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1 Lecture

1.1 Introduction

General scheme of the Inverse Scattering Transform (IST) in application to partial
differential, difference-differential and difference equation can be demonstrated by
the following diagram:

Cauchy problem: Solution
Nonlinear equation plus = ==-=-=-=-=-=—-=-==-=-=-=-=-=-=—---—- > of the Cauchy problem
Initial data, say, at ¢ =0 for any ¢
Diitject Inverse
problem problem
Scattering data Evolution by ¢ Scattering data
at t = 0: licitly solvabl for an arbitrary t¢:
S, (explicitly solvable) S(1)

By means of initial data of the Cauchy problem one constructs corresponding Scat-
tering data Sy of the Lax operator L. Existence of the Lax representation, L; =
[A, L] for the original nonlinear equation enables explicit solution of the evolution
equations for the Scattering data. This gives S(t). By means of the equations of the
Inverse problem one reconstruct solution of the Cauchy problem for an arbitrary
moment of time. In this course we start from the bottom horizontal line of this
diagram: we start with construction of linear equations that can be uplifted to
integrable nonlinear equations. Our main object of investigation will be difference
integrable equations.

1.2 Commutator identity and linear equation on an associa-
tive algebra

We start with the following simple observation. Let we have an associative algebra

with unit / and let for some element A in this algebra there exist inverse elements

(A — a;I)~! for some constants ay,as, a3 € C (a; # as # az # a1). In what follows

we omit unity operator and write A — a; in such cases. Let B be any other element
of this algebra. It is easy to check that there exists commutator identity

alg{(A —a1)(A—a)B(A—a) (A —ay) ™+ (A —a3)B(A - ag)fl}—l—

+azs{(A—a2)(A—a3)B(A—a2) (A—a3) '+ (A—a1))B(A—ay) ' }+  (L.1)
+ag {(A — az)(A—a))B(A —az) (A —a1) "' + (A —as) B(A —ap) "'} =0,



where we denoted differences
a;; = a; — a; # 0 for i # j. (1.2)
Eq. (1.1) also can be written as

a{(A — a)(A — a2) B(A—a1) (A~ a2) '+
+ (A —a3)B(A — a3)™'} + cycle(1,2,3) = 0, (1.3)

Notice that if some difference equals to zero, say ai2, we do not need to make
calculations based on properties of the algebra to prove that (1.1) is identity of the
kind 0 = 0. So in what follows we set that all differences in (1.2) are nonzero.

In this case in order to prove (1.1) we have to use associativity of the algebra that
enables to open parenthesis. But as a simplified approach, also in search for such
identities we can consider some special realization of elements A and B of the algebra
as operators in some space. Say, let we have L? on the real axis, f(x) € L?. Let
A be multiplication operator: (Af)(z) = zf(x), and (Bf)(x) = intdyB(z,y)f(y)
be some integral operator. Applying then the Lh.s. of (1.1) to f we get that in the
integral with respect to y integrand B(z,y)f(y) got factor

12 - + Qo3
) {( — a)(z — a») x—a3}+ {Ex—ag)(x—a3)+x—a1}+

(y—a1)(y—a2) y—as y—az)(y—as) y—a

+a31{(x_a3)(x_al) +"T—a2} ~0, (1.4)

(y—a3)(y—a1) z—ay

where now equality follow by simple calculations and takes place for any z and y.
In this course we consider discrete equations, i.e., equations depending on discrete
variables 1,2, etc. In other words we consider functions and operators (matrices)
u(m), F(m), etc., depending on m = {my, My, Ms, ...}, where m; € Z. Throughout
this text we use the following notation
FY(m) = F(my + 1, ma, ms), FO(m) = F(my,my + 1,ms),

1.5
F®3)(m) = F(my,mo+1,m3+1), etc. (15)

so that upper indexes 1, 2, 3 and so on in parenthesis denote unit shifts of the
variable with the same number. It is clear that such shifts commute:

Existence of identity (1.3) suggests to introduce dependence of B on three dis-
crete variables mq, mo, mg belonging to Z by means of equalities

BY = (A~ a)B(A—ay1)7,
B® — (A — aQI)B(A — a21)71’ (1'7)
B® = (A —a3])B(A—asl) ™,

Then by (1.1), or (1.3) B(m) obeys linear difference equation
a1n{ B" + B®} + cycle{1,2,3} = 0. (1.8)

While this equation, valid on an arbitrary associative algebra, will be the main
subject of our consideration here, it is not the only identity of such kind. Let us
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consider “derivation” of the above equality. Following (1.7) and above realization of
r — a;

elements of associative algebra we denote «; = . Next, we use, say, equations

Yy—a
for = 1,2 in order to write x and y as functions of a; and as. Then we insert these
values in a3 that gives polynomial relation

a12{a1a2 + ag} + cycle{1,2,3} =0, (1.9)

that is the way to write (1.8) in terms of that special realization. Of course, finally
one has to check that equalities (1.1), or (1.8) are valid for any elements of associative
algebra.

In what follows we show that linear difference equation (1.8) can be lifted to
nonlinear integrable difference equation—the famous Hirota difference equation, that
has a lot of literature.

Problem 1 A, aq, as and az are mutually commuting elements of the algebra under
consideration. Let, like in (1.7)

BY = (A—a;)B(A—a;)™", j=1,2,3. (1.10)
Find analogs of Eqs. (1.3) and (1.8). Hint: elements a; do not commute with B.

Problem 2 Let A, By and By be three elements of an associative algebra. Let

(0 B A0
B = ( B, 0 ) and we understand A as ( 0 A ) . (1.11)

Parameters aq, as and az are in C and we denote

a:agz(é _(1)) (1.12)

Let us introduce dependence on m; by means of relations (1.5) and

BYW = (A—a))B(A—a)™, B® = (A —a)B(A —ap)”",
B® = (A — a30)B(A — aso) ™. (1.13)

Find commutator identity and corresponding evolution equation.

Problem 3 Under the same conditions as in Problem 2 but in the case of evolution

BYW=(A-—a)B(A—a)",  B®=(A—ay0)B(A—a0)",
B® = (A - a30)B(A — azo) ", (1.14)

find commutator identity and corresponding evolution equation.

Problem 4 Under the same conditions as in Problem 2 but in the case of evolution

BY = (A —a,0)B(A — ay0) 7!, B® = (A — a30)B(A — ay0) 7!,
B® = (A — a30)B(A — azo) ™!, (1.15)

find commutator identity and corresponding evolution equation.



