LECTION 6.
A MODEL FOR THE GROUP ¢S,

A A KIRILLOV

1. GENERAL SETTING

1.1. Representations with a simple spectrum. In this section we con-
sider unitary representations 7 of a finite group G in a Hilbert space V.!

We say that a representation 7 has a simple spectrum, if it is a direct
sum of pairwise non-equivalent unirreps. Such representation are character-
ized by a simple algebraic condition.

Proposition 1. The representation (m, V') has a simple spectrum, iff the
algebra of intertwining operators I(mw, m) = Endg (V') is commutative.

Proof. Let V = &, Vi be the decomposition of V into irreducible sub-
spaces. Choose an orthonormal basis By in every Vi and let B = J By.
Then B will be an orthonormal basis in V. We can assume that for every
pair of equivalent subrepresentations (7|v;, 7|y;) the bases B;, B; are chosen
so that matrices of 7(g)|v, and m(g)|v; coincide. Then every intertwining op-
erator A in V has the matrix of block form with blocks Ay; € Homg(Vg, Vi),
which are zero when 7|y, and 7|y, are not equivalent and can be arbitrary
scalar matrices ¢y - 1, when 7|y, ~ 7ly;.

We see that the algebra I(m, ) is isomorphic to ®pMat(ug, C), where g
are multiplicities of irreducible components. O

1.2. Big subgroups. A subgroup H of a finite group G is called big, if the
following equivalent conditions are satisfied.

1. For every unirrep m of G, it restriction Resgw has a simple spectrum.

2. For every unirrep p of H, the induced representation Ind%p has a
simple spectrum.

The equivalence follows from the Frobenius Formula
(1) i(ResGm, p) = i, IndGp).

Exercise 1. Let H, K are subgroups of G. If H C K C G and H is a big
subgroup of G, then so is K.

Date: Spring 2019.
1Actually7 the notions we introduce below make sense in more general setting, namely,
for continuous unitary representations of compact topological groups. Most of the state-
ments also remain true in this situation.
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Exercise 2. * Let C[G]” be the subalgebra in the group algebra C[G],
which consists of functions f, satsfying

f(hgh™) = f(g) forall heH, gcQa.
The subgroup H is big, iff the subalgebra C[G] is commutative.

Known examples. In the following pairs every group is a big subgroup
of the following one for n > 1:

Sn - Sn—i—b SQ X Sn - Sn+27 Un - Un—l—la
U(l) Cc SU(2) SUp+1 C SUp42, Sping+o C Sping,43.

1.3. Definition of model representation. A representation 7 of a finite
group G, is called a model for G, if its decomposition into unirreps contains
every type with the multiplicity 1. Note, that this definition make sense
also for continuous representations of compact groups. The first example,
which was the source of the notion, is the representation of G = SO(3, R)
in L?(S?). Here the irreducible components have dimensions 2k + 1 and
consist of homogeneous polynomials of degree k in variables x,y, z. Later
many other examples of model representations were discovered (see [??][],[]).

Exercise 3. Show that the regular representation of G in C[G] has a simple
spectrum iff the group G is commutative.

2. BASIC FACTS ABOUT S,

2.1. Definitions and notations. The group S,, of permutations of n ob-
jects is the most important and most studied family of finite groups. By
definition, it is a group of automorphisms of X, a finite set with n elements.
Usually, X, is realized as {1,2,...,n}, so that there are natural inclusions:

XiCcXoC---C X, C... and SiCcSycCc---CS,C....

There are several ways do describe elements s € .S),:

a) As a bijective function k +— s(k), 1 < k < n.
b) As a row vector (5(1), s(2),.. .,s(n)) e N

1 2 ... n—1 n
c) As a graph I'(s) of the form , where the set V
1 2 ... n—1 n
of vertices is the union of two copies (upper and lower) of X,, and the set
A of arrows consists of ax, 1 < k < n, which joins the upper copy of k with
the lower copy of s(k).

