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1 Le
ture

1.1 Introdu
tion

General s
heme of the Inverse S
attering Transform (IST) in appli
ation to partial

di�erential, di�eren
e-di�erential and di�eren
e equation 
an be demonstrated by

the following diagram:

Cau
hy problem:

Nonlinear equation plus

Initial data, say, at t = 0

Dire
t

problem

S
attering data

at t = 0:
S0

Evolution by t
(expli
itly solvable)

S
attering data

for an arbitrary t:
S(t)

Inverse

problem

Solution

of the Cau
hy problem

for any t

By means of initial data of the Cau
hy problem one 
onstru
ts 
orresponding S
at-

tering data S0 of the Lax operator L. Existen
e of the Lax representation, Lt =
[A,L] for the original nonlinear equation enables expli
it solution of the evolution

equations for the S
attering data. This gives S(t). By means of the equations of the

Inverse problem one re
onstru
t solution of the Cau
hy problem for an arbitrary

moment of time. In this 
ourse we start from the bottom horizontal line of this

diagram: we start with 
onstru
tion of linear equations that 
an be uplifted to

integrable nonlinear equations. Our main obje
t of investigation will be di�eren
e

integrable equations.

1.2 Commutator identity and linear equation on an asso
ia-

tive algebra

We start with the following simple observation. Let we have an asso
iative algebra

with unit I and let for some element A in this algebra there exist inverse elements

(A − aiI)
−1

for some 
onstants a1, a2, a3 ∈ C (a1 6= a2 6= a3 6= a1). In what follows

we omit unity operator and write A− ai in su
h 
ases. Let B be any other element

of this algebra. It is easy to 
he
k that there exists 
ommutator identity

a12
{
(A− a1)(A− a2)B(A− a1)

−1(A− a2)
−1 + (A− a3)B(A− a3)

−1
}
+

+a23
{
(A− a2)(A− a3)B(A− a2)

−1(A− a3)
−1 + (A− a1)B(A− a1)

−1
}
+ (1.1)

+a31
{
(A− a3)(A− a1)B(A− a3)

−1(A− a1)
−1 + (A− a2)B(A− a2)

−1
}
= 0,
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where we denoted di�eren
es

aij = ai − aj 6= 0 for i 6= j. (1.2)

Eq. (1.1) also 
an be written as

a12
{
(A− a1)(A− a2)B(A− a1)

−1(A− a2)
−1+

+ (A− a3)B(A− a3)
−1
}
+ 
y
le(1, 2, 3) = 0, (1.3)

Noti
e that if some di�eren
e equals to zero, say a12, we do not need to make


al
ulations based on properties of the algebra to prove that (1.1) is identity of the

kind 0 = 0. So in what follows we set that all di�eren
es in (1.2) are nonzero.

In this 
ase in order to prove (1.1) we have to use asso
iativity of the algebra that

enables to open parenthesis. But as a simpli�ed approa
h, also in sear
h for su
h

identities we 
an 
onsider some spe
ial realization of elements A and B of the algebra

as operators in some spa
e. Say, let we have L2
on the real axis, f(x) ∈ L2

. Let

A be multipli
ation operator: (Af)(x) = xf(x), and (Bf)(x) = intdyB(x, y)f(y)
be some integral operator. Applying then the l.h.s. of (1.1) to f we get that in the

integral with respe
t to y integrand B(x, y)f(y) got fa
tor

a12

{
(x− a1)(x− a2)

(y − a1)(y − a2)
+
x− a3
y − a3

}
+ a23

{
(x− a2)(x− a3)

(y − a2)(y − a3)
+
x− a1
y − a1

}
+

+ a31

{
(x− a3)(x− a1)

(y − a3)(y − a1)
+
x− a2
x− a2

}
= 0, (1.4)

where now equality follow by simple 
al
ulations and takes pla
e for any x and y.
In this 
ourse we 
onsider dis
rete equations, i.e., equations depending on dis
rete

variables 1,2, et
. In other words we 
onsider fun
tions and operators (matri
es)

u(m), F (m), et
., depending on m = {m1,M2,M3, . . .}, where mi ∈ Z. Throughout

this text we use the following notation

F (1)(m) = F (m1 + 1, m2, m3), F (2)(m) = F (m1, m2 + 1, m3),

F (2,3)(m) = F (m1, m2 + 1, m3 + 1), et
.

(1.5)

so that upper indexes 1, 2, 3 and so on in parenthesis denote unit shifts of the

variable with the same number. It is 
lear that su
h shifts 
ommute:

F (1,2) ≡ (F (1))(2) ≡ (F (2))(1) ≡ F (2,1). (1.6)

Existen
e of identity (1.3) suggests to introdu
e dependen
e of B on three dis-


rete variables m1, m2, m3 belonging to Z by means of equalities

B(1) = (A− a1I)B(A− a1I)
−1,

B(2) = (A− a2I)B(A− a2I)
−1,

B(3) = (A− a3I)B(A− a3I)
−1,

(1.7)

Then by (1.1), or (1.3) B(m) obeys linear di�eren
e equation

a12
{
B(12) +B(3)

}
+ 
y
le{1, 2, 3} = 0. (1.8)

While this equation, valid on an arbitrary asso
iative algebra, will be the main

subje
t of our 
onsideration here, it is not the only identity of su
h kind. Let us
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onsider �derivation� of the above equality. Following (1.7) and above realization of

elements of asso
iative algebra we denote αi =
x− ai
y − ai

. Next, we use, say, equations

for i = 1, 2 in order to write x and y as fun
tions of α1 and α2. Then we insert these

values in α3 that gives polynomial relation

a12
{
α1α2 + α3

}
+ 
y
le{1, 2, 3} = 0, (1.9)

that is the way to write (1.8) in terms of that spe
ial realization. Of 
ourse, �nally

one has to 
he
k that equalities (1.1), or (1.8) are valid for any elements of asso
iative

algebra.

In what follows we show that linear di�eren
e equation (1.8) 
an be lifted to

nonlinear integrable di�eren
e equation�the famous Hirota di�eren
e equation, that

has a lot of literature.

Problem 1 A, a1, a2 and a3 are mutually 
ommuting elements of the algebra under


onsideration. Let, like in (1.7)

B(j) = (A− aj)B(A− aj)
−1, j = 1, 2, 3. (1.10)

Find analogs of Eqs. (1.3) and (1.8). Hint: elements ai do not 
ommute with B.

Problem 2 Let A, B1 and B2 be three elements of an asso
iative algebra. Let

B =

(
0 B1

B2 0

)
and we understand A as

(
A 0
0 A

)
. (1.11)

Parameters a1, a2 and a3 are in C and we denote

σ = σ3 =

(
1 0
0 −1

)
. (1.12)

Let us introdu
e dependen
e on mi by means of relations (1.5) and

B(1) = (A− a1)B(A− a1)
−1, B(2) = (A− a2)B(A− a2)

−1,

B(3) = (A− a3σ)B(A− a3σ)
−1. (1.13)

Find 
ommutator identity and 
orresponding evolution equation.

Problem 3 Under the same 
onditions as in Problem 2 but in the 
ase of evolution

B(1) = (A− a1)B(A− a1)
−1, B(2) = (A− a2σ)B(A− a2σ)

−1,

B(3) = (A− a3σ)B(A− a3σ)
−1, (1.14)

�nd 
ommutator identity and 
orresponding evolution equation.

Problem 4 Under the same 
onditions as in Problem 2 but in the 
ase of evolution

B(1) = (A− a1σ)B(A− a1σ)
−1, B(2) = (A− a2σ)B(A− a2σ)

−1,

B(3) = (A− a3σ)B(A− a3σ)
−1, (1.15)

�nd 
ommutator identity and 
orresponding evolution equation.
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2 Le
ture.

