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1. Âû÷èñëèòå èíòåãðàëû Ôðåíåëÿ

∫ ∞

0
cosx2dx,

∫ ∞

0
sinx2dx.

2. Âû÷èñëèòå èíòåãðàë Äèðèõëå

∫ ∞

0

sinx

x
dx.

3. Âû÷èñëèòå èíòåãðàë

∫ ∞

0

cos ax− cos bx

x2
dx.

4. Ðàçëîæèòå â ðÿä Òåéëîðà ñëåäóþùèå ôóíêöèè è íàéäèòå îáëàñòè

ñõîäèìîñòè ðÿäîâ:

(à) f(z) =
z

1− z − z2
â òî÷êå z = 0,

(á) f(z) =
z

z2 − 2z + 5
â òî÷êå z = 1,

(â) f(z) =
z

(1− z)2
â òî÷êå z = 0 (ýòà ôóíêöèÿ íàçûâàåòñÿ ôóíêöèåé

Ê¼áå. Íà ÷òî îíà îòîáðàæàåò åäèíè÷íûé äèñê?),

(ã) f(z) = sin2 z â òî÷êå z = 0,

(ä) f(z) =
ez − z − 1

z2
â òî÷êå z = 0,

(å) f(z) =

∫ z

0

et − 1

t
dt â òî÷êå z = 0.

5. Íàéäèòå f ′′′(0), ãäå f(z) = esin z.

6. Íàéäèòå ïåðâûå òðè ÷ëåíà ðàçëîæåíèÿ â ðÿä Òåéëîðà â îêðåñòíî-

ñòè òî÷êè z = 0 ôóíêöèè (à)
z

(1− z2) sin z
, (á) ez+cos z.

7. Âûïèøèòå ðÿä Òåéëîðà äëÿ ôóíêöèè f(z), óäîâëåòâîðÿþùåé óñëî-
âèÿì f(0) = 0, f(z) = z + f(z2), è íàéäèòå ðàäèóñ ñõîäèìîñòè ðÿäà.

8. Îïðåäåëèòå ïîðÿäîê íóëÿ z = a ôóíêöèè f(z), åñëè
(à) f(z) = (cos 3z − cos 5z)2(1− cos 2z)3, a = 0;
(á) f(z) = (z2 − π2)3 sin3 z, a = π;
(â) f(z) = (z4 + 2z3 − 2z − 1)2(eiπz + 1)3, a = −1;
(ã) f(z) = esin z − etg z, a = 0.

9. Íàéäèòå ðàäèóñû ñõîäèìîñòè ðÿäîâ:

(à)

∞∑
n=0

n

2n
zn, (á)

∞∑
n=0

n!

nn
zn, (â)

∞∑
n=0

zn!, (ã)

∞∑
n=0

cos(in) zn,

(ä)

∞∑
n=0

(3 + (−1)n)nzn.

10. Äîêàæèòå, ÷òî â ðàçëîæåíèè
z

ez − 1
=

∞∑
n=0

Bn

n!
zn âñå êîýôôèöè-

åíòû Bn (÷èñëà Áåðíóëëè) ñ íå÷åòíûìè íîìåðàìè ðàâíû 0 êðîìå B1 è

íàéäèòå ðàäèóñ ñõîäèìîñòè ðÿäà.



11. Äëÿ ëþáîãî a ∈ C ïîëîæèì (a)n = a(a + 1)(a + 2) . . . (a + n − 1)
(ñèìâîë Ïîõãàììåðà).

(a) Îïðåäåëèòå ðàäèóñ ñõîäèìîñòè ðÿäà

F (a, b; c; z) = 1 +
∞∑
n=1

(a)n(b)n
n!(c)n

zn.

(á) Äîêàæèòå, ÷òî ôóíêöèÿ F = F (a, b; c; z), çàäàâàåìàÿ ýòèì ðÿäîì,

óäîâëåòâîðÿåò äèôôåðåíöèàëíîìó óðàâíåíèþ

z(1− z)
d2F

dz2
+ [c− (a+ b+ 1)z]

dF

dz
− abF = 0.

Ôóíêöèÿ F (a, b; c; z) íàçûâàåòñÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé.

12. Ïîëèíîìû Ýðìèòà Hn(z) îïðåäåëÿþòñÿ ðàçëîæåíèåì

e2tz−t2 =
∑
n≥0

Hn(z)

n!
tn.

Äîêàæèòå ñîîòíîøåíèå Hn+1(z) = 2zHn(z)− 2nHn−1(z).

13. Íàéäèòå âñå îñîáûå òî÷êè è îïðåäåëèòå èõ õàðàêòåð ó ñëåäóþùèõ

ôóíêöèé: (à)
1

1− sin z
, (á)

z

sin(z3)
, (â) ctg(1/z) , (ã)

1

ez2 + 1
.


