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1 Polytopes and polynomials: geometry, combinatorics and topological

Galois theory

Subject matters and open problems within this topic vary in level. Some are recommended for �rst year

undergraduates and some for graduate students, see below.

Consider a polynomial equation over the complex numbers

f(x) = cdx
d + cd−1x

d−1 + . . .+ c0 = 0. (∗)

The fundamental theorem of algebra claims that the equation (∗) has exactly d roots, provided that

the coe�cients are chosen �randomly� (i.e. so that the discriminant of the polynomial is not equal to

0).

For instance, c2x
2 + c1x + c0 = 0 has two roots unless the discriminant D = c21 − 4c0c2 vanishes.

The two roots can be expressed in terms of the coe�cients explicitly as −c1±
√
D

2c0
.

For d > 4, the classical Abel-Ru�ni theorem claims that one cannot construct such general formula,

expressing by radicals the solutions of the equation (∗) in terms of its coe�cients cd, cd−1, . . . , c0 for

all values of the coe�cients.

1.1 The proof of the Abel-Ru�ni theorem and the topology of rami�ed coverings

This sub-topic is recommended for 1st and 2nd year undergraduates.

The proof of the Abel�Ru�ni theorem can be presented in a completely elementary way (as it

is done in the book �Abel's theorem in problems and solutions� by V. B. Alexeev). However, any

adequate exposition (as in H. Zoladek, The Topological Proof Of Abel�Ru�ni Theorem, Topological

Methods in Nonlinear Analysis Journal of the Juliusz Schauder Center Volume 16, 2000, 253�265)

requires certain universally signi�cant notions from higher mathematics, such as Riemann surfaces and

rami�ed coverings of algebraic curves (see e. g. M. Artin's �Algebra�). It is a good idea for a geometrically

oriented 1st year student to use the aforementioned sources to write a self-contained account of this

proof, introducing (and making use of) the notion of a rami�ed covering and its monodromy. �

We now come back to the description of our general topic. It is devoted to one natural generalization

of the aforementioned classical story to systems of equations in several variables. This generalization

is closely related to geometry of multidimensional polytopes.

Let us identify a monomial xa11 . . . xann (denoted by xa for short) with the point (a1, . . . , an) = a in

the integer lattice Zn. Then every �nite set of monomials A ⊂ Zn gives rise to the system of equations∑
a∈A

ca;1x
a = . . . =

∑
a∈A

ca,nx
a = 0, (∗∗)

where ca,i are indeterminate coe�cients.

Example 1: if n = 1 and A = {0, 1, . . . , d} ⊂ Z1, then the corresponding system of equations (∗∗)
consists of one equation (∗).

Example 2: if n = 2 and A is as on the left picture:
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then the system of equations (∗∗) looks as follows:{
c2,1;1x

2y + c1,2;1xy
2 + c1,1;1xy + c2,0;1x

2 + c1,0;1x + c0,0;1 = 0
c2,1;2x

2y + c1,2;2xy
2 + c1,1;2xy + c2,0;2x

2 + c1,0;2x + c0,0;2 = 0

Q0: How many solutions does this system have for �random� values of the coe�cients c•,•;•?
Q1: Can we express these solutions in terms of the coe�cients by radicals?

The answers turn out to be very geometric.

Theorem 0 (Kouchnirenko�Bernstein): the typical number of solutions equals the lattice

volume of the convex hull of the set A (recall that the lattice volume is the metric volume times n!).

Theorem 1: under the additional assumption that the set A ∈ 0 generates the lattice Zn, the

system (∗∗) is solvable by radicals if and only if the lattice volume of the convex hull of Ais at most 4.

For instance, in the setting of Example 1, the convex hull of A is the segment [0, d], so the two

preceding theorems boil down to the classical fundamental theorem of algebra and the Abel�Ru�ni

theorem. In the setting of Example 2, the convex hull (shown on the right picture above) has lattice

area 5, so the system of equations in this example typically has 5 solutions and does not admit a

general explicit formula for these �ve solutions.

These answers immediately generate the next wave of questions.

Q2: Can one classify all general systems of equations (∗∗) that are solvable by radicals? Equivalently,
can one classify all lattice polytopes A ⊂ Rn of lattice volume at most 4?