2.1 Operator realization of elements of an asso
iative alge-

bra.

In order to arrive to nonlinear evolution equation we need a so 
alled �dressing

pro
edure�, that in its turn require spe
i�
 realization of elements of asso
iative

algebra. Taking that we are working here with dis
rete variables running through Z

into a

ount, we 
onsider (in�nite) matri
es F , G, ets. Let T denotes shift matrix

Tm1,m
′

1
= δm1,m

′

1
+1. For any matrix F = {Fij}i,j∈Z we introdu
e fn(m1) = Fm1,m1−n,

so that matrix F 
an be written as

F =
∑

n∈Z

fnT
n, (2.1)

where all matri
es fn = diag{fn(m1)}m1∈Z are diagonal, i.e., mutually 
ommuting

ones. Noti
e, that this is leading 
onsideration only, so we do not dis
uss 
onvergen
e

of the above series. With this a

ura
y we uniquely asso
iate to every matrix F its

symbol

F̃ (m1, z) =
∑

n∈Z

fn(m1)z
n, (2.2)

where m1 ∈ Z, z = zRe + izIm ∈ C. It is easy to see that the standard produ
t of

matri
es F and G in terms of their symbols takes the form

F̃G(m1, z) =

∮

|ζ|=1

dζ

2πiζ
F̃ (m1, zζ)

∑

m′

1
∈Z

ζm1−m′

1G̃(m′
1, z). (2.3)

Here and below we use relations

∮

|ζ|=1

dζ ζn

2πiζ
= δn,0, δc(ζj) =

∞∑

n=−∞

ζnj , (2.4)

where the latter one gives the delta-fun
tion on the 
ontour, i.e.,

∮

|ζ1|=1

dζ1
2πiζ1

f(ζ1)δc(ζ1) = f(1) (2.5)

for a test-fun
tion f(ζ). In other words, if fun
tion ϕ(ζ) on the unit 
ir
le ζ ∈ C,

|ζ | = 1, admits de
omposition in the Fourier series, i.e.,

ϕ(ζ) =
∑

n∈Z

ϕn ζ
−n, then ϕn =

∮

|ζ|=1

dζ ζn−1

2πi
ϕ(ζ), (2.6)

that means dire
t and inverse Fourier transforms 
orrespondingly. We see that the


omposition law (2.3) gives a kind of �deformed� Fourier transform. Moreover, in

the 
ase where symbol F̃ (m1, z) of operator F is independent of z (due to (2.1) this
means that in�nite matrix F is diagonal) this law redu
es to the 
omposition of the

dire
t and inverse Fourier transforms, so that

F̃G(m1, z) = F̃ (m1)G̃(m1, z) (2.7)
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for any operator G (see Problem 5). Thus operators with z-independent symbols
play the role of multipli
ation ones.

As useful examples we mention that for the unit and shift matri
es (I and T

orrespondingly) in(m1) = δm1,0 and tn(m1) = δm1,1, so by the above de�nition we

have for the symbols:

Ĩ(m, z) = 1, T̃ (m, z) = z. (2.8)

Relation (2.1) shows that we use an analog of the normal order: all shift operators

are pla
ed to the right from multipli
ation ones, that is 
on�rmed by (2.7). Corre-

spondingly, let G be a fun
tion of the shift operator only, i.e., due to (2.1) and (2.2)

its symbol is independent of the dis
rete variable, G̃(m1, z) ≡ G̃(z). Then by (2.3)

we get

F̃G(m1, z) = F̃ (m1, z)G̃(z) (2.9)

for an arbitrary F (see Problem 6). Similarity transformation by means of operator

T , as follows from (2.3) and (2.9), gives a shift of the dis
rete variable

T̃ FT−1(m1, z) = F̃ (m1 + 1, z), i.e., TFT−1 = F (1), (2.10)

where notation (1.5) was used. This relation is essential for 
onstru
tion below.

On the set of these fun
tions F (m, z) we de�ne the following linear operations:


omplex 
onjugation: F̃ ∗(m, z) = F̃ (m, z), (2.11)

transposition: F̃T(m, z) =

∮

|ζ|=1

dζ

2πiζ
F̃ (m− n, ζ)(zζn), (2.12)

Hermitian 
onjugation: F † = (FT)∗. (2.13)

In what follows we 
onsider set of �pseudo-matrix� operators F , G, . . . given by

their symbols F̃ , G̃, . . . with the above 
omposition law. We impose 
ondition that

these symbols are tempered distributions with respe
t to their variables, or Fourier


oe�
ients of distributions. But in generi
 situation we do not expe
t any relation

of the kind (2.1) of these operators with matri
es, in parti
ular, we do not expe
t

any analyti
ity property of the symbols of operators with respe
t to the variable

z. Be
ause of this one 
an introdu
e on this set operations that are well de�ned in

terms of symbols, but have no analog on the set of matri
es. In parti
ular, we de�ne

operation of ∂̄-di�erentiation: F → ∂̄F :

( ˜̄∂F )(m, z) = ∂F̃ (m, z)

∂z
. (2.14)

This derivative is the measure of departure of the symbol of operator from analyti
-

ity, so it also give a measure of departure of operator from the in�nite matrix, i.e.,

from situation when series in (2.1) 
onverges. In parti
ular, unit and shift operators,

as follows from (2.8) obey

∂̄I = 0, ∂̄T = 0. (2.15)

We 
onsider operators A and B as operators of the above kind with symbols

Ã and B̃. Dependen
e of the symbol of B on m1, B
(1) = (A − a1)B(A − a1)

−1
is

exa
tly as the one under the similarity transformation (2.10) by means of operator

T . Thus we 
an set

A = T + a1, i.e., Ã(m, z) = z + a1. (2.16)
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Then in 
orresponden
e to (1.7)

B(1) = TBT−1, B(2) = (T + a12)B(T + a12)
−1,

B(3) = (T + a13)B(T + a13)
−1,

(2.17)

where notations (1.5) and (1.2) were used. Symbol B̃(m1, m2, m3, z) of operator B
depends now on the three dis
rete variables, m1, m2, m3 ∈ Z, besides the variable z.
In what follows we use notation B̃(m, z), setting m = {m1, m2, m3}. Dependen
e

on m2 and m3 does not a�e
t (2.3), where produ
t of symbols must be 
onsidered

as pointwise with respe
t to these variables, so that

(FG)(i) = F (i)G(i), i = 1, 2, 3, (2.18)

where for i = 1 this equality follows from (2.3).

Problem 5 Let F be a diagonal matrix, i.e., its symbol is z-independent of z:
F̃ (m1, z) ≡ F̃ (m1). Prove that under this 
ondition Eq. (2.3) takes the form (2.7)

for any operator G.

Problem 6 Let G be a fun
tion of the shift operator only, i.e., its symbol is inde-

pendent of the dis
rete variable, G̃(m1, z) ≡ G̃(z). Prove that under this 
ondition

Eq. (2.3) takes the form (2.9) for an arbitrary operator F .

