
Çàäà÷è ê ýêçàìåíó ïî ÍÈÑ ¾Ïðåäñòàâëåíèÿ è âåðîÿòíîñòü¿,

îñåíü 2018 ã.

Çàäà÷è ðàçáèòû íà òðè áëîêà â ñîîòâåòñòâèè ñ ðàçäåëàìè êóðñà. Íà îöåíêó ¾îòëè÷íî¿

(10) äîñòàòî÷íî ðåøèòü äâà èç òð¼õ áëîêîâ.
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Çàäà÷à 1.1. Íàïîìíèì, ÷òî îïåðàòîð A : H → H â êîìïëåêñíîì ãèëüáåðòîâîì ïðîñòðàí-

ñòâå èìååò êîíå÷íûé ñëåä, åñëè äëÿ íåêîòîðîãî (à çíà÷èò, è äëÿ âñåõ) îðòîíîðìèðîâàííîãî

áàçèñà (en) âåðíî, ÷òî
∑

n〈|A|en, en〉 < ∞, ãäå |A| = (A∗A)1/2 � àáñîëþòíàÿ âåëè÷èíà îïå-

ðàòîðà.

(à) Ïðèâåäèòå ïðèìåð îïåðàòîðà A è áàçèñà (en), äëÿ êîòîðûõ
∑

n

∣∣〈Aen, en〉∣∣ < ∞, îäíàêî

îïåðàòîð A íå èìååò êîíå÷íîãî ñëåäà.

(á) Ïîêàæèòå, ÷òî åñëè ðÿä
∑

n

∣∣〈Aen, en〉∣∣ ñõîäèòñÿ äëÿ ëþáîãî îðòîíîðìèðîâàííîãî áàçèñà
(en), òî A èìååò êîíå÷íûé ñëåä.

(Óêàçàíèå: ñâåäèòå çàäà÷ó ê ñàìîñîïðÿæ¼ííîìó ñëó÷àþ, ðàçëàãàÿ A = B + iC, ãäå B,C
ñàìîñîïðÿæ¼ííûå; çàòåì âîñïîëüçóéòåñü ñïåêòðàëüíîé òåîðåìîé.)

Çàäà÷à 1.2. Îïðåäåëèì áåñêîíå÷íûå ò¼ïëèöåâó t(a) è ãàíêåëåâó h(a) ìàòðèöû, îòâå÷àþùèå
äâóñòîðîííå áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè (aj)j∈Z: èìåííî, t(a)ij = ai−j , h(a)ij = ai+j+1.

Ðàññìîòðèì èõ êàê îïåðàòîðû íà ïðîñòðàíñòâå `2(N) = {(xn)∞n=1 :
∑
|xn|2 <∞}. Äîêàæèòå,

÷òî åñëè aj = f̂j �ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f ∈ L∞([−π, π]), òî
îïåðàòîðû h(a), t(a) êîððåêòíî îïðåäåëåíû íà `2(N) è èõ íîðìû íå ïðåâîñõîäÿò ‖f‖∞.
(Óêàçàíèå: èñïîëüçóéòå èçîìåòðèþ Ôóðüå ìåæäó `2(Z) è L2([−π, π]) è ïðàâèëüíûì îáðàçîì

ïîäîáðàííûå ïðîåêòîðû `2(Z) íà `2(N).)
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Çàäà÷à 2.1. Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= −x+

1

2
cosx+ (sin ay − 1) cos2(ε−1t)− 2x sinx cos(ε−1t)

dy

dt
= x+ x2 sin(ε−1t) + sin2 y cos2(ε−1t),

ãäå ïåðåìåííûå x, y ∈ R, à ε� 1 è a ∈ R � ïàðàìåòðû ñèñòåìû. Íàéäèòå äîñòàòî÷íîå óñëî-

âèå íà ïàðàìåòð a, ïðè êîòîðîì ñèñòåìà èìååò àñèìïòîòè÷åñêè óñòîé÷èâûé ïðåäåëüíûé

öèêë, íàõîäÿùèéñÿ â îêðåñòíîñòè ïîðÿäêà ε òî÷êè ñ êîîðäèíàòàìè x = 0, y = 0. Ïðè ðåøå-

íèè ýòîé çàäà÷è ìîæíî ïîëüçîâàòüñÿ ðåçóëüòàòàìè, ñôîðìóëèðîâàííûìè âî âðåìÿ ëåêöèé.

