
Ìàòåðèàëû ê ñåìèíàðàì ïî ìàòàíàëèçó (÷åòâ¼ðòûé ñåìåñòð)
7-ÿ è 8-ÿ íåäåëè (25.02 � 07.03.2019)

Ïðèìåðíûå çàäà÷è ñåìèíàðîâ

Ïîòî÷å÷íàÿ ñõîäèìîñòü ðÿäîâ Ôóðüå

Çàäà÷à 4.1. Ïóñòü
∑

n∈Z ane
inx,

∑
n∈Z bne

inx �ðÿäû Ôóðüå ôóíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó

L2[−π, π]. Äîêàæèòå, ÷òî ðÿä Ôóðüå
∑

n∈Z anbne
inx ðàâíîìåðíî ñõîäèòñÿ íà R ê íåïðåðûâíîé 2π-

ïåðèîäè÷åñêîé ôóíêöèè.

Ïðåîáðàçîâàíèå Ôóðüå è åãî ñâîéñòâà

Îïðåäåëåíèå 1. Ïðåîáðàçîâàíèåì Ôóðüå F(f) = f̂ ôóíêöèè f ∈ L1(R) íàçûâàåòñÿ ôóíêöèÿ f̂ : R →
R, çàäàííàÿ ôîðìóëîé

f̂(λ) = F(f)(λ) =
∫ ∞
−∞

f(x)e−iλx dx.

Îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå íàçûâàåòñÿ ôóíêöèÿ

F−1(f)(λ) = 1

2π

∫ ∞
−∞

f(x)eiλx dx.

Çàäà÷à 4.2. Âûâåäèòå ñëåäóþùèå àëãåáðàè÷åñêèå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå f(x)→ f̂(λ):
à) x→ i ddλ ,

d
dx → iλ,

á) g(x) = f(x− a)⇒ ĝ(λ) = e−iλaf̂(λ), g(x) = eiaxf(x)⇒ ĝ(λ) = f̂(λ− a),
â) g(x) = f(ax)⇒ ĝ(λ) = 1

|a| f̂(
λ
a ),

ã) ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò (íå)÷åòíûå ôóíêöèè â (íå)÷åòíûå.

Çàäà÷à 4.3. Âû÷èñëèòå ¾òàáëè÷íûå¿ ïðåîáðàçîâàíèÿ Ôóðüå:

à) χ[−a,a], á) χ[0,∞) · e−ax, â) χ(−∞,0] · eax, ã) e−a|x|, ä) e−ax
2
(a > 0).

Oòâåòû: à)
2 sin aλ

λ
, á)

1

a+ iλ
, â)

1

a− iλ
, ã)

2a

λ2 + a2
, ä)

√
π
ae
−λ2/4a.

Çàäà÷à 4.4. Íàéäèòå ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóþùèõ ôóíêöèé:

à) x · χ[−1,1], á) sinx · χ[0,π], â) e−ax
2
cosx, ã) e−ax

2+bx+c, a > 0, b, c ∈ R.

Çàäà÷à 4.5. Äëÿ f ∈ L2(R) íàéäèòå F(F(f)).

Çàäà÷à 4.6. Èñïîëüçóÿ èíòåãðàëû â êîìïëåêñíîé îáëàñòè è âû÷åòû, íàéäèòå ïðåîáðàçîâàíèÿ Ôóðüå

ñëåäóþùèõ ôóíêöèé, ÿâëÿþùèõñÿ ïðåîáðàçîâàíèÿìè Ôóðüå ¾òàáëè÷íûõ¿ ôóíêöèé:

à)
1

x± ia
(Re a > 0), á)

1

x2 + a2
(a > 0), â)

sin ax

x
(a > 0), ã) e−ax

2
(a > 0).

Çàäà÷à 4.7. Èñïîëüçóÿ èíòåãðàëû â êîìïëåêñíîé îáëàñòè è âû÷åòû, íàéäèòå ïðåîáðàçîâàíèÿ Ôóðüå

ñëåäóþùèõ ôóíêöèé:

à)
x

1 + x2
, á)

1

1 + x4
, â)

1

(1 + x2)2
.

Çàäà÷à 4.8. Íàéäèòå ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóþùèõ ôóíêöèé:

à) xe−
x2

2 , á)
sin2 x

x2
, â)

sinx

x(1 + x2)
.

Çàäà÷à 4.9. Âû÷èñëèòå èíòåãðàëû:

à)

∫ ∞
−∞

sinx

x
dx, á)

∫ ∞
−∞

sin2 x

x2
dx,

âîñïîëüçîâàâøèñü ïðåîáðàçîâàíèåì Ôóðüå èíäèêàòîðíîé ôóíêöèè è ôîðìóëîé Ïëàíøåðåëÿ.

1



Çàäà÷à 4.10. à) Íàéäèòå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè e−ax
2
, ãäå a ∈ C è Re(a) > 0.

á) Ðàñïðîñòðàíèòå ïîëó÷åííûé ðåçóëüòàò íà ñëó÷àé ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè

f(x) = f(x1, . . . , xn) = e−
(Ax,x)

2 ,

ãäå A�êîìïëåêñíàÿ ñèììåòðè÷åñêàÿ ìàòðèöà, òàêàÿ ÷òî åå âåùåñòâåííàÿ ÷àñòü çàäà¼ò ïîëîæèòåëüíî

îïðåäåëåííóþ êâàäðàòè÷íóþ ôîðìó, à ìíèìàÿ ÷àñòü ìàëà ïî ñðàâíåíèþ ñ âåùåñòâåííîé (÷òî èìåííî

ýòî îçíà÷àåò?).

â*) Ðàñïðîñòðàíèòå ðåçóëüòàò, ïîëó÷åííûé â ïóíêòå (a), íà ÷èñòî ìíèìûå a ∈ C.
ã*) Âû÷èñëèòå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé sin ax2 è cos ax2, ãäå a > 0.

Çàäà÷à 4.11. à) Âûðàçèòå ìîìåíòû ôóíêöèè f(x) (ò.å. âåëè÷èíû
∫
R x

nf(x) dx) ÷åðåç êîýôôèöèåíòû
Òåéëîðà â íóëå åå ïðåîáðàçîâàíèÿ Ôóðüå.

á) Ïóñòü f(x)�ôèíèòíàÿ àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî ïðåîáðàçîâàíèå Ôóðüå

f̂(λ) ïðîäîëæàåòñÿ äî öåëîé ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî.

â) Ïóñòü f(x) = 0 ïðè x < 0 è f(x) < Ceax ïðè x > 0, ãäå a > 0. Äîêàæèòå, ÷òî â ýòîì ñëó÷àå

ïðåîáðàçîâàíèå Ôóðüå f̂(λ) ïðîäîëæàåòñÿ äî ôóíêöèè, àíàëèòè÷åñêîé â ïîëóïëîñêîñòè Imλ < −a.

Çàäà÷à 4.12. Íàéäèòå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè Sign(t)
√
|t|e−|t|.

Çàäà÷à íà ïîâòîðåíèå

Çàäà÷à 4.13. Ïðè êàêèõ çíà÷åíèÿõ α ∈ R ñëåäóþùàÿ ôóíêöèÿ f ïðèíàäëåæèò L2(Rn):
à) f(x) = (1 + ‖x‖)α, á) f(x, y) = (1 + |xy|)α (n = 2)?
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