7



3 � 4 Le
tures

3.1 Symbol of operator B.

Thanks to m-dependen
e of operator B spe
i�ed in (2.17), its symbol 
an be pre-

sented as

B̃(m, z) =

∮

|ζ|=1

dζ

2πiζ
ζm1

(
zζ + a12
z + a12

)m2
(
zζ + a13
z + a13

)m3

b(ζ, z), (3.1)

where b(ζ, z) is some fun
tion. It is reasonable to ex
lude its exponential growth

with respe
t tom2 andm3. So we impose 
onditions |zζ+a12| = |z+a12|, |zζ+a13| =
|z+a13|, that are equivalent to either ζ = 1, or z/z = ζa12/a12 = ζa13/a13. The �rst

ondition leads to a trivial 
onstant operator in (3.1), so we 
onsider the se
ond one

only. Be
ause of it: a12/a12 = a13/a13, and thus (shifting phase of z, if ne
essary)
we 
an 
hoose all aj to be real. This means that fun
tion b(ζ, z) has support on
the surfa
e ζ = z/z. In the simplest 
ase b(ζ, z) = δc(ζz/z̄)f(z), where δc is the

δ-fun
tion on the unit 
ir
le and R̃(z) is an arbitrary fun
tion of z ∈ C. Then

representation (3.1) for the symbol of B be
omes

B̃(m, z) =

(
z

z

)m1
(
z + a12
z + a12

)m2
(
z + a13
z + a13

)m3

f(z), (3.2)

Taking property of the m-dependent fa
tor here into a

ount, it is reasonable to

input 
ondition that R̃(z) = R̃(z). Then also

B̃(m, z) = B̃(m, z), i.e., B∗ = B, (3.3)

where notation (2.11) was used. In generi
 situation b(ζ, z) in (3.1) 
an be propor-

tional to the �nite sum of derivatives of δc(ζ), that we do not 
onsider here in order

to avoid asymptoti
 growth of B̃(m, z) by m.

3.2 Cau
hy�Green formula

Below we use terminology of the theory of fun
tions of 
omplex variables and nota-

tion z = zRe + izIm ∈ C. We also write d2z = dzRedzIm ≡ 2idz ∧ dz and derivatives

∂z = 1
2
(∂zRe

− i∂zIm) ≡ ∂, ∂z = 1
2
(∂zRe

+ i∂zIm) ≡ ∂. Fun
tion f(z) is analyti
 if it
is di�erentiable and obeys Cau
hy 
onditions, that in these terms 
an be written

as ∂zf(z) = 0. Here we do not assume analyti
ity of fun
tions under 
onsideration

and use notation f(z) as short for f(zRe, zIm), i.e., fun
tion of two real variables.

Under proper assumptions on smoothness of a fun
tion f(z) of 
omplex variable and

border ∂D of a simply 
onne
ted domain D on C one has Green's formulas:

2i

∫

D

d2z ∂f(z) =

∮

∂D

dz f(z), 2i

∫

D

d2z ∂f(z) = −

∮

∂D

dz̄ f(z),

where domain D is to the left from the 
ontour ∂D in pro
ess of integration by it.

Useful relation is given by means of the formula from the theory of distributions:

∂
1

z
= πδ(z) ≡ πδ(zRe)δ(zIm),
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where δ(zRe) and δ(zIm) are delta-fun
tions of their arguments. In order to prove this

relation we let fun
tion f(z) to be in�nitely di�erentiable and to de
ay at z → ∞
faster than any power of z (both these 
onditions are too strong, in fa
t) and use

de�nition of derivative of a distribution:

∫
d2
(
∂
1

z

)
f(z) = −

∫
d2

1

z
∂f(z) =

= − lim
ε→0

∫

|z|>ε

d2z
1

z
∂f(z) = − lim

ε→0

∫

|z|>ε

d2z ∂
f(z)

z
=

where we used that in this domain fun
tion 1/z is analyti
; then by the Green's

formula

=
−1

2i
lim
ǫ→0

∮

|z|=ε

dz
f(z)

z
=

−f(0)

2i
lim
ǫ→0

∮

|z|=ε

dz
1

z
= πf(0),

where f(0) was substituted for f(z) for ε small enough and the last integral was


al
ulated expli
itly. By means of these relations we 
an prove the Cau
hy�Green

formula:

f(z) = −
1

2πi

∮

∂D

dz ′ f(z
′)

z − z′
+

1

π

∫

D

d2z′

z − z′
∂
′
f(z′),

when z ∈ D ⊂ C and f(z) = 0 otherwise. This formula generalizes to the non-

holomorphi
 
ase the standard Cau
hy formula. Here we denoted ∂
′
= ∂z̄′

3.3 Dressing pro
edure

The main obje
t of our 
onstru
tion, dressing operator K with symbol K̃(m, z),
is introdu
ed as solution of the ∂-problem:

∂K = KB,

lim
z→∞

K̃(m, z) = 1,
(3.4)

where produ
t in the r.h.s. is understood in the sense of (2.3). Di�erential ∂-equation
here due to (2.3) and (3.2) in terms of symbols sounds as

∂ K̃(m, z) = K̃(m, z)

(
z

z

)m1
(
z + a12
z + a12

)m2
(
z + a13
z + a13

)m3

f(z), (3.5)

so we 
an use the Cau
hy�Green formula and write that inside any domain D

K̃(m, z) = −
1

2πi

∮

∂D

dz ′ K̃(m, z′)

z − z′
+

1

π

∫

D

d2z

z − z′
∂
′
K̃(m, z′).

In order to get integral equation on K̃(m, z) we have to expand the domain D on

the whole 
omplex plane, so that we have to impose some asymptoti
 
ondition on

behavior of this symbol at z-in�nity. Noti
e that if it tends to some 
onstant value

f∞, then the �rst term here equals this 
onstant. So setting asymptoti
 
ondition

9



in (3.4) we 
an extent domain D to the whole 
omplex plain C, so that in terms of

symbols we get integral equation

K̃(m, z) = 1 +
1

π

∫
d2z′

z − z′
∂
′
K̃(m, z′). (3.6)

This integral equation is equivalent to the problem (3.4) and 
an be used to prove

existen
e and uniqueness of solution of this problem. Here we do not go in this

details and we assume this unique solvability. This assumption is 
ru
ial for our


onstru
tion, but not essential for its results. As the �rst result of this assumption

we get that be
ause of 
onjugation property of B (see (3.3)) we also have 
onjugation

property for the dressing operator:

K∗ = K. (3.7)

Let us 
onsider an operator F in our 
lass of operators, su
h that its symbol F̃ (m, z)
is entire fun
tion of z, i.e. ∂F = 0, see (2.14). Thanks to (2.3) we have that

∂FK = F∂K = FKB, so that FK obey the same di�erential equation in (3.4).

Then we get instead of (3.6) integral equation

F̃K(m, z) = F̃ (m, z) +
1

π

∫
d2z′

z − z′
∂
′
K̃(m, z′), ∂F = 0, (3.8)

assuming that the integral 
onverges. Thus asymptoti
 behavior of the 
omposed

operator FK is determined by the asymptoti
 behavior of the symbol of operator F .
Vi
e verse, due to assumption on the unique solvability of the problem (3.4) we see

that any solution of the equation ∂G = GB with asymptoti
 behavior determined

by entire fun
tion F̃ (m, z) 
an be written as

G = FK. (3.9)

Indeed, di�eren
e G − FK obeys the same di�erential equation ∂(G − FK) =
(G − FK)B but with zero inhomogeneous term, as asymptoti
s of this di�eren
e

equals to zero.

Dependen
e of operator K on variables m is introdu
ed by means of the same

∂-problem:

∂K(j) = K(j)B(j), lim
z→∞

K̃(j)(m, z) = 1, j = 1, 2, 3, (3.10)

where (2.18) was taken into a

ount. But we have to 
he
k that evolutions of

K de�ned in this way are mutually 
ompatible. We use here that 
ompatibility

of evolution equations of operator B is obvious by 
onstru
tion. Then by (2.18)

and (3.10) ∂K(i,j) = K(i,j)B(i,j)
and ∂K(j,i) = K(j,i)B(i,j)

for any i, j = 1, 2, 3. Thus
di�eren
eK(i,j)−K(j,i)

obeys ∂-equation in (3.4), but with zero asymptoti
 behavior.