2 Lecture.

2.1 Operator realization of elements of an associative alge-
bra.

In order to arrive to nonlinear evolution equation we need a so called “dressing
procedure”, that in its turn require specific realization of elements of associative
algebra. Taking that we are working here with discrete variables running through Z
into account, we consider (infinite) matrices F', G, ets. Let T' denotes shift matrix
Ty omt, = Omymy41- For any matrix F' = {Fj;}; jez we introduce f,,(m1) = Frny my—n,
so that matrix F' can be written as

F=> fTm, (2.1)

ne”

where all matrices f,, = diag{ f,(m1)}m,ez are diagonal, i.e., mutually commuting
ones. Notice, that this is leading consideration only, so we do not discuss convergence
of the above series. With this accuracy we uniquely associate to every matrix F' its
symbol

f’(ml, z) = an(ml)z", (2.2)

where my € Z, 2z = zre + 121 € C. It is easy to see that the standard product of
matrices F' and G in terms of their symbols takes the form

d¢ ~

FG(my, z) = qu:l QWiCF(ml’ZO Z CMTMG(mY, 2). (2.3)
m} EZ
Here and below we use relations
g ¢" <
= On.0, 0.(¢;) = A 2.4
f L he 6= 30 (2.4)
where the latter one gives the delta-function on the contour, i.e.,
S| -~
$ Sr () = 11 (25)
[C1]=1

for a test-function f(¢). In other words, if function ¢(¢) on the unit circle ¢ € C,
|C| = 1, admits decomposition in the Fourier series, i.e.,

P(Q) =D @, (", then o, = f e v(¢), (2.6)

= 271
" ¢l=1

that means direct and inverse Fourier transforms correspondingly. We see that the
composition law (2.3) gives a kind of “deformed” Fourier transform. Moreover, in
the case where symbol F(my, z) of operator F is independent of z (due to (2.1) this
means that infinite matrix F' is diagonal) this law reduces to the composition of the
direct and inverse Fourier transforms, so that

FG(my, z) = F(m1)G(my, 2) (2.7)
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for any operator G (see Problem 5). Thus operators with z-independent symbols
play the role of multiplication ones.

As useful examples we mention that for the unit and shift matrices (I and T
correspondingly) i, (my) = 9y, 0 and t,(m1) = 6,1, S0 by the above definition we
have for the symbols: B B

I(m,z) =1, T(m,z) = z. (2.8)
Relation (2.1) shows that we use an analog of the normal order: all shift operators
are placed to the right from multiplication ones, that is confirmed by (2.7). Corre-
spondingly, let G be a function of the shift operator only, i.e., due to (2.1) and (2.2)
its symbol is independent of the discrete variable, G(m1, z) = G(z). Then by (2.3)
we get - _ _
FG(my,z) = F(my, 2)G(2) (2.9)
for an arbitrary F' (see Problem 6). Similarity transformation by means of operator
T, as follows from (2.3) and (2.9), gives a shift of the discrete variable

TFT-Y(my,2) = F(my +1,2), e, TFT~' = F, (2.10)

where notation (1.5) was used. This relation is essential for construction below.
On the set of these functions F'(m, z) we define the following linear operations:

complex conjugation: F*(m,z) = F(m,z), (2.11)
— dC ~
transposition: FT(m,z) = f 5 C,gF(m —n, )(zC"), (2.12)
i
¢l=1

Hermitian conjugation: Ft = (FT)*. (2.13)

In what follows we consider set of “pseudo-matrix” operators F, G, ... given by
their symbols F', GG, ... with the above composition law. We impose condition that

these symbols are tempered distributions with respect to their variables, or Fourier
coefficients of distributions. But in generic situation we do not expect any relation
of the kind (2.1) of these operators with matrices, in particular, we do not expect
any analyticity property of the symbols of operators with respect to the variable
z. Because of this one can introduce on this set operations that are well defined in
terms of symbols, but have no analog on the set of matrices. In particular, we define
operation of O-differentiation: F' — OF":

= OF (m, z)

(OF)(m, z) = R (2.14)

This derivative is the measure of departure of the symbol of operator from analytic-
ity, so it also give a measure of departure of operator from the infinite matrix, i.e.,
from situation when series in (2.1) converges. In particular, unit and shift operators,
as follows from (2.8) obey

oI =0, oT = 0. (2.15)

_ We consider operators A and B as operators of the above kind with symbols
A and B. Dependence of the symbol of B on m;, BY = (A —a;)B(A —a;)" is
exactly as the one under the similarity transformation (2.10) by means of operator
T. Thus we can set

A=T+ aq, ie., zzlv(m,z) =z +a. (2.16)
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Then in correspondence to (1.7)

B(l) — TBTil, B(2) — (T + a12)B(T —+ 0/12)717

B(g) = (T+a13)B(T+a13)*1, (217)
where notations (1.5) and (1.2) were used. Symbol B(my, my,ms, z) of operator B
depends now on the three discrete variables, my, mg, m3 € Z, besides the variable z.
In what follows we use notation B(m, z), setting m = {my, ms, m3}. Dependence
on my and mgy does not affect (2.3), where product of symbols must be considered
as pointwise with respect to these variables, so that

(FG)D = FOGO §=1,23, (2.18)
where for i = 1 this equality follows from (2.3).

Problem 5 Let F' be a diagonal matriz, i.e., its symbol is z-independent of z:

F(my,z) = F(my). Prove that under this condition Eq. (2.3) takes the form (2.7)
for any operator G.

Problem 6 Let G be a function of the shift operator only, i.e., its symbol is inde-
pendent of the discrete variable, G(my, z) = G(z). Prove that under this condition
Eq. (2.3) takes the form (2.9) for an arbitrary operator F.



3 — 4 Lectures

3.1 Symbol of operator B.
Thanks to m-dependence of operator B specified in (2.17), its symbol can be pre-

sented as
E(m’ Z) _ % Qiigcml (ZC + a12)m2 (M)mgb(c’ Z), (3]_)

Z+ a2 Z+ a3
I¢l=1

where b((, z) is some function. It is reasonable to exclude its exponential growth
with respect to my and m3. So we impose conditions |z{+a1s| = |z4a12|, |2(+ai3] =
|2+ ay3], that are equivalent to either ( = 1, or Z/z = (a12/a12 = (ay3/a13. The first
condition leads to a trivial constant operator in (3.1), so we consider the second one
only. Because of it: @12/a12 = G13/a;3, and thus (shifting phase of z, if necessary)
we can choose all a; to be real. This means that function b((, z) has support on
the surface ( = Z/z. In the simplest case b((, z) = 6.(Cz/2)f(z), where 0. is the
d-function on the unit circle and R(z) is an arbitrary function of z € C. Then
representation (3.1) for the symbol of B becomes

~ zZ\™ Z 4+ aqs mQ(g—FCng)mS
B(m,z)=| - z), 3.2
ma=(2) () () e (3.2)
Taking property of the m-dependent factor here into account, it is reasonable to
input condition that R(z) = R(z). Then also

B(m,z) = B(m, z), i.e., B* = B, (3.3)

where notation (2.11) was used. In generic situation b(¢, z) in (3.1) can be propor-
tional to the finite sum of derivatives of §.(¢), that we do not consider here in order
to avoid asymptotic growth of B(m, z) by m.

