruMaibHble KyPCBI TSI BCEX JI0POT
Besmunnbr x(AB) pus Beex jgopor AB
Benwaunst x(ABCD) s KBagpaToB

3. a) Jl1g xKakux 3HaUeHWi Kypca obMmeHa Ha rpaxure pemerkd M X N MOXKHO JOCTHYh DABEHCTBA
S[U]=07

b) Jna kaknx swadennit M w N onTuManbHble KyPChl OJHO3HAYHO OTPEAETAIOTCS KypCamu Ha
rpamuie’

¢) Kak ceasanst M, N, W u MUHAMAIBHBIH JOXOI OT CIEKYJIsTnii?

d) Kakas u3 pemeror — 8 X 8 win 7 X9 — 1aeT MEHbIIHii J0XO0/T OT CIEKYJISIuil Tpu oauHakosoM W7

1.2 OTkpbIThie MPODOJIEMbI: OJHOBPEMEHHOE MPOTEKAHNIE

B sTmmx 3a7auax W3BECTHBIE BOMIPOCHI O MPOTEKAHUN YKUIKOCTH OOOBIIAIOTCS HAa
HECKOJIBKO KHJIKOCTEH.

PaccMoTpuM 9acTh MECTHYTOBHOlN PENeTKd ¢o CTOPOHOiT KiaeTku 1/n, pacto-
JIOXKEHHYIO BHYTPHU NPABUJIBHOTO TecTuyrojabanka A1 AsAs3A4AsAg co croporoit
1 u nenrpom B kKaerke O.

ITycrs Kazkas KJIeTKa PEelmerku OKpammpaercs B oaud u3 4 nseros (o6o3ua-

qaembrx “07) “17, “27 “3”) ¢ paBHBIME BEPOSTHOCTSMHU HE3ABUCUMO ApPYyT OT apyra. Hedopmaabo,
MBI U3yYaeM MPOTEKAHWE TPeX KUAKOCTel: 1Bera 1, 2, 3 03HAYMAIOT, YTO KJIETKA MPOMYCKAET MOALKO
KUJKOCTH 1, 2 i 3 COOTBETCTBEHHO, a 1BeT ) — YUTO 8ce TPHU KUJIKOCTH CPA3Y.



IlycTb 3anana HekoTopas packpacka u ducio k = 1, 2 uwan 3. Bysem roBoputh, 4To arcudkocms
k npomexaem mesicdy waemramu T U Y, €CIU L U Y MOXKHO COCAWHUTH IMETMOIKON KJIETOK, COCETHUX
IO CTOpPOHE, B KOTOPOi KaxKgas KJeTKa uMmeeT 1BeT k mwin 0. AHATIOTHIHO OIpenessseTcst npomekaHue
MEK/TY JIByMsi HAOOpaMu T U Y KJIETOK PEIIETKH.

1. PaccMoTpuM BEPOTHOCTH TOTO, UTO XomsA vl 0dna U3 KumkocTeit 1, 2, 3 TpoTeKaeT MEXIY MeHTPOM
O wu rpauuteit perrerku. CTPEMUTCS JIH 3Ta BEPOITHOCTH K HYJIKO C POCTOM 17

Hpomexanue meorcdy cmoponamu T u y mectuyroabanka A; A A3 AgAs Ag — 9T0 IpoTEKaHTE MEXK-
Iy HabopaMy IpaHHYHBIX KJIETOK, JJIs KOTOPBIX OJIMKafIas CTOPOHA — 3TO & U Y COOTBETCTBEHHO
(camraem, 9To GimKalimas CTOPOHA ONpPEJE/IeHa OJHO3HAYHO). PacCcMOTPUM BEPOATHOCTH TOTO, 9YTO
T Kaoicdozo k = 1,2, 3 KUIKOCTL k MPOTEKAeT MEXKIY MPOTHBOIMOJOKHBIMA CTOPOHAMU ApAgi1 u
Api3Akrq (camraem A7 = Aj). Ee npenmen npu n — 0o (ecim CymecTByer) HA30BEM GEPOAMHOCTLIO
MPOTUHO20 NPOMEKAHU,

2. Pasna Jin HYJIIO BEPOATHOCTH TPOHHOTO npoTekanusi! CYIIECTBYET JIN YKA3aHHBIN Tpeaes’

Cobwvmus Xy, Yy, Zn CMAHOBAMCA HE3GEUCUMBIMU C POCTIIOM N, €CIIU
P(X,NnY,NZ,) — P(X,)P(Y,)P(Z,) — 0,

e P(X, NY, N Z,) — BepOsATHOCTh OJHOBPEMEHHOTO HACTYIUIeHUs STuX cobbitwii, a P(X,), P(Y,),
P(Z,) — BEposiTHOCTH MX HACTYILJIEHUSI 110 OT/IEJIbHOCTH.