A pair (i,5) C X, X X,, is called bf inversion for s € S, if i < j and
s(i) > s(j). The number of inversions is called the length of s and is
denoted [(s). It is equal to the number of the intersection points for the
arrows in I'(s).
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Proposition 2. The function sgns = (—1)"®) is multiplicative:

sgn(s182) = sgn(s1) - sgn(s2)
and is the only non-trivial character of Sy,.

2.2. Subgroups and conjugacy classes. For any partition of the set X,
into disjoint parts X1, ..., X3 we denote by Yx, . x, the subgroup of Sy,
consisting of permutations, which preserve the partition. The subgroups
of this kind are called Young subgroups. As abstract groups, they are
determined up to isomorphism by the numbers \; = |X;[, 1 < i < k, and
are isomorphic to one of the groups Yy := Sy, x --- x S, .

To any standard Young tableau T we associate two Young subgroups:
Yiow(T') (resp. Yo (T')) which correspond to the partitions of X,, into rows
(resp. columns) of 7. Up to isomorphism, they are determined by the
corresponding Young diagram D (or by the partitions A(D) and A\*(D)).

Introduce also the notation ;g (T") (resp. Seo(T')) for the element s € S,
which permutes cyclically the elements of every row (resp. every column)
of T. Sometimes, these elements are called horizontal (resp. vertical)
permutations.

It is well-known that every conjugacy class C' C S,, contains a horizontal
(resp. vertical) permutation for an appropriate tableau 7. Moreover,

Proposition 3. There is a bijection between conjugacy classes in S, and
partitions A € P, such that the class C) contains a horizontal permutation
for a tableau T of type X (resp. a vertical permutation for a tableau T of the
dual type \*).

2.3. Representation of S,,, induced from Young subgroups. Let A
be a partition of n. Denote by X the set of all partitions of the set X,, =

{1,2,...,n} into disjoint parts of cardinalities Ay, ..., Ag. It is clear that the
group S, acts transitively on X and the stabilizer of the point (X1, ..., Xi)
is the Young subgroup we denoted above by Y (X, ..., X), or Y.

Consider two kinds of induced representation of Sy,:
II, = Indf,:l and HL = Ind%sgn ~II, ®sgn.

The computation of the intertwining numbers between these representation
is a beautiful and non-trivial group-theoretic (and combinatorial) problem.
To describe the result, we have to introduce a partial order in the set P,, of
partitions. We say that A dominates p and write A = p if
(2) Mt F A >+ +pp forall k>1.

Let A\, u € P, be partitions.

Proposition 4. The table of intertwining numbers for representaions 11y
and HL have a unitriangular form:

(3) i(Iy, Iy) =1 and i(ITy, IT,) = O unless A = p.
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The proof is based on a following combinatorial fact.

Lemma 1. Let A does not dominate . Then for any standard tableau T
of shape X\ and any standard tableau T' of shape u, there are two numbers
1,7 € X, such that they are situated in one row of T and in one column of
T.

As a corollary, we obtain the bijection between the set 3; of (equivalence
classes of) unirreps of S, and the set P,, of partitions of n.

Indeed, the first relation (3) means that the (reducible) representations
II) and IT} have a unique unirrep in common. We denote this common
unirrep by 7). The space V), of this representation contains a unique (up to
scalar factor) vector vy, which is invariant under all operators 75(g), g € Yx.
It also contains a unique (up to scalar factor) vector vy, which is invariant
under all operators 7 (g), g € Yx.

3. VECTOR BUNDLES AND INDUCED REPRESENTATIONS

Let G be a group and H C G be a subgroup. Then there is the natural
restriction functor Resg from the category of all representations of G,
denoted Rep(G), to the category Rep(H).

The notion of an induced representation was defined by G.Frobenius as a
dual functor Ind$ from Rep(H) to Rep(G), satisfying the duality formula:

(4)  i(Res$m, p) = i(m, nd%)p forall 7€ Rep(G), p € Rep(H).

The geometric version of this construction is based on the notion of vector
bundle, introduced below.

3.1. Vector bundles. An n-dimensional complex vector bundle L over
a topological space X is a topological space L, endowed with a continuous
map p : L — X such that for any z € X the fiber F, = p~!(z) has a
structure of n-dimensional complex vector space.