3.2 Cauchy—Green formula

Below we use terminology of the theory of functions of complex variables and nota-
tion 2 = 2Zge + 12 € C. We also write d?z = dzpedz, = 2idz A dz and derivatives
9. = Y0, —10.,,) = 0, & = (0., +10.,,) = 0. Function f(2) is analytic if it
is differentiable and obeys Cauchy conditions, that in these terms can be written
as Osf(z) = 0. Here we do not assume analyticity of functions under consideration
and use notation f(z) as short for f(zgre, 2mm), i-e., function of two real variables.
Under proper assumptions on smoothness of a function f(z) of complex variable and

border 0D of a simply connected domain D on C one has Green’s formulas:

Qi/dzz 0f(z) = fdzf(z), Qi/dzz Of(z) = —%dzf(z),

D oD D oD

where domain D is to the left from the contour 9D in process of integration by it.
Useful relation is given by means of the formula from the theory of distributions:
~1

0 o= 7(2) = m0(2Re)0(2m ),



where 0(2ge) and § (21, ) are delta-functions of their arguments. In order to prove this
relation we let function f(z) to be infinitely differentiable and to decay at z — oo
faster than any power of z (both these conditions are too strong, in fact) and use
definition of derivative of a distribution:

/d2 (5 %)f(z) _ /d2 égf(z) _

:—lim/d2215f(z):—lim/d225M:
e—0 z e—0 z

|z|>¢ |z|>e

where we used that in this domain function 1/z is analytic; then by the Green’s
formula

21 e—=0 z 21 e—0
|z|=¢ |z|=¢

:_—1hm dz@:_f<0)1im % dzézwf(O),

where f(0) was substituted for f(z) for € small enough and the last integral was
calculated explicitly. By means of these relations we can prove the Cauchy-Green

formula: ) .
f(Z) :—L,j{dz/f(Z) _'_l/d—zg’f<z/>’

27 z—2z w z—2z
oD D

when z € D C C and f(z) = 0 otherwise. This formula generalizes to the non-
holomorphic case the standard Cauchy formula. Here we denoted J = Oy

3.3 Dressing procedure

The main object of our construction, dressing operator K with symbol I?(m, z),
is introduced as solution of the 0-problem:

0K = KB,
~ 3.4
lim K(m,z) =1, (34)
Z—> 00

where product in the r.h.s. is understood in the sense of (2.3). Differential d-equation
here due to (2.3) and (3.2) in terms of symbols sounds as

0k =Fma(2) () (22) e, @)

Z Z 4+ az z+ a3

so we can use the Cauchy-Green formula and write that inside any domain D

~ 1 K(m,2) 1 d’z -~

K =—— ¢dz'———— 4 = 0K M.

(m, z) 5 R — +7T/z—z’ (m, 2)
oD D

In order to get integral equation on l?(m, z) we have to expand the domain D on
the whole complex plane, so that we have to impose some asymptotic condition on
behavior of this symbol at z-infinity. Notice that if it tends to some constant value
foo, then the first term here equals this constant. So setting asymptotic condition



in (3.4) we can extent domain D to the whole complex plain C, so that in terms of
symbols we get integral equation

~ 1 dQZ/ = 7
K(m,2) :1+—/ -0 K(m, ?'). (3.6)
) z2—2

This integral equation is equivalent to the problem (3.4) and can be used to prove
existence and uniqueness of solution of this problem. Here we do not go in this
details and we assume this unique solvability. This assumption is crucial for our
construction, but not essential for its results. As the first result of this assumption
we get that because of conjugation property of B (see (3.3)) we also have conjugation
property for the dressing operator:

K* =K. (3.7)

Let us consider an operator F' in our class of operators, such that its symbol ﬁ(m, z)
is entire function of z, i.e. F = 0, see (2.14). Thanks to (2.3) we have that
OFK = FOK = FKB, so that FK obey the same differential equation in (3.4).
Then we get instead of (3.6) integral equation

2/
FK(m,2) = F(m,z) + % / zd ZZ/ dK(m,”), OF =0, (3.8)
assuming that the integral converges. Thus asymptotic behavior of the composed
operator 'K is determined by the asymptotic behavior of the symbol of operator F'.
Vice verse, due to assumption on the unique solvability of the problem (3.4) we see
that any solution of the equation 0G = GB with asymptotic behavior determined
by entire function F'(m, z) can be written as

G =FK. (3.9)

Indeed, difference G — FK obeys the same differential equation (G — FK) =
(G — FK)B but with zero inhomogeneous term, as asymptotics of this difference
equals to zero.

Dependence of operator K on variables m is introduced by means of the same
O-problem:

oK) = KWRBL), lim KO(m,2) =1, j=1,23, (3.10)
where (2.18) was taken into account. But we have to check that evolutions of
K defined in this way are mutually compatible. We use here that compatibility
of evolution equations of operator B is obvious by construction. Then by (2.18)
and (3.10) 0K @) = K9 B3 and KUY = KU B for any i,j = 1,2,3. Thus
difference K (7 — KU obeys O-equation in (3.4), but with zero asymptotic behavior.
So this difference equals to zero due to the assumption on the unique solvability.
Let us consider consequences of the equality (2.17) for operator K. Notice that this
operator, as any operator of the class under consideration obeys (2.10),

KW =TKT™!, (3.11)

that is compatible with (3.10) for j = 1 because of of the first equality in (2.17).
Consider now j = 2. Thanks to (2.15) and (2.17) we derive

IKPT + az)) = (KO(T + anz)) B,
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i.e., product K® (T + a15) obeys the same J-equation but with asymptotics that
growth linearly at z-infinity. Thus thanks to observation in (3.9) there exists mul-
tiplication operator X—operator with symbol independent of the variable z—such
that K@ (T + a;5) = (T + X)K. In order to determine this operator we have to
specify asymptotic condition in (3.4) by means of the next term of expansion,

K=IT+uT"'+..., 2z— oo, (3.12)

where dots denote terms with symbols decaying faster than z=!, and where u is a

multiplication operator. So in terms of symbols this can be written as

K(m,z) =1+ wm)

+..., z—o00. (3.13)
z

We assume below that u(m) decays rapidly enough at m-infinity:

lim u(m) =0, (3.14)

m;—00

while in fact it would be enough to impose condition that it tends to an arbitrary
constant.
Thus we get (see Problem 9) that due to (3.11)

KO(T + ayy) = KOT + (a0 + u® —uM)K, (3.15)

Analogous consideration shows that the evolution with respect to ms is given by
equation
KT + ays) = KOT + (a3 + u® —uM)K. (3.16)

Problem 7 By means of (2.3) derive the Leibnitz rule for O(FG). (Hint: this rule
15 valid in the standard form for symbols, but it is necessary to write it in terms of
operators and their derivatives).

Problem 8 Find property of operator u defined in (3.12) with respect to operation
(2.13). What does it mean for its symbol?

Problem 9 Give details of derivation of Eq. (3.15).
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5 Lecture

5.1 Hirota difference equation

Thanks to (2.7) and (2.9) in terms of symbols relations (3.15) and (3.16) sound as

(z 4 an) K@ (m, 2) = 2KV (m, z) + (u(2) (m) —u(m) + alg)f?(m, z), (b.1a)

(z 4 a3) K@ (m, 2) = 2KV (m, 2) + (u® (m) — u®(m) + alg)I?(m, z), (5.1b)

so that variable z € C plays the role of a spectral parameter. Equations (5.1) are

compatible by construction:
K®3) = &2 (5.2)

as we have proved on the previous lecture. Thanks to (3.15) and (3.16) direct check
of this compatibility gives
KT 4 a13)(T + a12) = (KP(T 4 a12))(T + a1 3) = KEDT2 -

+ (a13 4 a1p — u®Y u(zv?’))K(l)T + (a9 + w3 — u(173))(a173 +u® — u(l))K,
KT 4 a13)(T + a12) = (K®(T 4 a15))P(T + a15) = KOYT2 4

+ (a13 4 a1 — D + uPNKOT 4 (a5 + 03 — u) (a1 + u® — DK,

Summarizing, we get (Problem 10) that function u(m) obeys
(a2 + w3 — u(173))(a173 +u® = u(l)) = (a13+ w3) — u(l,Z))(aL2 +u® u(l))’
that can be simplified say as

M (u® —u® 4 a19) + apu® +u® (W® —u® 1 ag3) + agguM+
+uB (0 — 4B 4 ag0) + agu® = 0, (5.3)

so that the original Eq. (1.8) is its linearized version. This is one of forms of the
Hirota difference equation. Thus by means of our dressing procedure we arrived
to nonlinear counterpart of the original linear equation on operator B. Moreover,
we constructed Lax representation (here it is better to use term “zero-curvature
condition”): equations (5.1a), (5.1b) on an auxiliary (in a sense that it does not
participate in (5.3)) function K (m, z). It is easy to check that now we can forget
about condition of unique solvability of the problem (3.4) that was so essential in
derivation. Indeed, equivalence of (5.3) and compatibility condition does needs no
any assumption and can be checked directly.