3. Ilycrb coberrme X — mpoTexamye JKUJIKOCTH k MKy TPOTHBOIOIOKHBIMA CTOPOHAME A Ag i1
w Api3As4 4. Cramoarca mn X}, X2, X2 mesapucuMbvm ¢ pocToM n?

4. Ha#inuTe BepOSTHOCTH TPOHHOTO MPOTEKAHUS.

5. Pemmre agajoru OpeInlIyIIMX 3adad, €CJIH MeCTHyTOabHIK A1 As A3 A4 AsAg 3aMensiercd Ha MHO-
TOyroJibHUK ¢ 6 oTmeueHHbIME TOuKamu A1, Ao, A3, Ay, As, Ag Ha Tpanuie.

6. BepHo JI, 4TO €CJIh JBa MHOI'OYTOJIbBHUKA C 6 OTMEYEHHBIMH TOYKAMHK Ha, IpaHune COBMEIaTCA

KOH(MOPMHBIM 0TOOPAXKEHNEM, TO BEPOATHOCTH TPONUHOTO MPOTEKAHUS /I HUX PABHBI!

IlycTh Temeps BMECTO IIECTHYTOJBbHHUKA JaH IIPaBUABHLIN Tpeyroapuuk A AsAs co croponoit 1 u
meHTpoM B Kiaerke O. PaccMoTpuM Bee KJTETKH, U3 KOTOPBIX KUJKOCTH 1 TPOTEKAET 0 CTOPOHBI Ag Aj.
Onu 06pazyoT HECKOJBKO MHOIOYTOJBHUKOB, BOZMOXKHO, C HECKOABKUME “AbipkamMu’. IlycTs cobbiTue
X, cocrout B ToM, 9T0 O HAXOJUTCS BHYTPH OJHOTO M3 MHOTOYTOJBHUKOB (B TOM UHC/IE, BO3MOXKHO,
BHYTpU OJHO# n3 “apipok”). Ananornano onpegenum Yy, u Z,. [Ipegen BeposaTHOCTH OTHOBPEMEHHOTO
HaCTyIUIeHnsT COObITuil X, Yy, Z, Ipu n — 00 (€C/U CYIEeCTBYeT) HA30BEM 6EPOAMHOCIBIO MPOTHO20
OKPYAHCEHUA.

7. Permure anaioru TpeAbIIyIUX 33849 JIJid TPOWHOTO OKPYKEHNT BMECTO MPOTEKAHUSI.

8. CdopmynupyiiTe u permmuTe aHAJOIW OPEIbLIYIINX 3a0a4 st 8 IBETOB BMeCTO 4.

1.3 OTkpsiThie NPOOJIEMBI: 3AKOHBI COXPAaHEHUSI

Henp »1mx 3aja4 — npoBepuTh, KAKME M3 3aKOHOB COXpaHeHus, ycraHopjeHHbix B 2017 romy s
KAaccuueckol TUCKPETHON Teopuu 110415 [2], BBITIOMHSIIOTCS [Tt K6aHMO60 TEOPUH.

9. Bepuemca k urpymedno#t monenn u3 §1.1. Ilycrs ma xaxmo#t mopore AB 3alaHO KOMILTEKCHOE
qucsio j(AB), HazbiBaemoe cu.aoli moxa. st nanHoro Habopa Kypcos obmena U oboznadmnm

S'[U] := —Re (ZABCD U(ABCD)+ Y U(BA) j(AB)) .

Kypcor obmena Tenieps OyAyT CIy9YalHBIME KOMITIEKCHBIMY IUCIAMU, PABHBIME 1 110 MOIYJII0. A MMeH-
HO, TJIOTHOCTDb BEpOATHOCTH Habopa Kypco U paBHa

PlU] := e 5z,

TJIe TIOCTOSIHHAA /4 BBIOMPAETCA TAK, ITOOBI MOIHAS BEPOATHOCTD PABHAIACH 1.