Such bundles form a category, where a morphism from (L; 2 X1) to

L1 L) L2
(L B X3) is a commutative diagram of the form  |p, lpg , where ¢

X1L>X2

and @ are continuous maps with the additional condition: the restriction of
¢ to every fiber F; is a linear operator from F to Fy(,).

Remark. In most applications the sets L and X are assumed to be a
smooth manifolds, the projection p is smooth and the bundle structure is
locally trivial.

The last property means that any point x € X has a nejghborhood
U > x such that p~1(U) is isomorphic to the trivial bundle Ly = U x C"
with the natural projection to U. I.e., we have a commutative diagram
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Lo —25 U x Cn
lp l ,  Where ¢ is the inclusion and for every z € U the

U——U
restriction of ¢ to the fiber F) is an isomorphism of F, onto {z} x C".
Let U C X be a subset. A map s: U — L is called a section of L over U
if the composition pos = Idy. In other words, for any point x € U the value
s(z) belongs to the fiber F,. The set of all sections of L over U is denoted

by I'(L, U). It is a natural generalization of the space of vector-functions
Fun(U, C™). (Note, that for trivial bundles these notions coincide.)

3.2. G-bundles over G-sets. A vector bundle L over a right G-set is called
a G-bundle, if G acts also on L (also from the right) and

1. This action commutes with the projection p: L — X.

2. The restriction of G-action on every fiber is a linear map.

In the space I'(L, X) the linear representation II of the group G arises.
It acts by the shifts of argument:

(5) (H(g)v) () =v(x - g).

When the bundle L is trivial and 1-dimensional, the above formula gives just
the geometric representation of G in the complex function space Fun(X, C).

The most interesting case is when the G-set X is homogeneous. The
notations are slightly shorter if we assume that X is a right G-set, hence
isomorphic to the right coset space H\G. Below we consider this situation
in more details.

To study the sections of L, we have to write these sections in a convenient
form. Denote by z¢ € X the initial point (the coset H\H in H\G) and by
W the fiber Fy,. Choose a basis B = (ey, ..., e,) in W.

Using the action of the element g € G, we can translate this basis to
the basis B-g = (e1-g, ..., en - g) in the fiber F,.; = W -g. A section
v € I'(L, X) is determined by the vector-function w., = (w%, owl) on G,
given by
(6) wi(9) = (v(zo - 9), €i - 9)-

But not every vector-function is associated to a section.
Proposition 5. Let (p, W) be the representation of H = Stab(xg) on the

fiber W over xg. A wvector-function w on G correspond to a section of the
bundle L over X iff it satisfies the relation

(7) w(hg) = p(h)w(g).
Proof. By definition of p, the bases B - h and B are connected by the
relation

(8) B-h=(e1-h,...,en-h)=(p(h)er,...,p(h)e,) = p(h)B.
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Applying the action of g to this relation, we get B - hg = p(h)B - g, which
implies (7) and the necessity of the condition. The sufficiency follows from
the explicit formula y(z¢ - g) = w'(g)e; - g.

Proposition 6 (Corollary). There is natural bijection between the (equiva-
lence classes of ) n-dimensional G-bundles over X = H\G and (equivalence
classes of ) n-dimensional complex representations of H.

We denote L, the bundle, corresponding to p € Rep(H).

Theorem 1. The representation II of G in the space I'(L,, X), defined by
(5), is equivalent to the induced representation Indgp.

Proof. We show that II possesses the characteristic property of induced
representations, i.e. satisfies the Frobenius formula (1) with II instead of
1 nd%p:

i(ResSim, p) = i(m, 10).
To prove it, we establish the explicit correspondence between the two spaces
of intertwining operators: I(Res%n, p) and I(r, II).

Let V be the space of the representation m. By definition, an operator
A € I(m, IT) sends a vector v € V' to some section of the vector bundle L,,
which we denote ,. The intertwining property is: (5, = I1(g)y, or

Yr(g)w(T) = Ww(wg) forall ze X, ged.