So this di�eren
e equals to zero due to the assumption on the unique solvability.

Let us 
onsider 
onsequen
es of the equality (2.17) for operator K. Noti
e that this

operator, as any operator of the 
lass under 
onsideration obeys (2.10),

K(1) = TKT−1, (3.11)

that is 
ompatible with (3.10) for j = 1 be
ause of of the �rst equality in (2.17).

Consider now j = 2. Thanks to (2.15) and (2.17) we derive

∂(K(2)(T + a12)) = (K(2)(T + a12))B,

10



i.e., produ
t K(2)(T + a12) obeys the same ∂-equation but with asymptoti
s that

growth linearly at z-in�nity. Thus thanks to observation in (3.9) there exists mul-

tipli
ation operator X�operator with symbol independent of the variable z�su
h
that K(2)(T + a12) = (T + X)K. In order to determine this operator we have to

spe
ify asymptoti
 
ondition in (3.4) by means of the next term of expansion,

K = I + uT−1 + . . . , z → ∞, (3.12)

where dots denote terms with symbols de
aying faster than z−1
, and where u is a

multipli
ation operator. So in terms of symbols this 
an be written as

K̃(m, z) = 1 +
u(m)

z
+ . . . , z → ∞. (3.13)

We assume below that u(m) de
ays rapidly enough at m-in�nity:

lim
mi→∞

u(m) = 0, (3.14)

while in fa
t it would be enough to impose 
ondition that it tends to an arbitrary


onstant.

Thus we get (see Problem 9) that due to (3.11)

K(2)(T + a12) = K(1)T + (a12 + u(2) − u(1))K, (3.15)

Analogous 
onsideration shows that the evolution with respe
t to m3 is given by

equation

K(3)(T + a13) = K(1)T + (a13 + u(3) − u(1))K. (3.16)

Problem 7 By means of (2.3) derive the Leibnitz rule for ∂(FG). (Hint: this rule
is valid in the standard form for symbols, but it is ne
essary to write it in terms of

operators and their derivatives).

Problem 8 Find property of operator u de�ned in (3.12) with respe
t to operation

(2.13). What does it mean for its symbol?

Problem 9 Give details of derivation of Eq. (3.15).
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5 Le
ture

5.1 Hirota di�eren
e equation

Thanks to (2.7) and (2.9) in terms of symbols relations (3.15) and (3.16) sound as

(z + a12)K̃
(2)(m, z) = zK̃(1)(m, z) +

(
u(2)(m)− u(1)(m) + a12

)
K̃(m, z), (5.1a)

(z + a13)K̃
(3)(m, z) = zK̃(1)(m, z) +

(
u(3)(m)− u(1)(m) + a13

)
K̃(m, z), (5.1b)

so that variable z ∈ C plays the role of a spe
tral parameter. Equations (5.1) are


ompatible by 
onstru
tion:

K(2,3) = K(3,2), (5.2)

as we have proved on the previous le
ture. Thanks to (3.15) and (3.16) dire
t 
he
k

of this 
ompatibility gives

K(2,3)(T + a13)(T + a12) = (K(2)(T + a1,2))
(3)(T + a1,3) = K(1,1)T 2+

+ (a1,3 + a1,2 − u(1,1) + u(2,3))K(1)T + (a1,2 + u(2,3) − u(1,3))(a1,3 + u(3) − u(1))K,

K(2,3)(T + a13)(T + a12) = (K(3)(T + a1,3))
(2)(T + a1,2) = K(1,1)T 2+

+ (a1,3 + a1,2 − u(1,1) + u(2,3))K(1)T + (a1,3 + u(2,3) − u(1,2))(a1,2 + u(2) − u(1))K.

Summarizing, we get (Problem 10) that fun
tion u(m) obeys

(a1,2 + u(2,3) − u(1,3))(a1,3 + u(3) − u(1)) = (a1,3 + u(2,3) − u(1,2))(a1,2 + u(2) − u(1)),

that 
an be simpli�ed say as

u(12)(u(2) − u(1) + a12) + a12u
(3) + u(23)(u(3) − u(2) + a23) + a23u

(1)+

+u(31)(u(1) − u(3) + a31) + a31u
(2) = 0, (5.3)

so that the original Eq. (1.8) is its linearized version. This is one of forms of the

Hirota di�eren
e equation. Thus by means of our dressing pro
edure we arrived

to nonlinear 
ounterpart of the original linear equation on operator B. Moreover,

we 
onstru
ted Lax representation (here it is better to use term �zero-
urvature


ondition�): equations (5.1a), (5.1b) on an auxiliary (in a sense that it does not

parti
ipate in (5.3)) fun
tion K̃(m, z). It is easy to 
he
k that now we 
an forget

about 
ondition of unique solvability of the problem (3.4) that was so essential in

derivation. Indeed, equivalen
e of (5.3) and 
ompatibility 
ondition does needs no

any assumption and 
an be 
he
ked dire
tly.

For the following it would be reasonable to simplify notations. For shortness we

introdu
e a new dependent variable

v(m) = u(m)−m1a1 −m2a2 −m3a3, (5.4)

so that

v(i) − v(j) = u(i) − u(j) + aji, (5.5)

that substitute 
ombination that appeared in equations above. In parti
ular for the

Hirota di�eren
e equation instead of (5.3) we get

v(1,2)(v(1) − v(2)) + v(2,3)(v(2) − v(3)) + v(3,1)(v(3) − v(1)) = 0, (5.6)
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that is the more standard way to write down the Hirota di�eren
e equation. Noti
e

that while 
onstants ai are absent in (5.6), by (5.4) they determine the asymptoti


behavior of v(m): this fun
tion grows linearly with respe
t to m at in�nity. Thanks

to (5.5) this means that asymptoti
ally

lim
mi,mj→∞

(
v(i) − v(j)

)
= aji. (5.7)

Let us mention that this asymptoti
 behavior 
an
els ill de�niteness of (5.6). Indeed,


onsider the Cau
hy problem for the (5.6):

v(m1, m2, 0) = v0(m1, m2), (5.8)

where v0 is some given fun
tion. This Cau
hy problem has two trivial solutions:

either v(3) ≡ v(1), or v(3) ≡ v(2). (5.9)

But it is just 
ondition (5.7) that forbids this equalities thanks to (1.2). Below we

show that in our 
ase su
h Cau
hy problem is uniquely solvable.

5.2 Jost solution.

We 
ontinue to 
hange notations. We de�ne the spe
tral parameter k as

k = z + a1, (5.10)

(
f. (2.16)) that makes relation above more symmetri
. And we introdu
e two more

fun
tions:

χ(m, k) = K̃(m, k − a1), (5.11)

ϕ(m, k) = E(m, k)χ(m, k), k ∈ C, (5.12)

where

E(m, k) = (k − a1)
m1(k − a2)

m2(k − a3)
m3 , (5.13)

Fun
tion ϕ(m, k) is 
alled Jost solution�Jost was the �rst to realize that in study of
the spe
tral problem for the S
hr�odinger equation it is useful to introdu
e fun
tions

that admit analyti
 
ontinuation in the 
omplex domain. In our 
ase instead of

analyti
ity we have ∂-problem (3.4). Formally it (stri
tly speaking, (3.5)) 
an be

written for the Jost solution as

∂ϕ(m, k)

∂k
= r(k)ϕ(m, k), (5.14)

where

r(k) = f(k + a1). (5.15)

Noti
e that (5.14) does not 
ontain dependen
e on variables mi: it appears only due

to the asymptoti
 
ondition in (3.4). So it is better to write equations on χ, that
also follow from (3.5):

∂χ(m, k)

∂k
=
E(m, k)

E(m, k)
r(k)χ(m, k), (5.16)

lim
k→∞

χ(m, k) = 1. (5.17)
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Equations in terms of this fun
tion looks to be more 
ompli
ated then in terms of

the fun
tion ϕ, but in the dis
rete 
ase 
onsidered here the latter one, Eq. (5.14), is


orre
t only for all mi ≥ 0, Problem 11. Analog of fun
tion χ was also introdu
ed

in the study of the spe
tral problem for the S
hr�odinger equation by Faddeev, so it

is often referred to as Faddeev fun
tion.