For the following it would be reasonable to simplify notations. For shortness we
introduce a new dependent variable

U(m) = u(m) — My1a; — Maly — M3as, (5.4)

so that ‘ . ‘ .
@ ) = @) _ 4, 0) 4 aji, (5.5)

that substitute combination that appeared in equations above. In particular for the
Hirota difference equation instead of (5.3) we get
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that is the more standard way to write down the Hirota difference equation. Notice
that while constants a; are absent in (5.6), by (5.4) they determine the asymptotic
behavior of v(m): this function grows linearly with respect to m at infinity. Thanks
to (5.5) this means that asymptotically

lim (v(i) - v(j)) = aj;. (5.7)

My, ;—>00

Let us mention that this asymptotic behavior cancels ill definiteness of (5.6). Indeed,
consider the Cauchy problem for the (5.6):

v(my, ma, 0) = vo(my, ma), (5.8)
where vy is some given function. This Cauchy problem has two trivial solutions:
either v® = oM or v® = . (5.9)

But it is just condition (5.7) that forbids this equalities thanks to (1.2). Below we
show that in our case such Cauchy problem is uniquely solvable.

5.2 Jost solution.
We continue to change notations. We define the spectral parameter k as
k=z+a, (5.10)

(cf. (2.16)) that makes relation above more symmetric. And we introduce two more
functions:

x(m, k) = K(m, k — ay), (5.11)

o(m, k) = E(m, k)x(m, k), ke C, (5.12)
where

E(m, k) = (k—a)™(k —ag)™(k — a3)™, (5.13)

Function ¢(m, k) is called Jost solution—Jost was the first to realize that in study of
the spectral problem for the Schrédinger equation it is useful to introduce functions
that admit analytic continuation in the complex domain. In our case instead of
analyticity we have d-problem (3.4). Formally it (strictly speaking, (3.5)) can be
written for the Jost solution as

dp(m, k) —
— r(k)p(m, k), (5.14)

where
r(k) = f(k+ay). (5.15)

Notice that (5.14) does not contain dependence on variables m;: it appears only due
to the asymptotic condition in (3.4). So it is better to write equations on x, that
also follow from (3.5):

ox(m,k)  E(m,k) —
& Em. k)r(k;)x(m, k), (5.16)
lim x(m, k) = 1. (5.17)

k—o00
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Equations in terms of this function looks to be more complicated then in terms of
the function ¢, but in the discrete case considered here the latter one, Eq. (5.14), is
correct only for all m; > 0, Problem 11. Analog of function x was also introduced
in the study of the spectral problem for the Schrodinger equation by Faddeev, so it
is often referred to as Faddeev function.

We list here some properties of these functions that follow from the previous

results. Thus for any k£ € C we have that

Qp(m’ k) = Qp(m’E)’ X(m7 k) = X(m’ k)’ T( ) = T(E)a (518)
x(m, k) =1+ @ +o(k™h), k — oo, (5.19)
u(m) = u(m). (5.20)

In terms of the function x(m, k) equations of the Lax pair take the form
(k= ax)x (m, ) = (k — a)x® (m. k) + (u (m) — u®(m) + azo) x(om, k), (5.21a)

(k —az)x®(m, k) = (k —a)xP (m, k) + (u®(m) —u® (m) + a13) x(m, k), (5.21b)
(k—as)x®P(m, k) = (k — as)x® (m, k) + (u(3) (m) —u® (m) + ass) x(m, k), (5.21c)

thus preserving invariance with respect to the cycle permutations of the indexes
{1,2,3}. For the Jost solutions themselves we have Lax pair of HDE being given by
any two of the following three equations

@ = oM 4 (1@ — M), (5.22a)
0@ =@ 4 (1 — @), (5.22b)
e = o® 4 (v — @), (5.22¢)

Thus passage from y to ¢ cancel explicit dependence on k, it appears due to the
normalization condition (5.17) only. It is easy to check that the HDE is condition
of compatibility for any pair of equations with respect to all three variables m;. At
the same time Eq. (5.6) can be considered as an evolution equation, where, say, m4
and msy play role of the space variables, and ms is the time one.

Problem 10 Give details of derivation of Eq. (5.1) by means of (3.11), (3.15) and
(3.16).

Problem 11 Why Eq. (5.14) is valid when all m; > 07

14



6 Lecture

6.1 Direct problem: Green’s function and Jost solution

Let us prove that equation (5.21a) can be written in integrable form like:

x(m, k) =1+ Z G(m —n, k) (u®(n) —uV(n))x(n,k), keC,  (6.1)

where the Green’s function is equal to

_ 7{ st f d@ i, (6.2)
21 2mi (k —a2)Ge — (k—a1)(1 +az —ay .

I¢1|=1 |C2|=1

For this sake we use (6.1) to write down

(k — GQ)X(Z) (m, k) — (k — al)x(l)(m, k) = ajo+

dCI & ((k —as)Ge — (k — al)gl) my—ni—1 512_,12_1
+Zj§ 1= 1 27 j{2|=1 211 (k—QQ)QQ—(k‘—al)g‘lJraz_al X

x (u®(n) — ul(n))x(n, k) =

% f %

ni,n2

K cgmmm gt () — ) (), k) +

211
G- jel=1
d d mi—ni1—1 mao—no—1
+ aia Zj{ §1 f ﬁ : 2 X
— |¢1]=1 211 |Cal=1 21 (1{7 — a2>C2 — (1{7 — a1>C1 +as — aq

% (u®(n) = u®(n))x(n, k) =
= arz + az(x(m, k) — 1) + (@® (m) — u!V (m))x(m, k).