IIycts O — moboit Herpanwyansit ropos, a B, N, W, S — ero cocenu cripaBa, CBEpXyY, CJI€Ba U CHU3Y
COOTBETCTBEHHO. BepHO JIX, 9TO MHUMad 9aCTh MAaTCMaATHUYICCKOT'O OXKMAAHUA C.)'[yLIafIHOIU/I BCJIMYWHBI

J(OEYU(EO) + j(ONYU(NO) — U(OW)§(WO) — U(08)5(SO)

pasHa 07 (dTo o3HaYaT0 OB coTpanenue 3apada: HAIPUMED, €CJTH BCE KypPChl 0OMEHA eJIMHUYIHBIE, TO
9Ta BEJIMYMHA PABHA PA3HOCTH MEXKJly BTEKAIOMUME U BhiTekaromumu u3 O Tokamu. )

10. To ke camoe, ecan Kypchl OOMeHa — YHUTApPHBIE MATPHUIIEL Pa3Mepa 1 X N, CHJIBI TOKOB — IIPOH3-
BOJIbHBIC KOMIUIECKHBIE MATPHIBI 1 X n, Beauaunna S’ [U] 3ameHsiercst Ha

S"[U] := —Re Tt (ZABCD U(ABCD)+ Y U(BA) j(AB)) ,

a MHUMad 9aCTb 3aMEHACTCA Ha OPTOI'OHAJILHYIO IIPOCKIINIO Ha IIPOCTPAHCTBO KOCOIPMUTOBLIX MaTPHII.

11. Csasv cummemputi ¢ saxonamu corpanenua. Iycrs L(x,y) — muddepennupyemas dyHKImst
R? — R. PaccMOTpEM CIIyHaitHBIA BeKTOp (Z1,...,TN) € RY ¢ mI0THOCTBIO BEPOSTHOCTH

N+1

P(zy,...,xzN):=exp | — Z L(zy,xy — xe21) | /2,
t=1

e Mbl mosiaraem g = 0, xy41 = 1, a mocTosiHHag Z BBIOMpAETCsT TaK, IYTOOBI MOJHAST BEPOSATHOCTH

pasusiiack 1. Ilycrs Hanumcs Takue dyHknnu s1(z1,...,TN), ..., SN(Z1,...,ZN), 9TO
0
fL(ZUt + )\St, Ty — Tp—1 + )\(St — Stfl)) =0
O A=0
g aiobeixX T1,...,2xy € Ru 2 < ¢t < N. Bepro jin, 910 MaTeMaTu4ecKOe OXUIAHUE CJIYIARHON
BEJIUIHNHBI
oL
si—1(1,. .-, l‘N)af(ﬂﬁt,ﬂUt — x1)
Y

He 33aBUCUT OT t7

ITy6nukamum crymeHToB. Anasnor 3aza4uu 9 nus deticmeus Buassna Ha nepeee perer B [1].

2 Harnganaaga Teopus NOTEHIUAJIA W 3aMOINEHUS

Tema pexomendosana cmydenmam 1—4 KYPcos u Ma2UCMPEHIMAM.

2.1 CrapTOoBble yOpa>KHEHUSI

— VY mena ecmov muicav! — crasan yoas, omrpmean 2aa3a. — Mucav. H s ee dymaro.

— Kaxaa moicav? — cnpocusa mapmbiuxa.

— Tax cpasy ne crascewn...

— Vz mu! — nodnpuienyasa mapmoika. — O, KaKGA TOPOWAS MBICAL. A MONCHO A €€ modtce
HEMHOIAUCKO NOJYMAI0?

7

I Ocmep, “Babywra ydasa’
1. CroxkuTe KBAIPAT U3 HECKOJIBKUX MPAMOYTOJBHUKOB M X M, TJAe M U N — TeJble Iucia.

2. Jluzaiinepy 3akasza/m pambl jyisi KBaapaTHOro okHa. Ha npoekrax (pucynku A B) nokaszano, kax
JIOJIZKHBI TIPUMBIKATH CTEKJIa JAPYT K JAPYTY, ¥ KAK OHU JOJKHBI OBITH OPUEHTHPOBAHBI (KOPOTKOI M/IHN
JTMHHO CTOPOHOMN BBEpX). MOXKHO /I CeJaTh BCE CTEKJIA B KAXKJIONW paMe MOJOOHBIME TPSIMOYTOJIb-
HUKAMUZ !

3. Moxk#no s pa3pe3arb KBaJpaT Ha 3 MOJ00HBIX, HO HEPABHBIX IPIMOYIOJbHIKA?
4. MoxkHo s pa3pe3aTh KBaJpaT Ha b KBaJIpaToB?