We list here some properties of these fun
tions that follow from the previous

results. Thus for any k ∈ C we have that

ϕ(m, k) = ϕ(m, k), χ(m, k) = χ(m, k), r(k) = r(k), (5.18)

χ(m, k) = 1 +
u(m)

k
+ o(k−1), k → ∞, (5.19)

u(m) = u(m). (5.20)

In terms of the fun
tion χ(m, k) equations of the Lax pair take the form

(k− a2)χ
(2)(m, k) = (k− a1)χ

(1)(m, k) +
(
u(2)(m)− u(1)(m) + a12

)
χ(m, k), (5.21a)

(k− a3)χ
(3)(m, k) = (k− a1)χ

(1)(m, k) +
(
u(3)(m)− u(1)(m) + a13

)
χ(m, k), (5.21b)

(k− a3)χ
(3)(m, k) = (k− a2)χ

(2)(m, k) +
(
u(3)(m)− u(2)(m) + a23

)
χ(m, k), (5.21
)

thus preserving invarian
e with respe
t to the 
y
le permutations of the indexes

{1, 2, 3}. For the Jost solutions themselves we have Lax pair of HDE being given by

any two of the following three equations

ϕ(2) = ϕ(1) +
(
v(2) − v(1)

)
ϕ, (5.22a)

ϕ(3) = ϕ(2) +
(
v(3) − v(2)

)
ϕ, (5.22b)

ϕ(1) = ϕ(3) +
(
v(1) − v(3)

)
ϕ. (5.22
)

Thus passage from χ to ϕ 
an
el expli
it dependen
e on k, it appears due to the

normalization 
ondition (5.17) only. It is easy to 
he
k that the HDE is 
ondition

of 
ompatibility for any pair of equations with respe
t to all three variables mi. At

the same time Eq. (5.6) 
an be 
onsidered as an evolution equation, where, say, m1

and m2 play role of the spa
e variables, and m3 is the time one.

Problem 10 Give details of derivation of Eq. (5.1) by means of (3.11), (3.15) and

(3.16).

Problem 11 Why Eq. (5.14) is valid when all mi ≥ 0?
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6 Le
ture

6.1 Dire
t problem: Green's fun
tion and Jost solution

Let us prove that equation (5.21a) 
an be written in integrable form like:

χ(m, k) = 1 +
∑

n1,n2∈Z

G(m− n, k)(u(2)(n)− u(1)(n))χ(n, k), k ∈ C, (6.1)

where the Green's fun
tion is equal to

G(m, k) =

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−1
1 ζm2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
. (6.2)

For this sake we use (6.1) to write down

(k − a2)χ
(2)(m, k)− (k − a1)χ

(1)(m, k) = a12+

+
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

(
(k − a2)ζ2 − (k − a1)ζ1

)
ζm1−n1−1
1 ζm2−n2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
×

× (u(2)(n)− u(1)(n))χ(n, k) =

= a12 +
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2 (u(2)(n)− u(1)(n))χ(n, k)+

+ a12
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
×

× (u(2)(n)− u(1)(n))χ(n, k) =

= a12 + a12(χ(m, k)− 1) + (u(2)(m)− u(1)(m))χ(m, k)).

Denominator of the integral in the r.h.s. of (6.2) has zeros in the two 
ases only:

where

ζ1 = ζ2 = 1 or ζ1 =
k − a1
k − a1

, ζ2 =
k − a2
k − a2

, (6.3)

so the integral 
onverges and de�nes G(m, k) as distribution with respe
t to k. Any
of these representations show that the Green's fun
tion has properties of 
onjugation

G(m, k) = G(m, k) =
(k − a1

k − a1

)m1
(k − a2

k − a2

)m2

G(m, k) (6.4)

and antisymmetry

G(m1, m2, k) = −G(m2, m1, k)
∣∣∣
a1↔a2

. (6.5)

15



Say, we use here:

G(m, k) =

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−1
1 ζm2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a1 − a2
=

=

(
k − a1

k − a1

)m1−1(
k − a2

k − a2

)m2−1

×

×

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

(
ζ1
k − a1
k − a1

)m1−1(
ζ2
k − a2
k − a2

)m2−1

(k − a2)
k − a2
k − a2

ζ2 − (k − a1)
k − a1
k − a1

ζ1 + a1 − a2

=

=

(
k − a1

k − a1

)m1
(
k − a2

k − a2

)m2

G(m, k).

6.2 Properties of the Jost solutions

Here we study properties of the fun
tion χ(m, k) de�ned by equation (6.1), in whi
h


onne
tion we assume below unique solvability of this equation. Be
ause of (6.4)

reality of the potential u(m) is equivalent to 
ondition

χ(m, k) = χ(m, k), (6.6)

while se
ond equality in (6.4) shows that fun
tion

χ̃(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

χ(m, k) (6.7)

obeys integral equation

χ̃(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

+

+
∑

n1,n2∈Z

G(m− n, k)
(
u(2)(n)− u(1)(n)

)
χ̃(n, k), (6.8)

i.e., equation with the same kernel as in (6.1).

Asymptoti
 behavior of χ(m, k) follows thanks to equations (6.1):

lim
k→∞

χ(m, k) = 1, lim
|m1|+|m2|→∞

χ(m, k) = 1, (6.9)

and for the se
ond term of 1/k expansion we get

k(χ(m, k)− 1) →

→
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

ζ2 − ζ1

(
u(2)(n)− u(1)(n)

)
=

=
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

ζ2 − ζ1

(
u(n)ζ2 − u(n)ζ1

)
,

so that

lim
k→∞

k(χ(m, k)− 1) = u(m). (6.10)
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This limiting values is independent of the half plane where k → ∞. It is worth to

mention that from the di�eren
e equation (5.21a) we get the asymptoti
s behavior in

the form k(χ(2)(m, k)−χ(1)(m, k)) → u(2)(m)−u(1)(m) only. In fa
t it is equivalent

to (6.2) thanks to the asymptoti
 de
aying of the potential and the se
ond equality

in (6.9).

6.3 Time evolution and Inverse problem

Time evolution, i.e., dependen
e of χ(m, k) onm3 is swit
hed on by means of (5.21b)

and for the Jost solution itself it follows by (5.12). Let us introdu
e s
attering data

and �nd out their evolution. The departure from analyti
ity of χ(m, k) is given by

the ∂-di�erentiation of Eq. (6.1), so that we have (see Problem 12)

∂χ(m, k)

∂k
=

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

r(k,m3)+

+
∑

n1,n2∈Z

G(m− n, k)(u(2)(n)− u(1)(n))
∂χ(n, k)

∂k
. (6.11)

Here we introdu
ed s
attering data r(m3, k) de�ned by the equality (Problem 12)

r(m3, k) = −
sgn Im k

2πi(k − a1)(k − a2)
×

×
∑

m1,m2∈Z

(
k − a1

k − a1

)m1
(
k − a2

k − a2

)m2

(u(2)(m)− u(1)(m))χ(m, k). (6.12)

Be
ause of Eq. (6.6) (i.e., be
ause of reality of the potential u(m)) we have that

r(k,m3) obeys
r(m3, k) = r(m3, k). (6.13)

Under assumption of the unique solvability of the problem (6.8) we get by (6.11)

that ∂χ(m, k)/∂k = r(m3, k)χ̃(m, k), or thanks to (6.7) that

∂χ(m, k)

∂k
=

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

r(m3, k)χ(m, k). (6.14)

Time evolution of the spe
tral data, i.e., dependen
e on m3 trivially follows

(Problem 13) from ∂-di�erentiation of the equation (5.21b) of the Lax pair, and

(6.11):

r(m3, k) =

(
k − a3
k − a3

)m3

r(k), (6.15)

where fun
tion r(k) is independent of m3 and by (6.12) is uniquely de�ned by the

initial data.