Denominator of the integral in the r.h.s. of (6.2) has zeros in the two cases only:
where

k—a1 szk—ag

k — aq ’ k — CLQ’
so the integral converges and defines G(m, k) as distribution with respect to k. Any
of these representations show that the Green’s function has properties of conjugation

Cl = CQ =1 or §1 = (63)

Gm ) = G(m, F) = (ﬁ —any (ﬁ — )" G, b (6.4)

k — aq k — (05}
and antisymmetry

G(m17 ma, k) = _G(m27 maq, k)

(6.5)

al<raz
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Say, we use here:

mi1—1 mo—1
%be ﬁf 9 NS _
C ¢

=1 270 Jgy)=1 2T (K — ag)G — (B —a1)C + ar — ag
mi—1 mao—1
=) (=)
p— fo— j— ><
kf—(ll k’—(lg
E—a\™ ) k—ay\"™ !
G G
f Gy b ko, =0
€1l [

(k—fh)k,_az@ —(k—a)
_ (E_ al)m (ﬁ_ GZ)WG(m, k).
k—al I{Z—CLQ

6.2 Properties of the Jost solutions

Here we study properties of the function x(m, k) defined by equation (6.1), in which
connection we assume below unique solvability of this equation. Because of (6.4)
reality of the potential u(m) is equivalent to condition

X(mv k) = X(m’ k)v (66)

while second equality in (6.4) shows that function

ton) = (172) 7 (22) ) (67)

k—CLl I{Z—CLQ

obeys integral equation

o= (i) (=)
+ Y Gm—nk)(u®(n) — uV(n)X(n, k), (6.8)

ni,ne (YA

i.e., equation with the same kernel as in (6.1).
Asymptotic behavior of x(m, k) follows thanks to equations (6.1):

lim x(m, k) =1, lim  x(m,k) =1, (6.9)

k—o00 [m1|+|ma|—o0
and for the second term of 1/k expansion we get

k(x(m,k) —1) —
dG GG ) — () —
- Z j{ﬂ 1 2mi fé‘zl 2mi G—G (u (n) —u (n)) o

dCl dCz C{nl_nl_l ;n2—n2—1
- ,112;2 \%Cﬂ 1 27 f@l 2mi CG—G (u(n)Go — u(n)¢),
so that
kh_)m E(x(m, k) — 1) = u(m). (6.10)
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This limiting values is independent of the half plane where k£ — oo. It is worth to
mention that from the difference equation (5.21a) we get the asymptotics behavior in
the form k(x® (m, k) —xM(m, k)) = u®(m) —u™ (m) only. In fact it is equivalent
to (6.2) thanks to the asymptotic decaying of the potential and the second equality
in (6.9).

6.3 Time evolution and Inverse problem

Time evolution, i.e., dependence of x(m, k) on mg is switched on by means of (5.21b)
and for the Jost solution itself it follows by (5.12). Let us introduce scattering data
and find out their evolution. The departure from analyticity of x(m, k) is given by
the O-differentiation of Eq. (6.1), so that we have (see Problem 12)

ox(m,k)  (k—a\™ (k—a\"™
o _(k—al) (k—aQ) r(k, ms3)+

Ox(n k)

i (6.11)

+ > Gim—nk)(u®(n) —u®(n))

ni,n2€”Z

Here we introduced scattering data r(mg, k) defined by the equality (Problem 12)

( k) sgn Im & o
r(ms, k) = — — =
’ omi(k — a1)(k — as)

< 3 (F2)(52) @ - mm k). 612

I{Z—CLl I{Z—CLQ

m1,me€Z

Because of Eq. (6.6) (i.e., because of reality of the potential u(m)) we have that
r(k,m3) obeys B

r(mg, k) = r(ms, k). (6.13)
Under assumption of the unique solvability of the problem (6.8) we get by (6.11)
that 0x(m, k)/0k = r(mg, k)x(m, k), or thanks to (6.7) that

w _ (i:zi)m (i::)mr(mg,m(m%). (6.14)

Time evolution of the spectral data, i.e., dependence on mj trivially follows
(Problem 13) from O-differentiation of the equation (5.21b) of the Lax pair, and
(6.11):

r(ma, k) = (E - “3)m3r(k;), (6.15)

k’—a,g

where function r(k) is independent of mg and by (6.12) is uniquely defined by the
initial data.
Summarizing, the inverse problem to determine x(m, k) is given by the equation

ox(m, k)
Ok

with normalization condition (5.17). Here we denoted

R(m, k) = (E - ‘“)ml (E - “2)m2 (E - “3)m3r(k), keC. (6.17)

= R(m, k)x(m, k) (6.16)

k—al l{?—a2 k_a3
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For any r(k) this function obeys the linearized version of the Hirota difference equa-
tion. We also mention that because of (6.15)

|B(m, k)| = |r(k,ms)| = |r(k)], (6.18)
i.e., |R(m, k)| is independent of m.
Problem 12 Proof representations (6.11) and (6.12).
Problem 13 Let us consider (5.21b). Differentiating it with respect to k we get

(6.14). Then (6.15) follows, say, as asymptotics with respect to m; — oo. Proof
details of this consideration.
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7 Lecture.

7.1 Integrals of motion

Let us introduce function

plk)y =" (u®(m) —u®(m))x(m,k). (7.1)

m1,ma€ZL

Thanks to the asymptotic decaying of the potential u(m) and boundedness of the
function y(m, k) by m this series converge and function p(k) decays when k — oc.
It obeys conjugation property

p(k) = p(k) (7.2)
thanks to reality of the potential. For the O-derivative of this function we get

32—%)=r<k><§izz>”‘°’ > )™ ()™ (u )= o)) o

my,m2€

Thanks to (6.12) and (6.15) we have

sgn Imk (E — a3>m3
2mi(k — ay)(k — ag)

()™ () o m) — ol ) m

k—CLl I{Z—CLQ

T(E) B k— as

ml,mzeZ
so that combining results of these two relations we get
Op(k
% = —2mi(k — a1)(k — az) sgn(Im k)|r(k)|*. (7.3)

Now taking (5.17) into account we get that in terms of the scattering data function
p(k) is given by equality

p(k) = —2i / o Gl Z”f’:/_ a2) sen (Tm &) |r (k)| (7.4)

where dk* = dRe k Im dk. Thanks to Eq. (7.3) this proves that p(k) is independent
of time mg3 and it is the generating function of the infinite set of integrals of motion.
Thus thanks to relation (6.10) the first nontrivial integral (the first coefficient of 1/k
expansion) is

pr= 3 (@ (m) - u®(m))u(m) =

ni,no€”Z

= —Zi/ko'(k' — ay) (K — as) sgn(Im &) |r (k) |>. (7.5)

7.2 Higher Hirota difference equations.

An obvious way to introduce new discrete independent variables in HDE is to enlarge
number of evolution equations of the kind (1.7), i.e., to introduce in addition to
the discrete variables {mj, ma, m3g} as many another variables {my, ms, ...} as one
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wants, so that dynamics with respect to any of them is given by means of B® =
(A — a;)B(A — a;)~, where ay,as, ... are different (real) parameters. All these
evolutions are mutually compatible and compatible with the original variables, but
their definition shows that for any i, j, kK we have an analog of (1.8) (see also (1.2)):

aij{B(ij) + B(k)} + cycle{i, j,k} = 0.

Then we get that with respect to any three variables m;, m; and m; function
u(myq,...) defined in (3.12) and function v(m) = u(m) — > . a;m; (cf. (5.4)) obey
the same HDE. Thus this “extension” is trivial one and can be interesting only for
the study of symmetries of the HDE.