The section 7, determines the vector-function on G which we denote by
wy(g). The G-action on L, in terms of these vector-functions looks like
Wr(g)v = H(g)w

Finally, we associate to A the operator AV > W, which sends v € V
to the value wy(e) € W.

We have to check that A belongs to i(Res%m, p) and the correspondence
Ao Aisa bijection. The intertwining property of A follows from

An(h)o = wa(uyole) = wi(h) = p(h)wy(e) = w(h) Av.

Further, every operator B from i(Res%w, p) has the form ﬁ, where A
is the operator, which sends v € V to the section y(zo - g) = 7(g)Bv.
[l

4. INVOLUTIONS IN S;;, AND THE MODEL REPRESENTATION

4.1. Involutions. In this section we call involution every permutation s €
Sp, satisfying s2 = e (including e itself). It is clear that the cycle type of such
permutation is 172!, k421 = n. The conjugacy class C[s] is an homogeneous
Sp-set, isomorphic to the coset space S,,/Z(s), where Z(s) is the centralizer
of the element s € S,.

To describe the centralizer Z(s), consider first the extremal cases n = k
and n = 2[. In the first case s = e and Z(s) = S,. In the second case
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we realize X9 as the set X}, = {£1,42,...,£l} and put s(i) = —i. The
centralizer Z(s) contains permutations of two types:

a)s(i) =sgn (i) - o(|i]), where o € S, b)s(i) =¢e(i) -4, e(i) = £1.

The permutations of type a) form a group, isomorphic to S, those of second
type form a group, isomorphic to Z/2Z)!. The whole centralizer is a semi-
direct product of these two groups: C; ~ S; x (Z/2Z)!. (The group Cj is
isomorphic to the full symmetry group of an /-dimensional cube).

In general case, when n = k+ 2, the centralizer Z(s) is the direct product

o e oS k+20)!
Sk % Cj. Its cardinality is ISL\~||01| = Ec! (203!.

5. THE UNIVERSAL LINE BUNDLE OVER Inv(Sy)

The whole set Inv(Sy) of involutions in S, is the disjoint union of subsets
Invi(Sy), 0 <1 < %, which are just conjugacy classes Cirgr, k+ 2] = n. We
define an S,,-line bundle L over Inv(S,,) as follows.

As we showed above, a complex G-bundle L over an homogeneous right
G-set X = H\G is determined by the action of the subgroup H in the fiber
F,, >~ C over the initial point zg € X.

In our case this action is given by the family y of characters {x;}, 0 <1 <
n/2. The space I'(Inv;(Sy,), Lx;) of sections of L over Inuv(S,) is identified
with the space of complex-valued functions ¢ on S5, satisfying

9) ¢(gh) = xi(h)p(g),h € Sk x C,

which is a particular case of (7), where representation p is one dimensional.

Theorem 2 (A.A.Klyachko). Define the character x; of Sk x C; as trivial
on Sy and as sgn on C;. Then the space

D(Lx, Inv(S,)) = &2 (Lxq, Inu(Sy,))
will be a model for Sy,.
O

Example 1. For n = 3 we have Invy = {e}, Inv; = {(1,2), (2,3), (1,3)}.

The line bundle L, over Inwy is trivial and in the space I'(Invg, xo the
trivial representation 7y is realized (as a geometric representation) .

The line bundle L, over Inv; corresponds to the character sgn and is the
tensor product of geometric representation in Fun(/nv;) and 1-dimensional
representation m; = sgn. So, in the space I'(Invg, xo the reducible repre-
sentation 7y @ my is realized.

Example 2. n = 4 we have Invg = {e}, Inv; ={(1,2), (1,3), (1,4), (2,3),
Here again, in sections of L, over Invg the trivial representation 7y acts.
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The 3-dimensional representation in the space of sections of L, over Inuvs
is again the tensor product of geometric representation in Fun(Invy) and
1-dimensional representation 7w = sgn. So, splits as m @ ms.

Finally, the 6-dimensional representation in the space of sections of L,
over Inwv is the sum of two 3-dimensional unirreps of Sjy.

It would be interesting to describe explicitly the distribution of unitrreps
of Sy, between the [n/2] spaces I'(Ly, Inv;(Sy)).
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