Summarizing, the inverse problem to determine χ(m, k) is given by the equation

∂χ(m, k)

∂k
= R(m, k)χ(m, k) (6.16)

with normalization 
ondition (5.17). Here we denoted

R(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2
(
k − a3
k − a3

)m3

r(k), k ∈ C . (6.17)
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For any r(k) this fun
tion obeys the linearized version of the Hirota di�eren
e equa-

tion. We also mention that be
ause of (6.15)

|R(m, k)| = |r(k,m3)| = |r(k)|, (6.18)

i.e., |R(m, k)| is independent of m.

Problem 12 Proof representations (6.11) and (6.12).

Problem 13 Let us 
onsider (5.21b). Di�erentiating it with respe
t to k we get

(6.14). Then (6.15) follows, say, as asymptoti
s with respe
t to m1 → ∞. Proof

details of this 
onsideration.
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7 Le
ture.

7.1 Integrals of motion

Let us introdu
e fun
tion

ρ(k) =
∑

m1,m2∈Z

(u(2)(m)− u(1)(m))χ(m, k). (7.1)

Thanks to the asymptoti
 de
aying of the potential u(m) and boundedness of the

fun
tion χ(m, k) by m this series 
onverge and fun
tion ρ(k) de
ays when k → ∞.

It obeys 
onjugation property

ρ(k) = ρ(k) (7.2)

thanks to reality of the potential. For the ∂-derivative of this fun
tion we get

∂ρ(k)

∂k
= r(k)

(k − a3
k − a3

)m3 ∑

m1,m2∈Z

(k − a1
k − a1

)m1
(k − a2
k − a2

)m2(
u(2)(m)−u(1)(m))

)
χ(m, k).

Thanks to (6.12) and (6.15) we have

r(k) = −
sgn Imk

2πi(k − a1)(k − a2)

(k − a3
k − a3

)m3

×

×
∑

m1,m2∈Z

(k − a1
k − a1

)m1
(k − a2
k − a2

)m2(
u(2)(m)− u(1)(m))

)
χ(m, k),

so that 
ombining results of these two relations we get

∂ρ(k)

∂k
= −2πi(k − a1)(k − a2) sgn

(
Im k

)
|r(k)|2. (7.3)

Now taking (5.17) into a

ount we get that in terms of the s
attering data fun
tion

ρ(k) is given by equality

ρ(k) = −2i

∫
d2k′

(k′ − a1)(k
′ − a2)

k − k′
sgn

(
Im k′

)
|r(k′)|2, (7.4)

where dk2 = dRe k Im dk. Thanks to Eq. (7.3) this proves that ρ(k) is independent
of time m3 and it is the generating fun
tion of the in�nite set of integrals of motion.

Thus thanks to relation (6.10) the �rst nontrivial integral (the �rst 
oe�
ient of 1/k
expansion) is

ρ1 =
∑

n1,n2∈Z

(u(2)(m)− u(1)(m))u(m) =

= −2i

∫
d2k′(k′ − a1)(k

′ − a2) sgn
(
Im k′

)
|r(k′)|2. (7.5)

7.2 Higher Hirota di�eren
e equations.

An obvious way to introdu
e new dis
rete independent variables in HDE is to enlarge

number of evolution equations of the kind (1.7), i.e., to introdu
e in addition to

the dis
rete variables {m1, m2, m3} as many another variables {m4, m5, . . .} as one
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wants, so that dynami
s with respe
t to any of them is given by means of B(i) =
(A − ai)B(A − ai)

−1
, where a4, a5, . . . are di�erent (real) parameters. All these

evolutions are mutually 
ompatible and 
ompatible with the original variables, but

their de�nition shows that for any i, j, k we have an analog of (1.8) (see also (1.2)):

aij
{
B(ij) +B(k)

}
+ 
y
le{i, j, k} = 0.

Then we get that with respe
t to any three variables mi, mj and mk fun
tion

u(m1, . . .) de�ned in (3.12) and fun
tion v(m) = u(m) −
∑

i aimi (
f. (5.4)) obey

the same HDE. Thus this �extension� is trivial one and 
an be interesting only for

the study of symmetries of the HDE.

Thus in order to get higher analogs of the HDE, we have to 
onsider higher

analogs of the similarity transformations (1.7). Let pi = pi(T ), i = 1, 2, 3, be
polynomials of operator T of the orders ni with 
onstant 
oe�
ients, i.e., symbols

p̃i(m, z) = pi(z) are polynomials of z ∈ C. We set also that all these polynomials

has simple and mutually di�erent zeros and that the 
oe�
ients of the highest

powers equal to I. As before, we 
onsider operator B with symbol B̃(m1, m2, m3, z)
depending on dis
rete variables mi ∈ Z, but now dependen
e on these variables is

given by

B(i) = piBp
−1
i , i = 1, 2, 3, (7.6)

instead of (1.7). Noti
e, that due to 
ondition on the polynomials pi we 
an write

every of them as

pi(T ) =

ni∏

j=1

(T − xij), (7.7)

so that shift with respe
t to i-th variable by (7.6) is equivalent to the ni shifts in

the sense of (1.7). Nevertheless, derivation of evolution equations (7.6) by means of

su
h multidimensional redu
tions is very 
ompli
ated even in the linear 
ase, so we


onstru
t nonlinear equations on the base of (7.6) dire
tly. To be 
onsistent with

the shift with respe
t to p1(T ) we 
hoose

p1(T ) = T. (7.8)

The dressing operator K is de�ned by the same ∂-problem (3.4) and its depen-

den
e on mi is given by (7.6). Then, as before, under assumption of the unique

solvability of the (3.4), there exist polynomials Pi(T ) su
h that

K(i)pi = PiK, i = 1, 2, 3. (7.9)

Let us write

pi(T ) =

ni∑

j=0

yijT
j, Pi(T ) =

ni∑

j=0

YijT
j, (7.10)

where yi,ni
= Yi,ni

≡ 1 and where all yij are 
onstants, while Yij are multipli
ation

operators, Ỹij(m, z) = Ỹij(m). Then (7.9) takes the form

K(i)

ni∑

j=0

yijT
j =

ni∑

j=0

YijK
(1×j)T j, i = 1, 2, 3. (7.11)

Here we introdu
ed notation (
f. (2.10)):

K̃(1×j)(m1, m2, . . . , z) = K̃(m1 + j,m2, . . . , z). (7.12)
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Equation (7.11) 
an be simpli�ed being written in terms of the Jost solution (
f.

(5.12))

ϕ(m, z) = K̃(m, z)p1(z)
m1p2(z)

m2p3(z)
m3 , (7.13)

that gives by (2.8), (7.11) and (7.12)

ϕ(i)(m1, m2, m3, z) =

mi∑

j=0

Yi,j(m)ϕ(m1 + j,m2, m3, z). (7.14)

Representation of the symbol of operator B follows from (7.6) in analogy to (3.1):

B̃(m, z) =

∮

|ζ|=1

dζ

2πiζ
ζm1

(
p2(ζz)

p2(z)

)m2
(
p3(ζz)

p3(z)

)m3

b(ζ, z),

where b(ζ, z) is some fun
tion. In order to prevent growth of the symbol with respe
t

to m2 or m3, we impose 
ondition |pi(ζz)| = |pi(z)|. Moreover, for simpli
ity we

take that polynomials pi(z) has real 
oe�
ients and b(ζ, z) = δc(ζz/z)f(z), where
δc(ζ) is δ-fun
tion on the unit 
ontour and f(z) is an arbitrary fun
tion of z ∈ C.