Thus in order to get higher analogs of the HDE, we have to consider higher
analogs of the similarity transformations (1.7). Let p; = pi(T), i = 1,2,3, be
polynomials of operator T of the orders n; with constant coefficients, i.e., symbols
pi(m, z) = p;(z) are polynomials of z € C. We set also that all these polynomials
has simple and mutually different zeros and that the coefficients of the highest
powers equal to /. As before, we consider operator B with symbol B(my, ma, mg, 2)
depending on discrete variables m; € Z, but now dependence on these variables is
given by

BY =p,Bpt, i=1,2,3, (7.6)

instead of (1.7). Notice, that due to condition on the polynomials p; we can write
every of them as

pi(T) = [[(T = ), (7.7)
j=1
so that shift with respect to i-th variable by (7.6) is equivalent to the n; shifts in
the sense of (1.7). Nevertheless, derivation of evolution equations (7.6) by means of
such multidimensional reductions is very complicated even in the linear case, so we
construct nonlinear equations on the base of (7.6) directly. To be consistent with
the shift with respect to p;(7") we choose

n(T)=T. (7.8)

The dressing operator K is defined by the same O-problem (3.4) and its depen-
dence on m; is given by (7.6). Then, as before, under assumption of the unique
solvability of the (3.4), there exist polynomials P;(7") such that

KWYp, =PK, i=1,23. (7.9)

Let us write . .
T)=) y,;T7, P(T)=> YyT’, (7.10)

=0 =0

where y; ,, = Y, ,, = 1 and where all y;; are constants, while Y;; are multiplication
operators, Y;;j(m, z) = Y;;(m). Then (7.9) takes the form

KO gy T = ZYK“J Ti, i=1,23. (7.11)

Here we introduced notation (cf. (2.10)):
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Equation (7.11) can be simplified being written in terms of the Jost solution (cf.
(5.12))

p(m, z) = K(m, 2)p1(2)™ p2(2)"*ps(2)™, (7.13)
that gives by (2.8), (7.11) and (7.12)

SO(Z) (mla mo,ms, Z) - Z }/;J(m)go(ml + j) mo,ms, Z) (7]‘4)
7=0

Representation of the symbol of operator B follows from (7.6) in analogy to (3.1):

ci=1

where b((, z) is some function. In order to prevent growth of the symbol with respect
to my or ms, we impose condition |p;((z)| = |p;(z)|. Moreover, for simplicity we
take that polynomials p;(z) has real coefficients and b((, z) = 6.(Cz/Z) f(2), where
0.(¢) is o-function on the unit contour and f(z) is an arbitrary function of z € C.
Then in analogy to (3.2) we get representation

- AN pQ(E))m2 (pg(E))m?’
B(m,z)=| - Z). 7.15
o) ER e o
By assumption of unique solvability of problem (3.4) we derive that evolution
equations (7.9) (or (7.11)) are compatible:

K1) — g(s9) (7.16)

for any ¢ and 7. This compatibility enables to derive discrete version of the Zakharov—
Shabat system. Indeed, thanks to (2.18) and (7.9)

K@ pp; = PPKYp; = PUPK, i,j=1,2,3. (7.17)

Taking that polynomials p; and p; with constant coefficients commute into account
(see (2.9)), we get that the L.h.s. is symmetric with respect to i and j thanks to
(7.16). Then the r.h.s. gives

PYP, =PYP. 1<i,j<3, (7.18)

Vice verse, (7.16) follows from (7.18). Discrete version (7.18) of the Zakharov—
Shabat system enables derivation of evolution equations on coefficient functions of
polynomials P;.

7.3 An example of the higher Hirota difference equation.

Here we consider an example of the higher equation closest to HDE. Let dynamics
of operator B in (7.6) be given by means of polynomials

(@) =T, p(T)=T+az,  p(T)=(T+a) —az (7.19)
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where (7.8) was taken into account and where a;, a; and a3 are real constants,
a1p = a; — as # 0, ag # 0, +as. Let us denote the first difference of operators as
A;B = B® — B. Then operator B obeys difference equation

[(Alal — A2a2)2 — a%(Al — AQ)Z] AgB =
= a12A1A2 (a,lgAlAQ -+ 2A1(l1 - QAQQQ)B, (720)

that follows from a corresponding commutator identity. It also can be checked
directly since here (7.15) takes the form

B(m, 2) = (z)m (E i a”)m (@ ta) - a‘g’)mgf(z). (7.21)

2 Z+ap (z+a1)?—d3

Problem 14 Proof that relations (7.19) give equation (7.20).
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8 Lecture.

8.1 An example of the higher Hirota difference equation (con-
tinuation).

The dressing operator K is defined as always by (3.4), so that by (7.10):

Py(T) =T + Yo,
Py(T) = T? + Y3, T + Yao,

where symbols of operators Y;; are independent of z. Then by (7.11) the Lax pair
is given in the form
KO(T + ay5) = KOT + Yy K, (8.3)
KO(T 4+ a)? — 2] = KOYT? 4 Y KWT 4 Yy K, (8.4)

where coefficients obey

i Yo = vy + Y5,
Vi) + Yo Yy = Vo) + Y Vo, (8.5)
Yoo Yao = Yao Yoo,
due to (7.18) and (8.1), (8.2).
Taking symmetry of this reduction with respect to variables m; and ms into

account it is reasonable to rewrite (8.4) in the explicitly symmetric form by means
of (8.3). Thus we get

K®(A - ay) = KW(A - ay) + Yy K, (8.6)
K®[A? —a2] = KO (A — a))(A — ag)+
+X31(K(1)(A—(11)+K(2)(A—(l2)) +X30K, (87)

where again for the sake of symmetry we used (2.16) and where new coefficients

equal
1

1
Xs1 = Q(Y:n - Yz(o))a Xzp = Y30 + X3 Yy (8.8)
In these terms relations (8.5) also take symmetric form

Vi = Yao? +2X5) —2Xy)), (8.9)
3 2 1 2)y(2 1)1

2V, Xy = X — X§) + XPvi0) + X§va (8.10)
3 2 1 2)y(2 1)1

23 Xy = [X?Eo) + X4 + XV - X?El)YQ(o)]Yzo- (8.11)

Coefficients Y;; (or X;;) must be defined by substitution of asymptotic expansion
in (8.3) and (8.4), or (8.6), (8.7). In order to preserve above mentioned symmetry,
we use here the latter two equations and taking (2.16) into account we write the

expansion in the form
K=1+uAt'+wA?+..., (8.12)

23



where symbols of operators v and w depend on variables m only. We omit here
details of computations and in order to present their results introduce functions

v(m) = u(m) — mya; — maas,
f(m) = w(m) — (myay + maoaz)u(m)+
N
2
Then inserting (8.12) in (8.6) and (8.7) we get
Yoo = 0@ — V),
f(Z) - f(l) = }/201)7
1
Xy = 30 ~o02),
Xgo = f& = f02 — X31(U(1) + U(Z))-
Problem 15 Prove (8.5) due to (8.8) and (8.4).

Problem 16 Prove (8.8)-(8.11).
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9 Lecture.