5. Bce monikm y mkada Ha pucynke C, Kak ¥ BCe JIOCKYTKH, U3 KOTOPBIX CIIATO OJEs/I0 HA pucynke D
— KBaJIpaTHbIE. BASIOTCS JIM KB PATHBIMYU CaMU KA W 01es107



6. MOKXHO Il 3aMOCTHTE BCIO ITOCKOCTD IIOIIAPHO Pa3JUIHBIMEA KBAIPATAMHU, JJNHB CTOPOH KOTOPBIX
— meJsible 9ucsaa’

C
7. MOKHO /I KBaJPAT PA3pe3aTh Ha NPSIMOYTOJIBHUKH ¢ OTHOIIEHHEM CTOPOH 2 + /27

8. Sdnsercs s 1+ /2 cymmoit KBapaTos duces Buga ¢ + byv/2, rae a u b — pannoHAIBHBI?

IlycTb Ha npsMoyrobHOM JUCTe HyMaru HApUCOBAaHO pa3bueHue Ha NpgMOyroJbHUKHU. Paspernaer-
cs pa3pe3aThb JUCT BIOJb JIO00T0 OTPE3Ka Ha JIBA MPSIMOYTOJIBHUKA, TOTOM TPOU3BECTH TAKHUE OIePa-
Y TIO-OTAETHHOCTH C KayK 0% W3 MOJIYIUBIIAXCS YacTell, ¥ Tak gajee. Ecan TakuM 06pa3oM MOXKHO
pea30BaTh UCXOTHOE pas3OueHue, TO HA30BEM €r0 mpusuaabhvim. Hampumep, pazbueHus Ha pUCYH-
kax A B — rpusmnanbusie, a C,D — Her.

Crenyromue 4 yrpayKHEHUS MTPEJJIATAETCH PEMIUTD MOAbKO 044 MPUBUAALHHL PA3OUEHNI.

9. Kakune npsMOyroJbHUKE MOXKHO Pa3pe3arh Ha NPsIMOYTOJIbHUKU CO CTOPOHOM 17
10. Kakwne mpsiMOyroibHUKN MOXKHO pa3pe3aTh Ha KBaJIpaThl?
11. MoxHO /i KBaJpaT paspesarh Ha IPSMOYTOJIBHIKH ¢ OTHOIIEHIEM CTOPOH v/27

12. Bce uncia, KOTOpbIE MOXKHO IPEJCTABUTH B BULE T = G + Dv/2 ¢ PAIMOHATILHBIME @ U b, HA30BEM
zopowumu. IIpn KakKux XOpoImuX T KBaApaT MOXKHO pa3pe3arh Ha MPSMOYTOJILHHKH C OTHOIIECHHEM
cropou x?

2.2 OrtkppiThiEe IPOOJEMBI O 3aMOIIEHUAX C (PU3UIECKON MHTEpHpeTanuei

1. Jlam xomBepT B ¢popme nmpamoyroabanka a X b. Ilpn Kakmx BEIecTBEeHHBIX @ ¥ b ero MOXKHO OKJIie-
UTh KBaJIpDATHBIMU MapKaMmu 6e3 mpoCBeTOB W HajoKeHuit ¢ obeux cropon? KBajparThl pasperniaercs
nepernbaTh depes Kpail mpaMOyrOIbHUKA, UX PAa3MePhl MOTYT Pa3IndaThCd.

2. TloBepxHOCTHM KaKUX PABHOTPAHHBIX TETPAIIPOB MOXKHO OKJIEMTh KBajparamu 0e3 MpOoCBETOB U
HAJTOXKEeHNH? A KaKUX — MPaBUILHBIMEA TPEYTOTLHUKAME !

3. lloBepxHOCTH KaKMX MHOI'OI'DAHHUKOB MOYKHO OKJIEUTH KBajparamu 0e3 [MPOCBETOB U HAJIOKEHUH !
A KakVUX — MPaBUIBHBIMYU TPEYTOTBLHUKAMU !

4. HekoTopble mapbl CTOPOH MHOT'OYTOJIBHIUKA HA PUCYHKE (CIeBa WM crpaBa) ckjaeenbl. [Ipu kakmx
JUTMHAX CTOPOH TOJIYIEHHYIO TIOBEPXHOCTH MOYKHO pPaspe3arh Ha KBAIPATHI !

R S —

e
5. CymecTByeT Jiu MHOTOYTOJBHUK, KOTOPBI MOXKHO Pa3pe3aTh HA KBAIPATHI, HO HEJIb3s MPUSUALLHO

o

paspesarh Ha KBaJpaThl (Ompegesenue 1aHo B §2.1, cM. Bepcmio Ha cafiTe)?