Then in analogy to (3.2) we get representation

B̃(m, z) =

(
z

z

)m1
(
p2(z)

p2(z)

)m2
(
p3(z)

p3(z)

)m3

f(z). (7.15)

By assumption of unique solvability of problem (3.4) we derive that evolution

equations (7.9) (or (7.11)) are 
ompatible:

K(i,j) = K(j,i)
(7.16)

for any i and j. This 
ompatibility enables to derive dis
rete version of the Zakharov�

Shabat system. Indeed, thanks to (2.18) and (7.9)

K(i,j)pipj = P
(j)
i K(j)pj = P

(j)
i PjK, i, j = 1, 2, 3. (7.17)

Taking that polynomials pi and pj with 
onstant 
oe�
ients 
ommute into a

ount

(see (2.9)), we get that the l.h.s. is symmetri
 with respe
t to i and j thanks to

(7.16). Then the r.h.s. gives

P
(j)
i Pj = P

(i)
j Pi. 1 ≤ i, j ≤ 3, (7.18)

Vi
e verse, (7.16) follows from (7.18). Dis
rete version (7.18) of the Zakharov�

Shabat system enables derivation of evolution equations on 
oe�
ient fun
tions of

polynomials Pi.

7.3 An example of the higher Hirota di�eren
e equation.

Here we 
onsider an example of the higher equation 
losest to HDE. Let dynami
s

of operator B in (7.6) be given by means of polynomials

p1(T ) = T, p2(T ) = T + a12, p3(T ) = (T + a1)
2 − a23, (7.19)
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where (7.8) was taken into a

ount and where a1, a2 and a23 are real 
onstants,

a12 = a1 − a2 6= 0, a3 6= 0,±a2. Let us denote the �rst di�eren
e of operators as

∆iB = B(i) − B. Then operator B obeys di�eren
e equation

[
(∆1a1 −∆2a2)

2 − a23(∆1 −∆2)
2
]
∆3B =

= a12∆1∆2

(
a12∆1∆2 + 2∆1a1 − 2∆2a2

)
B, (7.20)

that follows from a 
orresponding 
ommutator identity. It also 
an be 
he
ked

dire
tly sin
e here (7.15) takes the form

B̃(m, z) =

(
z

z

)m1
(
z + a12
z + a12

)m2
(
(z + a1)

2 − a23
(z + a1)2 − a23

)m3

f(z). (7.21)

Problem 14 Proof that relations (7.19) give equation (7.20).
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8 Le
ture.

8.1 An example of the higher Hirota di�eren
e equation (
on-

tinuation).

The dressing operator K is de�ned as always by (3.4), so that by (7.10):

P2(T ) = T + Y20, (8.1)

P3(T ) = T 2 + Y31T + Y30, (8.2)

where symbols of operators Yij are independent of z. Then by (7.11) the Lax pair

is given in the form

K(2)(T + a12) = K(1)T + Y20K, (8.3)

K(3)[(T + a1)
2 − a23] = K(1,1)T 2 + Y31K

(1)T + Y30K, (8.4)

where 
oe�
ients obey

Y
(1)
31 + Y

(3)
20 = Y

(1,1)
20 + Y

(2)
31 ,

Y
(1)
30 + Y

(3)
20 Y31 = Y

(2)
30 + Y

(2)
31 Y

(1)
20 ,

Y
(3)
20 Y30 = Y

(2)
30 Y20,

(8.5)

due to (7.18) and (8.1), (8.2).

Taking symmetry of this redu
tion with respe
t to variables m1 and m2 into

a

ount it is reasonable to rewrite (8.4) in the expli
itly symmetri
 form by means

of (8.3). Thus we get

K(2)(A− a2) = K(1)(A− a1) + Y20K, (8.6)

K(3)[A2 − a23] = K(1,2)(A− a1)(A− a2)+

+X31

(
K(1)(A− a1) +K(2)(A− a2)

)
+X30K, (8.7)

where again for the sake of symmetry we used (2.16) and where new 
oe�
ients

equal

X31 =
1

2

(
Y31 − Y

(1)
20

)
, X30 = Y30 +X31Y20. (8.8)

In these terms relations (8.5) also take symmetri
 form

Y
(3)
20 = Y

(1,2)
20 + 2X

(2)
31 − 2X

(1)
31 , (8.9)

2Y
(3)
20 X31 = X

(2)
30 −X

(1)
30 +X

(2)
31 Y

(2)
20 +X

(1)
31 Y

(1)
20 , (8.10)

2Y
(3)
20 X30 =

[
X

(2)
30 +X

(1)
30 +X

(2)
31 Y

(2)
20 −X

(1)
31 Y

(1)
20

]
Y20. (8.11)

Coe�
ients Yij (or Xij) must be de�ned by substitution of asymptoti
 expansion

in (8.3) and (8.4), or (8.6), (8.7). In order to preserve above mentioned symmetry,

we use here the latter two equations and taking (2.16) into a

ount we write the

expansion in the form

K = I + uA−1 + wA−2 + · · · , (8.12)
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where symbols of operators u and w depend on variables m only. We omit here

details of 
omputations and in order to present their results introdu
e fun
tions

v(m) = u(m)−m1a1 −m2a2, (8.13)

f(m) = w(m)− (m1a1 +m2a2)u(m)+

+
1

2
(m1a1 +m2a2)

2 −
m1a

2
1

2
−
m2a

2
2

2
−m3a

2
3. (8.14)

Then inserting (8.12) in (8.6) and (8.7) we get

Y20 = v(2) − v(1), (8.15a)

f (2) − f (1) = Y20v, (8.15b)

X31 =
1

2
(v(3) − v(1,2)), (8.15
)

X30 = f (3) − f (1,2) −X31(v
(1) + v(2)). (8.15d)

Problem 15 Prove (8.5) due to (8.3) and (8.4).

Problem 16 Prove (8.8)�(8.11).
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9 Le
ture.

9.1 An example of the higher Hirota di�eren
e equation

(
ontinuation-2).

Thus three fun
tions Y20, X30 and X31 are given in terms of two fun
tions v and f
and must obey three equations (8.9)�(8.11). As we mentioned above this system is


ompatible. In parti
ular, it is easy to 
he
k that (8.9) and (8.10) be
ome identities

due to (8.15a)�(8.15
), and (8.15d) redu
es to

2v(2,3)
[
f (3) − f (1,2) − v(3)v(2) + v(2)v(1,2)

]
−

−2v(1,3)
[
f (3) − f (1,2) − v(3)v(1) + v(1)v(1,2)

]
=

= (v(2) − v(1))
[
(f (2) − v(2)v)(3) + (f (1) − v(1)v)(3)−

−(f (2) − v(2)v)(1,2) − (f (1) − v(1)v)(1,2)
]
, (9.1)

that gives one equation on two fun
tions. These fun
tions are not independent, as

thanks to (8.15a) and (8.15b)

f (2) − v(2)v = f (1) − v(1)v. (9.2)

Equations (9.1) and (9.2) are equations of the integrable system, that give an ex-

ample of the higher HDE. This system follows as 
ondition of 
ompatibility of the

Lax pair (8.6), (8.7) that in terms of the Jost solution (
f. (7.13)),

ϕ(m, k) = K̃(m, z)zm1(z + a12)
m2 [(z + a1)

2 − a23]
m3 , (9.3)

reads as

ϕ(2) = ϕ(1) + (v(2) − v(1))ϕ, (9.4)

ϕ(3) = ϕ(1,2) + (v(3) − v(1,2))
ϕ(1) + ϕ(2)

2
+

+
[
f (3) − f (1,2) −

1

2
(v(1) + v(2))(v(3) − v(1,2))

]
ϕ, (9.5)

where (8.15) was used. Omitting details we mention that thanks to (9.4) equation

(9.5) 
an be written in the form

ϕ(3) = ϕ(1,1) + (v(3) − v(1,1))ϕ(1)+

+
[
f (3) − f (1,2) − v(1)(v(3) − v(1,2))

]
ϕ, (9.6)

that together with (9.4) gives the equivalent Lax pair.