9.1 An example of the higher Hirota difference equation
(continuation-2).

Thus three functions Y5y, X390 and X3; are given in terms of two functions v and f
and must obey three equations (8.9)—(8.11). As we mentioned above this system is
compatible. In particular, it is easy to check that (8.9) and (8.10) become identities
due to (8.15a)—(8.15¢), and (8.15d) reduces to

2U<23 [f© — 1D _ @@ 4 y@y02)]
19) [0 f<12 <>+U<1> 127 =
N[(r® (f(1 RONRE
—(f® )(1 B (- v(”v)“’”} : (9.1)

that gives one equation on two functions. These functions are not independent, as
thanks to (8.15a) and (8.15b)

f@ — @y = O Wy, (9.2)

Equations (9.1) and (9.2) are equations of the integrable system, that give an ex-
ample of the higher HDE. This system follows as condition of compatibility of the
Lax pair (8.6), (8.7) that in terms of the Jost solution (cf. (7.13)),

p(m, k) = K(m, 2)2™ (2 + a12)"™ (2 + a1)* — a3]™, (9:3)
reads as
o = o0 4 (1@ — W), (9.4)
1 2)
o8 — 1D | (@ v(1,2>)%+
i [f(3) _pay 5(1)(1) + v(2))(v(3) _ v(1’2))]<p, (9.5)

where (8.15) was used. Omitting details we mention that thanks to (9.4) equation
(9.5) can be written in the form

o = 90(1 D 4 (0@ — D)4
[ F12) 0 )(v(?)) — U(L?))]% (9.6)

that together with (9.4) gives the equivalent Lax pair.

We considered a method of derivation of nonlinear (difference) integrable equa-
tions and their Lax pairs. Our construction was not free of assumptions, first of
all the assumption on unique solvability of the d-problem (3.4) and assumption of
existence of the asymptotic expansions (3.12). These assumptions were extremely
essential for our derivation. On the other side, when Lax pairs are derived check of
compatibility of its equations is purely algebraic operation, that needs no any as-
sumptions and lead to integrable nonlinear equation. Say, higher HDE, i.e., system
(9.1), (9.2) is condition of compatibility of (9.4), (9.5), that can be checked directly.
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In a general situation considered in (7.6) existence of the corresponding commu-
tator identity is equivalent to existence of a polynomial Q(x1, xs, z3), such that

Q(Ad, Ady, Ady) = 0, (9.7)

where we denoted adjoint action of operator 7' on the associative algebra discussed
in Introduction as

Ad;B = pi(T)Bp;(T)™', i=1,2,3. (9.8)

Here B is an arbitrary element of this algebra, but if we switch on its dependence on
variables m; by means of (7.6), BY = Ad;B, we get by (9.7) closed linear equation
on B(my, ma, m3), cf. (7.20). This argumentation and construction presented in this
article show that it is natural to suppose that the only linear difference equations in
(2+1) dimensions that can be lifted to nonlinear integrable ones are those that can
be presented in the form of commutator identities. Notice, that in this discussion
relation (7.8) was not used.

9.2 (1-+1)-dimensional reductions of the HDE

We demonstrate that approach based on commutator relations leads to integrable
equations in (2 + 1) dimensions. In order to get (1 4 1)-dimensional integrable sys-
tems one has to perform reductions. Following idea of our approach, we start with
construction of reductions of linear equation (1.8) on B and then apply dressing
procedure to get nonlinear integrable systems. Thus in this case dimensional reduc-
tion is understood as a relation between values of operator B given by some shifts
of independent variables m;. Such relation must be compatible with (3.2) and must
preserve dependence of B on two independent variables.

Thanks to (3.2) it is easy to see that any such reduction leads to an equation on
the spectral parameter 2: it had to belong to a some curve on C. This is possible
only if function f(z) in (3.2), and then B(m, z) itself, have support on this curve,
that here for simplicity we consider as proportionality to a corresponding o-function.
But then (3.5) means that symbol K(m, z) is analytic function outside this curve,
so the inverse problem (3.4) must be substituted by the standard Riemann—Hilbert
problem.

9.3 Reduction B® = B.

The system (9.1), (9.2) admits (1-+1)-dimensional reductions. Indeed, thanks to
(7.21) this reduction means that symbol B(m, z) is different from zero if (Z+a;)? =

(2 4+ a1)?, i.e., 2re = —ay, so that function f(z) in (7.21) must be proportional to
(s(ZRe —+ 0,1)2
~ a1 + 2m " ay + 121 "
B(m,z) = | ——— —_— 0(zRe m)- 9.9
m o) = (252 (D) o, ). (99)

Then the inverse problem (3.4) shows that the dressing operator is not only indepen-
dent of ms, but its symbol I}(ml, ma, z) is analytic function of z when zgr, # —a;.
In order to get reduced Lax pair and nonlinear equation, notice that coefficients
of asymptotic expansion (8.12) are independent of mg, i.e., u(m) = u(my,msy),
w(m) = w(my,ms). Correspondingly, by (8.13) and (8.14) v(m) = wv(my,ms),
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f(m) = g(my, mg)—a3mg, where g(my, mg) = f(my, mg,0). Inserting these relations
in (9.1) and (9.2) we get nonlinear integrable system

(0@ — v@ )12 4 (g _ 002 _

(g — p@p)®) (g0 _ y M)

— (g® —v®) — (g — W) + 29 — 20 + @) =0, (9.10)

g(2) — 0@y = g(l) — oWy, (9.11)

Taking that now symbol K (m, z) is independent of ms into account we define the
Jost solution by means of equality

- m, z
Y(my,me, 2z 4+ ay) = K(m,2)2" (2 + a12)™ = & +92(1)2 —)ag]m : (9.12)
see (9.3). Thus we get from (9.5), (9.3) the reduced Lax pair:
P 4 (0 = o) ® 4 [g — g0 — oW (0 — o1D)]gp = N2, (9.13)
Y@ =M 4 (@ — W)y, (9.14)

where the spectral parameter A = z + ay, see (10.7), was used.
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10 Lecture.

10.1 Reduction B13) = B.

We start with condition B3 = B. In terms of symbols this reduction gives:

B(my, mg, mg, z) = B(my —mg, ms, 0, 2), (10.1)

that due to (3.2) is possible only if zre = —a13/2 (we omit the trivial case 2y, = 0).
Setting here for simplicity
az = —daq, (102)

we see that the above reduction require proportionality of a symbol B to d-function
d(2re + @1), so that by (3.2)

B(m17m2707z) =
. mi - ma2
_ (g) (g) bem)d(zme +a1),  (10.3)
a; — 121y, G2 — 1Z1m

where b(zpy,) is an arbitrary function of its argument (Scattering Data). Operator
B with this symbol obviously obeys equation

a12(B"? — B) + (ay + ap)(BY — B?) =0, (10.4)
while the corresponding reduction of the original Eq. (1.8) gives

(llg(B(l’z) — B) —+ ((ll + (lg)(B(l) — B(Q)) =
= [a12(BY? = B) + (a1 + ag)(BY — B@)] .

Both sides of this equation are independent of my, so (10.4) appears as result of its
summation. N

Let us emphasize that because of (3.4) symbol K (m, z) of the dressing operator
is analytic function of z € C in half planes zg, = —a;.