6. Kakme MHOTOYrOJBHUKHE Pa3pe3ar0Tcs Ha MPSIMOYTOJLHUKU C JTaHHBIM OTHOIIEHHEM CTOPOH ! A
KaKne — Ha MPSIMOYIOJbHUKHU C JAHHBIMU OTHOIIEHUSIMU CTOPOH X1, ..., Ty?7

7. Kakue MHOrOyroJbHUKE paspe3aloTcs Ha NpaBUIbHbIE TPEyroJbHUKH? A Kakue — Ha poMObI ¢
yryiom 60°7

8. CymiecTByeT Jin MEHTPAJbHO-CUMMETPUYHBIN MHOTOYTOIBHUK, KOTOPBI MOXKHO pa3pe3aTh Ha pa-
BUJIBHBIE TPEYTOJIBHUKN, HO HEJIb3s pa3pesaTh Ha poMObl ¢ yraom 60°7

9. Kakne MHOTOYTOJTBHUKY MOXKHO Pa3pe3aTh Ha TPAMEINN, TOMOTETHIHbBIE JTAHHOM !

10. Korga w3 mapasienenunesoB, MOAO0OHBIX TaHHOMY, MOXKHO COCTABUTH Ky6?



ITy6Gimmkanuu cTygeHToB. 3ajada | s caydas paéhuid KBaIpaToB perreHa B [7]. Samaua 2
Il MPaguavhozo Terpadapa pemeHa B [3]. Pemenne 3anaun 6 s paspesanuii npamoyzosvruka u
TOPOWUT T1,...,%T, (ompenesenue mamo B §2.1) onybsmkosano B [11| u yopormeno B [8]. 3anaun 6
1 9 sl YACTHBIX CJLy4daes pelleHbl B [5, 6]. DueMenrapHoe BBEJCHUE B UCIIOJIB3YEMbIE METO/Ibl JAHO
B [12, 10, 9], BBoAHBIE 3amaun — B §2.1 u [4].

3 Haraaagnas reomerpus IJid apXUTEKTYPbI

Tema pexomendosana cmydenmam 1—4 KYpcos u MAzuCmparmam.

3.1 CrapToBble ynpa>kKHEHUS

[Iycte 1 u lo — nBe mpsiMble Ha IJIOCKOCTH, | — TpsiMasd, HE MapaJuiesibHas HU OAHON u3 Hux. [la-

PAANEADHDLM TPOEKMUPOSAHUEM TIPAMOI [ HA TPAMYIO lo OTHOCHTESHHO HANPAaBJIEHNd | HA3BIBAIOT

oTobpazkeHune, KOTOpoe TOUKe A TpsiMoit [ CTABAT B COOTBETCTBUE TOUKY TEPECEdeHUsT MpsIMOit [ 4,

mapaJiIebHON | U poxosieit uepe3 A, ¢ mpsaMoii ls.

1. Jlwoboe jin napaJuie/ibHOE TPOEKTUPOBAHUE [IPSIMOI HA MPIMYHO COXPaHSIET JJIMHBI OTPE3KOB?
ITpocmvim omuowenuem ynopsigoaennoit Tpoiiku Touek A, B, C' na npamoit (B # C') HasbiBaeTca

TaKOEe YUCJIO X, 9TO 1@ =z - BC.

2. a) Ilpocroe orHOIIEHNE YHOPSIIOYEHHONH TPOWKYM TOUYeK Ha mpsiMoii pasHOo . Haifamre mpocrbie

OTHOMIEHUA ITUX TOYECK, 3alMCAaHHBIX BO BCEX APYTUX MMOPAIKAX.

b) IIpocroe oTHOIIEHUE YIOPSITOYEHHONH TPOHKM TOYEK Ha MPSIMOl COXPAHSIETCsT TIPH MapaLIeTbHOM

MTPOEKTUPOBAHUMN.

3. a) Kommosunueit HECKOIBKIUX MapaIeTbHBIX TPOCKTHPOBAHUI MPSIMOIT MOXKHO TEPEBECTH JHOOBIE
JIBE PA3/IMIHBbIC TOYKHU B JIO0BIE APYTHUE IBE PA3IUIHBIE TOYKH.

b) Bepro jm aHasoOrHaHOE YTBEPXK/ICHUE JIJISL JBYX TPOEK TOYEK Ha MPIMOii?

¢) Jaiire onpejesierne napasieibHOr0 IPOEKTHPOBAHUS OJHOMN IJIOCKOCTH B TPOCTPAHCTBE HA JIPYIYIO.
d) Kommosunpmeii HECKOMBKAX Tapa/IeJbHBIX TPOEKTUPOBAHUI TLIOCKOCTH MOYKHO MEPEBECTH JI000T
TPEYroJBHUK B JTHOO0H ApYTOii.

e) BepHo jin aHAIOrMUHOE YTBEPIKIEHUE JIJIA JABYX 9€THIPEXYTONLHUKOR?