Of course, there are in�nitely many lattice polytopes of volume 4: given one such polytope A, we
construct many others by taking its images under volume-preserving a�ne maps Rn → Rn, and also

by taking a height 1 pyramid with the base A (i.e. the convex hull of A×{0} and {0}×{1} in Rn×R1):

Theorem 2: there exist exactly 34 lattice polytopes of volume 4 (of dimension up to 6), such that

all other maximal volume 4 lattice polytopes can be obtained from these 34 by volume-preserving a�ne

transformations and taking height 1 pyramids. For instance, here are the three-dimensional ones:

Q3: All possible tuples of coe�cients (c•,•;•) form a vector space that we denote by CA; what can

we say about the bifurcations set, i.e. the subset B ⊂ CA of all tuples of coe�cients, such that the

corresponding system of equations (∗∗) has an atypical number of solutions (i.e. not equal to the lattice

volume of A)?
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Theorem 3: the bifurcation set is always an algebraic hypersurface, i.e. there exists a polynomial

function D of the indeterminate coe�cients (c•,•;•), such that B is given by the equation D = 0.

Q4: What happens to all of the preceding answers, if we choose n di�erent �nite sets of monomials

Ai ⊂ Zn, i = 1, . . . , n and assemble the i-th equation in our system from the monomials of the set Ai

(instead of using the same collection of monomials in all n equations, as before)?

We shall call such systems of equation mixed systems.

The Kouchnirenko�Bernstein theorem remains valid, if we replace the lattice volume of the convex

hull of A with the so called mixed volume of the convex hulls of A1, . . . , An (a key notion in the convex

geometry and analysis). Theorem 1 turns into a far more complicated criterion of solvablility, reducing

the classi�cation of solvable mixed systems of equations to the classi�cation of n-tuples of lattice

polytopes having mixed volume 4. Theorems 2 and 3 do not survive passing to the mixed setting, and

generate mnay open problems.

1.2 Classi�cation of small lattice polytopes and tropical geometry

This sub-topic is recommended for any level of studies.

The classi�cation of tuples of lattice polytopes having a given mixed volume V in the space Rn

of a given dimension n is known to be �nite modulo a�ne transformations of Rn that preserve the

lattice Zn. However, the explicit classi�cation is known only for V = n = 2 and for V = 1. It would
be important to obtain an explicit classi�cation for larger values of V and n and to estimate how fast

it grows as n and V increase. An important tool for such studies is tropical geometry, which can be

regarded as algebraic geometry over the semi�eld (R t {−∞},max,+). Algebraic varieties over this

semi�eld are actually piecewise-linear objects, such as the tropical curves on the picture below (taken

from F. Sottile's home page). �

1.3 Kouchnirenko�Bernstein theorem and toric varieties

This sub-topic is recommended for undergraduate, master and PhF thesis. It is compulsory to take (or

have taken) at least an introductory course in algebraic geometry if you choose this sub-topic.

The proof of the Kouchnirenko�Bernstein theorem is based on the geometry of toric varieties � a

key object in algebraic geometry and geometric topology. Once you are familiar with toric varieties

and understand how to prove the K�B theorem, you can think about its generalization to many other

natural settings where the typical number of solutions is not known so far. Also, even in the classical

setting, many questions regarding the geometry and singularities of the bifurcation hypersurface (see

Theorem 3 above) remain open. �

1.4 Solvability by radicals and topological Galois theory

This sub-topic is recommended for undergraduate and master thesis. It is compulsory to take (or have

taken) at least an introductory course in algebraic geometry if you choose this sub-topic.

The proof of Theorem 1 above is based on the notion of the monodromy group, or the Galois group

� a key object in algebraic and arithmetic geometry. The Galois group for a mixed system of equations

with indeterminate coe�cients is not known so far in general (although the question of solvability by

radicals is completely answered for them). Once you understand how to prove Theorem 1 above, you

can try to obtain new results on Galois groups of systems of equations with indeterminate coe�cients.

Similar open questions are actively studied for other classical enumerative problems, such as Schubert

calculus and Gromov�Witten invariants. �
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