Thanks to (2.3), (3.4) and (10.1) we get that also K2 = K i.e.,

K(my, mg,mg, z) = l?(ml —msy,0,ms,z2), z¢€C.
Thus equation (5.1a) of the Lax pair is unchanged, while for (5.1b) we have

(z 4 2a1)K (m, 2) = 2KV (m, 2)+
+ (v(m) — v (M) KD (m, 2). (10.5)

Thanks to (3.12) also u(my, ma, ms, 2) = u(my —ma, 0,ms, z). Relation (10.2) gives
the same dependence of v(m) on m; —mg and my. Because of this specific dependence
on m we have to modify definition (5.12) of the Jost solution:

(my —ms,mg, k) = K(m, 2)2™ "™ (2 + a13)™?, (10.6)

where we denoted
k=z+a, (10.7)

that in fact is the symbol of operator A, see (2.17). Thus setting now mz = 0 we
write:
v(m) = v(my, ma) = v(my, ma,0) — aymy — agma, (10.8)
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so that equation (5.22¢) is left unchanged, ¥ = ¢ 4 (v — M), and (10.5)
and the Lax pair itself takes the form

PO = (00D — )y 4 (k — @)y, (10.9)
12 = (02 — )y + (k — a2, (10.10)

where () in the second equality was substituted by (10.9).
Equation of compatibility of this pair can be derived either directly, or as reduc-
tion of (5.6) and reads as

(0™ = 0) (0@ — M)V = (12 — ) (@ — ), (10.11)

Thus multiplication operator in the r.h.s. (or l.h.s.) has symbol independent of m;.
Taking (10.8) and decay of function u(m) at m; — oo into account we have that

v@(m) — vEV(m) = Fay, (10.12)
in this limit. Thus (10.11) gives
(b2 — ) (v® — W) = a2 — @, (10.13)

Eq. (10.13) is known as the discrete potential KdV equation. It was derived by
F. Nijhoff et al (1984) and was discussed in detail in literature together with its
non-Abelian generalizations. Here we provide derivation of this equation as an
example of dimensional reduction in the framework of our approach.

29



11 Lecture.

11.1 Reduction B® = B12),

This 1 4 1-dimensional reduction of HDE preserves its specific property: symmetry
with respect to independent variables. Let for simplicity

as = a1 + ag, (111)

then thanks to (3.2) this reduction means that z must obey condition 2Z — (z +
5)0,2 — Q9019 = O, i.e.,
|z — as]® = aya,. (11.2)

In other words, symbol E(m, z) must be proportional to d-function on the circle
(11.2), so here ajas > 0, and symbol of the dressing operator is analytic inside and
outside of the circle (11.2). Notice also that thanks to this reduction symbols of
operators B and K obey conditions

é(mlum%m?nz) :E(m1+m3,m2+m3,0,z), (11.3)
I}(mlam%mfﬂaz) :f((m1+m3,m2+m3,0,2), -

so by (3.12) the same is dependence of u(m) on variables m;, and due to (5.4) and
(11.1) the same is valid for function v:

v(my, mg, m3) = v(my + mg, my + ms, 0). (11.4)

We see that equation (3.15) is unchanged under this reduction and (3.16) reduces

to
(z — a) K2 (m, z) = 2KV (m, 2) + (v (m) — oD (m)) K (m, 2),

where now mg = 0. We introduce the Jost solution (cf. (5.12)) by means of relation

(my, ma, k) = K(my, ma, 0, 2)2™ (2 + a12)™?, (11.5)

k:i< @ —%) (11.6)

a12 \ 2 + a2 ¥4

where

is the spectral parameter. Finally, for the Lax pair we get

Y@ —p) = (@ — WYy, (11.7)
k12 = 0 4 @ 4 (2012 — 1) — @)y, (11.8)

and corresponding nonlinear integrable equation reads as
(v (0@ — ) + vv(z))(l) = (v (M — ) + vv(l))(2), (11.9)

that is equation of a 14 1-dimensional chain with discrete time evolutions, symmetric
with respect to both independent variables.
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11.2 Reduction B® = B-1-2)

This is another reduction that also leads to the symmetric chain. Repeating the
same argumentation as above, we get that

B(m, z) = B(mq — m3, mg — ms3,0, z), (11.10)

that means the symbol E(m, z) is proportional to d-function on the hyperbola given
by the equation 3(2pe + a1)? — 22, = (a1 + az)® — ajaz. Omitting other details we
present here the corresponding nonlinear equation only:

11.3 Soliton solutions

Soliton solutions for the Hirota difference equation are well known in the literature.
Let we have two numbers N,, N, > 1, and set of N = N,+ N, real parameters s, that
we can choose to be ordered: 3¢ < 360 < -+ < sy. Let x(m, k) be a meromorphic
function of k that has poles at points k = sz,,, ..., 3,, , where {n1,...,nn,} is a
subset of {1,..., N}. Let us rescale the Jost solution,

Ny

xX(m, k) = x(m, k) [[(k = s4,)), (11.12)

J=1

so that the new one is a polynomial of order k™ with the unity coefficient at higher
power. Thanks to (6.10) we have

x(m, k) 1 -
— :1+E(u(m)—2%nj> o (11.13)
j=1
Thus
Ny
X(m, k) = kN 4 " ETIX (1, m), (11.14)
=1

where X (I, m) are some coefficients to be determined. For this aim we use (5.12)
with function x(z, k) substituted from the latter equality. Then on values of the
Jost solution at points k = s, impose N, conditions:

(¢(m,301),...,0(m, sy))D = 0. (11.15)

where D is matrix of the size N x N, with at least two nonzero maximal minors.
This condition gives linear system of equations to determine uniquely X (I,m). To
describe solution of this system we use here the following notation: let V' be incom-
plete Vandermond matrix of the size (V, + 1) x N,

v=|: : , (11.16)
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and V/([) is matrix V' with removed [-th row (i.e., matrix of the size N, x N). We
also need two diagonal (N x N)-matrices (see (5.13)):

E(m) = diag{E(m, s1), ..., E(m, xy)} (11.17)
k — = diag{k — se1,..., k — »n}. (11.18)

Let also Y'(I,m) denote determinant of (NN, x IV,)-matrix
Y (l,m) = (=)t det(V (1) E(m) D). (11.19)

Then it is easy to see that

X(l,m) = —Y}fi;;’;), Y(m) = Y/(N, + 1,m) (11.20)
Now using (11.14) we readily get that
_ Z(m, k)
x(m, k) = Yim) (11.21)
where
Z(m, k) = det(V (N, 4+ 1)(k — 3)E(m)D), (11.22)

and notation (11.18) was used. Thanks to definition (11.13) we get

u(m) = 2 S, — % (11.23)

As an example of this generic construction we present one-soliton solution:

o — M

u(m) = Tf(m)’

(11.24)

where ¢ a real constant and

f(m)ZME (%Z_al)ml(%z_az)m(%z_“?’)ma. (11.25)
E(m, ) ) — a » — Qs ) — as

Already this example shows that the consideration here was formal in the sense
that denominator in (11.23) (i.e., 7-function) can take zero values, so solution can
be singular for some values of m. Strictly speaking soliton solutions do not fit in the
class of solutions for which the IST was developed in the previous sections. Soliton
solutions interpolate between different constants on the m-infinity and one has to
develop version of the IST that enables consideration of such solutions. Another
property, specific for the soliton solutions of the Hirota difference equation is exis-
tence of a resonant solitons, i.e., solitons where parameters s; coincide with some of

parameters a, as, az. One soliton solution (11.24) shows that in the corresponding
limit solution exists, but its properties can be rather strange.
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