4. a) Kaxmasi cTopoHa TpeyroJbHUKA MOJEJICHa Ha TP PaBHBIE YaCTH, U TOYKH JEJEHUST COCTMHEHDI
C MPOTUBOIOJIOXKHBIMU BeprmuHamu. Jlokaxure, 9T0 nuaronajmn “BHyTpeHHero” 6-yroibHUKA mepece-
KaIOTCSI B OJHON TOYKE.

b) B kakoM OTHOIMEHUM [T OCHOBAHWA TPATIENUN MPAMAas, TPOXOIAIIAsT YePe3 TOUKY MePeCeveHmst
JiMaroHaJiell U TOYKY IepeceueHus TPOI0JIzKEeHNN BOKOBBIX CTOPOH?

c) Jannl e napaJuiesbHble npsaMble u Touku A, B Ha oxuoii u3 nux. [locrpoiiTe osHOR JIMHEHKOM
cepenuny oTpeska AB.

5. Ilycre menpepoiBras Ouekrnus f: R — R cepeauny Jjir060ro oTpeska MepeBOIUT B CEPEJIMHY €ro
obpaza, a Touku 0 u 1 ocraBasier Ha mecre. Torma mas Bcex x,y € R u m,n € Z,

a) f(2r) =2f(z); D) flx+y) = flx)+ f(y); ¢ fim/n)=m/n; d) f(z)==z.

Banaua dusa. Ochosnas meopema adpunnot eeomempuu ( Mebuyc—gpon IlImayom). JTroboe menpe-
PBIBHOE B3aWMMHO-OTHO3HAYHOE OTOOpaYKeHre IIOCKOCTH, EPEBOJISIIEE TPAMbBIE B TPIMBIE, ABISTETCS
KOMIIO3ULMENA 1HapaJl/le/IbHbIX 1IPOEKTUPOBAHUN.

1 Discrete field theory

1.1 Leading exercises: toy model of gauge theory

Several cities are connected by roads in the shape of an M x N grid; see the figure. Each city has its
own type of goods (in unlimited quantity). E.g., city A has apples and city B has bananas. For two
neighboring cities A and B an exchange rate U(AB) > 0 is fixed, e.g., 2 bananas for an apple. The
rate is symmetric, i.e., U(BA) = U(AB)~!: one gets back an apple for 2 bananas.
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A cunning citizen can travel and exchange along a 1 x 1 square ABCD to multiply his initial
amount of goods by a factor of U(AB)U(BC)U(CD)U(DA). E.g., in the figure to the left the factor
is2-1-4-1=38. Denote U(ABCD) :=U(AB)U(BCYU(CD)U(DA).

In particular, a trip along the square ABC'D gives profit in one of the directions, if log, U(ABCD) #
0. The total speculation profit is measured by the sum S[U] of the values log3 U(ABCD) over all 1 x 1
squares ABCD (say, bypassed counterclockwise). E.g., in the figure to the left

S[U] = log3 U(ABCD) + logs U(DCFE) = (log, 8)* + (log, 1)* = 10.

You are the king, who can set exchange rates except those on the boundary of the grid. You set
them to minimize the quantity S[U]. The resulting rates are called optimal.
1. Clean up the kingdom in the left figure, i.e., find the number z for which the total speculation
profit in the middle figure is minimal.

Notice that the change of variables z(AB) := log, U(AB) simplifies the expression for the profit:
— 2
Slxz] == ZABCD(x(AB) + 2(BC) + z(CD) + z(DA))2.

For each 1 x 1 square ABCD denote ©(ABCD) := z(AB) + z(BC) + z(CD) + z(DA). E.g., in
the figure to the left, z(ABCD) = 3. Denote by W the factor multiplying the initial amount of goods
for a counterclockwise travel around the whole boundary. E.g., in the figure to the left, W = 4.

2. Assume that the fixed rates at the boundary are as in the figure, i.e.,

2, if AB is on the southern or northern border of the grid
U(AB) = and is directed counterclockwise along the boundary;

1, if AB is on the eastern or western border of the grid.

Clean up the kingdom for the following particular grid sizes, i.e., complete the table:
Grid 1x2 1x3 1x N 2 %2
The value W 4
The minimal value for S[U]

Optimal rates U(AB) for all roads AB
Values z(AB) for all roads AB
Values x(ABCD) for all 1 x 1 squares

3. a) For which values of the boundary rates in an M x N grid one can achieve S[U] = 07
b) For which values of M and N the optimal rates are uniquely determined by the boundary rates?
¢) How M, N, W and the minimal speculation profit are related?
d) Which of the grids — 8 x 8 or 7 x 9 — has smaller speculation profit, if W is the same?