Óêàçàíèå. Ñëåäóéòå ñõåìå, èçëîæåííîé ïðè àíàëèçå ìàÿòíèêà Êàïèöû. Ïåðâûì äåëîì

ïåðåéäèòå â áûñòðîå âðåìÿ τ = ε−1t è ââåäèòå òðåòüþ ïåðåìåííóþ z òàê, ÷òîáû ñèñòåìà

ñòàëà àâòîíîìíîé è ïðèíÿëà âèä, ïðèãîäíûé äëÿ ïðèìåíåíèÿ òåîðèè óñðåäíåíèÿ.

Çàäà÷à 2.2. Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ẋ = εf(y), ẏ = ω + εg(x, y),

1



ãäå x ∈ R, y ∈ S1, êîíñòàíòà ω îòëè÷íà îò íóëÿ, ôóíêöèÿ f : S1 7→ R íåïðåðûâíà, à

ôóíêöèÿ g : R × S1 7→ R îãðàíè÷åíà. Äîêàæèòå, ÷òî ñóùåñòâóåò êîíñòàíòà C, òàêàÿ ÷òî

êàæäîå ðåøåíèå ñèñòåìû (x(t), y(t)) óäîâëåòâîðÿåò ñîîòíîøåíèþ

|x(t)− x(0)− ε〈f〉t| ≤ Cε ïðè 0 ≤ t ≤ ε−1,

ãäå 〈f〉 = 1
2π

∫ 2π
0 f(s) ds. Òî åñòü, ìåäëåííàÿ ïåðåìåííàÿ x èçìåíÿåòñÿ ïî÷òè ëèíåéíî íà

áîëüøîì âðåìåííîì èíòåðâàëå.

Ïðè ðåøåíèè ýòîé çàäà÷è íåëüÿ ïîëüçîâàòüñÿ ðåçóëüòàòàìè, ñôîðìóëèðîâàííûìè íà

ëåêöèÿõ. Òî åñòü, âàì ïðèäåòñÿ äîêàçàòü ñîîòâåòñòâóþùóþ òåîðåìó îá óñðåäíåíèè ñàìî-

ñòîÿòåëüíî. Äîêàçàòåëüñòâî äîëæíî áûòü ñòðîãèì, â ÷àñòíîñòè, çàïðåùàåòñÿ îòáðàñûâàòü

÷ëåíû ïîðÿäêà ε2 áåç îáîñíîâàíèÿ.
Óêàçàíèå. Òàê êàê f íå çàâèñèò îò x, òåîðåìà îá óñðåäíåíèè â äàííîì ñëó÷àå ñòàíîâèòñÿ

çàìåòíî ïðîùå.
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Çàäà÷à 3.1. Let V be a �nite set, let p : V × V → [0, 1] be such that for all x ∈ V∑
y∈V

p(x, y) = 1.

Assume that the associated Markov chain is irreducible and that there exists a measure π : V →
(0,∞) such that

π(x)p(x, y) = π(y)p(y, x)

Prove, without using the general results of the lectures, the spanning tree formula

π(x) = C
∑
τ∈Tx

w(τ)

for some C > 0, where Tx is the set of the spanning trees rooted at x and w(τ) is the weight of
the tree τ .
Remark: We already know that the formula holds true since π is invariant. The exercise asks for

an independent combinatorial proof in the case π(x)p(x, y) = π(y)p(y, x).
Hint: De�ne a bijection from Tx to Ty to calculate the ratio of the sums

∑
τ∈Tx w(τ) in x and y.

Çàäà÷à 3.2. Let V = {0, 1, . . . , N}, let f : V → (0,∞) and de�ne the transition probabilities:

p(x, y) :=


1
2 if y = x± 1 and f(y) > f(x).
1
2
f(y)
f(x) if y = x± 1 and f(y) ≤ f(x).

1− p(x, x+ 1)− p(x, x− 1) if y = x.

0 otherwise.

(a) Calculate the invariant measure of the associated Markov chain and the capacity between 0
and N .

For some k ∈ V , assume that f is strictly decreasing for x ≤ k and strictly increasing for

x ≥ k, so that k is the minimizer of f .
(b) Calculate the expected value of the number of times the Markov chain starting at 0 hits the
point k before hitting N for the �rst time.
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