2 Visual potential theory and tilings

2.1 Leading excercises

— I have a thought! — said Boa and opened his eyes. — A thought. And I think it.
— Which thought? — asked Monkey.
— It takes time to explain...
— Wow! — jumped Monkey. — What a good thought! May I also think it a bit?
G. Oster, “Boa’s grandmother”
1. Form a square from rectangles m x n, where m and n are integers.
2. A designer was offered to make square window frames. In Figures A B it is shown how the panes
should be adjacent to each other and how they should be oriented (with the short side or with the long
one to the top). Can all panes in each frame be similar rectangles?
3. Is it possible to dissect a square into 3 similar, but not equal rectangles?
4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D, are squares.
Are the board and the piecework also squares?

6. Is it possible to tile the plane by pairwise distinct squares with integer sides?

[I.“ ‘."ﬂ‘ﬁf -

7. Is it possible to dissect a square into rectangles of side ratio 2 4 /27
8. Is 1+ v/2 a sum of squares of numbers of the form a + byv/2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of paper
along any straight line segment into two rectangles, then repeat the same operation separately for each
of the obtained parts, and so forth. If it is possible to represent the initial tiling in this way, then the
tiling is called trivial. For instance, the tilings shown in Figure A B are trivial, but those in Figure C,D
are not.

It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 1?7
10. Which rectangles can be dissected into squares?
11. Is it possible to dissect a square into rectangles of side ratio v/2?

12. All numbers, which can be represented in the form 2 = a + bv/2 with rational a and b, are called
good. For which good x a square may be tiled by rectangles of side ratio x?

2.2 Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a x b. For which real a and b it can be completely covered
by nonoverlapping square marks from both sides? It is allowed to fold the squares across the edges of
the envelope, and the sizes of the squares may be different.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares? And
into regular triangles?

3. Which polytopes made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the figure (to the left or to the right) are glued. For which
side lengths the resulting surface can be tiled by squares?
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5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares (see the
definition in §2.1)7

6. Which polygons can be tiled by rectangles of given side ratio 7 And by rectangles of given side
ratios x1,...,x,7

7. Which polygons can be tiled by regular triangles? And by rhombi with a 60° angle?

8. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot be tiled
by rhombi with a 60° angle?

9. Which polygons can be tiled by trapezoids homothetic to a given one?

10. When a cube can be tiled by parallelipipeds similar to a given one?

Publications of students. Problem 1 for equal squares is solved in [15]. Problem 2 for a reqular
tetrahedron is solved in [13]. A solution of Problem 6 for tilings of a rectangle and good z1,...,x,
(see the definition in §2.1) is published in [17] and later simplified in [16]. Problems 6 and 9 are solved
[22, 14] in some particular cases. Elementary introduction to the methodology is given in [18, 20, 19],
introductory problems are in [21].

2.3 Inverse problem for alternating-current networks

LAn alternating-current network is a (not necessarily planar) graph with a fixed subset of vertices
(boundary vertices) and a complex number c(xy) with positive real part (conductance) assigned to
each edge zy [24, Section 2.4]. The wvoltage is any complex-valued function v(z) on the set of vertices
such that for each nonboundary vertex y we have »_ . c(zy)(v(z) —v(y)) = 0, where the sum is over
all the edges containing the vertex y. One can see that the voltage is uniquely determined by its
boundary values [24, Section 5.1]. The current flowing into the network through a boundary vertex y
is i(y) = >_,, c(zy)(v(z) — v(y)). The network responce is the matrix of the linear map taking the
vector of voltages at the boundary vertices to the vector of currents flowing into the network through
the boundary vertices.

The general electrical-impedance tomography problem is to reconstruct the network from its response.
For direct-current planar networks, meaning that all the conductances are positive, the problem has
been solved in [23].

Teaser. There is a matrix realizable as the response of the network in the figure to the right (for
the boundary vertices Ny, No, N3 and some edge conductances Ri, Re, R3) but not to the left.

N3

Denote by Wy, the set of complex b x b matrices A having the following 4 properties:
1. A is symmetric;

2. the sum of the entries of A in each row is zero;

3. ReA is non-negatively definite;

4. if U = (Uy,...,Uy) € R? and UT(ReA)U = 0 then Uy = --- = Up,.

11. Prove that the set of responses of all the possible connected alternating-current networks with b
boundary vertices is the set Uy,

!Published in: Discrete differential geometry, Oberwolfach Reports, 2015



It is known that Conditions 1-4 are necessary. Sufficiency is known for b = 2 and b = 3 [24, Theorem
4.7]. For general b there is a solution by G. Rote (private communication).

12. Given a response matrix provide an algorithm to reconstruct the network and the edge conductances.

13. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.

14. Describe the set of all the responses of all the possible planar networks with edge conductances
having positive real parts.

15. Let the conductance of each edge be either w or 1/w, where w is a variable. Describe the set of
all the possible responses of such networks as functions in w.

This is known for b = 2 boundary vertices — Foster’s reactance theorem [24, Theorem 2.5].

2.4 Asymptotic estimates for conductance

The Green  function  R(x,y) is  the  resistance  between  the  origin  and
the vertex (z,y) in a infinite square lattice of unit resistors. P

Teaser. R(0,1) =1/2, R(1,1) = 2/x, and R(z,y) = 5= In(z? + y?) + O(1). ! )

The same asymptotic form holds for triangular and hexagonal lattices. ; ;
16. Prove the same for arbitrary nondegenerate uniform orthogonal lattice. N -

17. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) —u(w)| = O(|z — w|).

18. Generalize star-triangle transformation to nonrhombic lattices.

2.5 Convergence of discrete analytic functions to their continuous counterparts

A quadrilateral lattice is a finite graph @ C C with rectilinear edges such that each bounded face is a
quadrilateral. A complex-valued function f on the vertices of @ is called discrete analytic, if for each
quadrilateral face z120232z4 we have

f(z1) = flz3) _ f(z2) = f(z)

Z1 — %3 zZ9 — 24 '

The real part of a discrete analytic function is called a discrete harmonic function. The discrete Dirichlet
problem is to find a discrete harmonic function with given values at the boundary. A function w« is
equicontinuous, if |u(z) — u(w)| = O(¢(]z — wl)) for some function ¢(x) such that lim,_, ¢(x) = 0.

2

Teaser. The function f(z) = z is discrete analytic but f(z) = z° is not unless the faces of @ are

parallelogramms. 29

S
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19. Is it true that discrete harmonic functions are equicontinuous?

<4

20. Is it true that the solution of the Dirichlet problem converges to its continuous counterpart under
lattice refinement?

3 Visual geometry for architecture

3.1 Surfaces containing two parabolas through each point

21. Find all functions f: R? — R with the following property: through each point of the plane one can
draw two lines such that the restriction of the function f to each of the lines are quadratic functions.



Example. The surfaces given by the equations
z = ay(x +y) (left figure) or z = 22 + y? (middle figure)

An isotropic circle is either a parabola with the axis parallel to Oz (middle figure) or an ellipse
whose projection into the plane Oxy is a circle (right figure).
22. Find all surfaces in R? containing a line and an isotropic circle through each point.

23. Find all surfaces in R? containing two isotropic circles through each point.

24. Which sets of circles can be the top view of the isotropic circles on such surfaces?
25. Find all surfaces in R3 enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry [31, §2].

26. Find all surfaces in R? containing 3 isotropic circles through each point. Find all hexagonal webs
from isotropic circles on surfaces (except isotropic spheres).

3.2 Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

d

Cyclide (a

egree 4 surface)

27. Let r and R be fixed. Find all surfaces in R? such that through each point of the surface one can
draw two circles of radii r and R fully contained in the surface.

28. Let a be fixed. Find all surfaces in R? such that through each point of the surface one can draw
two circles fully contained in the surface and intersecting at angle a.

29. Let o be fixed. Find all surfaces in R? such that through each point of the surface one can draw
two circles fully contained in the surface, the planes of which intersect at angle a.



Hint. Deduce from the classification of surfaces in R? containing 2 circles through each point.

The surface ®(u,v) = (u+i)(v + )~ ! in R* | where i and j are quaternion units, contains a line
and a circle through each point but it not a quadric, cf. [28].
30. Find all surfaces in R* containing a line and a circle through each point.

31. Find all surfaces in R® containing a line and a circle through each point.

32. Consider the surface in R* = H parametrized as
®(s,t) = (agst + a1s + ast + az)(bost + bys + bot + b3) 71,

where a;, b; € H are fixed, and s,t € R are variables. How many circles can the surface contain through
each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic preimage
of the surface.

e what degree does it have (cf. [26])?
e is it always the intersection of the unit sphere in R® with two other quadrics?
e what is the configuration of the planes of the circles on it (cf. [29])7

33. Does each surface in R* containing 3 circles through each point belong to this class of surfaces
(cf. [27])7
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