We 
onsidered a method of derivation of nonlinear (di�eren
e) integrable equa-

tions and their Lax pairs. Our 
onstru
tion was not free of assumptions, �rst of

all the assumption on unique solvability of the ∂̄-problem (3.4) and assumption of

existen
e of the asymptoti
 expansions (3.12). These assumptions were extremely

essential for our derivation. On the other side, when Lax pairs are derived 
he
k of


ompatibility of its equations is purely algebrai
 operation, that needs no any as-

sumptions and lead to integrable nonlinear equation. Say, higher HDE, i.e., system

(9.1), (9.2) is 
ondition of 
ompatibility of (9.4), (9.5), that 
an be 
he
ked dire
tly.
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In a general situation 
onsidered in (7.6) existen
e of the 
orresponding 
ommu-

tator identity is equivalent to existen
e of a polynomial Q(x1, x2, x3), su
h that

Q(Ad1,Ad2,Ad3) = 0, (9.7)

where we denoted adjoint a
tion of operator T on the asso
iative algebra dis
ussed

in Introdu
tion as

AdiB = pi(T )Bpi(T )
−1, i = 1, 2, 3. (9.8)

Here B is an arbitrary element of this algebra, but if we swit
h on its dependen
e on

variables mi by means of (7.6), B(i) = AdiB, we get by (9.7) 
losed linear equation

on B(m1, m2, m3), 
f. (7.20). This argumentation and 
onstru
tion presented in this

arti
le show that it is natural to suppose that the only linear di�eren
e equations in

(2+1) dimensions that 
an be lifted to nonlinear integrable ones are those that 
an

be presented in the form of 
ommutator identities. Noti
e, that in this dis
ussion

relation (7.8) was not used.

9.2 (1+1)-dimensional redu
tions of the HDE

We demonstrate that approa
h based on 
ommutator relations leads to integrable

equations in (2 + 1) dimensions. In order to get (1 + 1)-dimensional integrable sys-

tems one has to perform redu
tions. Following idea of our approa
h, we start with


onstru
tion of redu
tions of linear equation (1.8) on B and then apply dressing

pro
edure to get nonlinear integrable systems. Thus in this 
ase dimensional redu
-

tion is understood as a relation between values of operator B given by some shifts

of independent variables mi. Su
h relation must be 
ompatible with (3.2) and must

preserve dependen
e of B on two independent variables.

Thanks to (3.2) it is easy to see that any su
h redu
tion leads to an equation on

the spe
tral parameter z: it had to belong to a some 
urve on C. This is possible

only if fun
tion f(z) in (3.2), and then B̃(m, z) itself, have support on this 
urve,

that here for simpli
ity we 
onsider as proportionality to a 
orresponding δ-fun
tion.
But then (3.5) means that symbol K̃(m, z) is analyti
 fun
tion outside this 
urve,

so the inverse problem (3.4) must be substituted by the standard Riemann�Hilbert

problem.

9.3 Redu
tion B(3) = B.

The system (9.1), (9.2) admits (1+1)-dimensional redu
tions. Indeed, thanks to

(7.21) this redu
tion means that symbol B̃(m, z) is di�erent from zero if (z+a1)
2 =

(z + a1)
2
, i.e., zRe = −a1, so that fun
tion f(z) in (7.21) must be proportional to

δ(zRe + a1):

B̃(m, z) =

(
a1 + izIm
a1 − izIm

)m1
(
a1 + izIm
a1 − izIm

)m2

δ(zRe + a1)r(zIm). (9.9)

Then the inverse problem (3.4) shows that the dressing operator is not only indepen-

dent of m3, but its symbol K̃(m1, m2, z) is analyti
 fun
tion of z when zRe 6= −a1.
In order to get redu
ed Lax pair and nonlinear equation, noti
e that 
oe�
ients

of asymptoti
 expansion (8.12) are independent of m3, i.e., u(m) = u(m1, m2),
w(m) = w(m1, m2). Correspondingly, by (8.13) and (8.14) v(m) = v(m1, m2),
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f(m) = g(m1, m2)−a
3
3m3, where g(m1, m2) = f(m1, m2, 0). Inserting these relations

in (9.1) and (9.2) we get nonlinear integrable system

(g(2) − v(2)v)(1,2) + (g(1) − v(1)v)(1,2)−

− (g(2) − v(2)v)(1) − (g(1) − v(1)v)(2)−

− (g(2) − v(2)v)− (g(1) − v(1)v) + 2g − 2v(v(1) + v(2)) = 0, (9.10)

g(2) − v(2)v = g(1) − v(1)v. (9.11)

Taking that now symbol K̃(m, z) is independent of m3 into a

ount we de�ne the

Jost solution by means of equality

ψ(m1, m2, z + a1) = K̃(m, z)zm1(z + a12)
m2 ≡

ϕ(m, z)

[(z + a1)2 − a23]
m3

, (9.12)

see (9.3). Thus we get from (9.5), (9.3) the redu
ed Lax pair:

ψ(1,1) + (v − v(1,1))ψ(1) +
[
g − g(1,2) − v(1)(v − v(1,2))

]
ψ = λ2ψ, (9.13)

ψ(2) = ψ(1) + (v(2) − v(1))ψ, (9.14)

where the spe
tral parameter λ = z + a1, see (10.7), was used.
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10 Le
ture.

10.1 Redu
tion B(1,3) = B.

We start with 
ondition B(1,3) = B. In terms of symbols this redu
tion gives:

B̃(m1, m2, m3, z) = B̃(m1 −m3, m2, 0, z), (10.1)

that due to (3.2) is possible only if zRe = −a13/2 (we omit the trivial 
ase zIm = 0).
Setting here for simpli
ity

a3 = −a1, (10.2)

we see that the above redu
tion require proportionality of a symbol B to δ-fun
tion
δ(zRe + a1), so that by (3.2)

B̃(m1,m2, 0, z) =

=

(
a1 + izIm
a1 − izIm

)m1
(
a2 + izIm
a2 − izIm

)m2

b(zIm)δ(zRe + a1), (10.3)

where b(zIm) is an arbitrary fun
tion of its argument (S
attering Data). Operator

B with this symbol obviously obeys equation

a12(B
(1,2) − B) + (a1 + a2)(B

(1) −B(2)) = 0, (10.4)

while the 
orresponding redu
tion of the original Eq. (1.8) gives

a12(B
(1,2) −B) + (a1 + a2)(B

(1) − B(2)) =

=
[
a12(B

(1,2) −B) + (a1 + a2)(B
(1) − B(2))

]−1
.

Both sides of this equation are independent of m1, so (10.4) appears as result of its

summation.

Let us emphasize that be
ause of (3.4) symbol K̃(m, z) of the dressing operator

is analyti
 fun
tion of z ∈ C in half planes zRe ≷ −a1.
Thanks to (2.3), (3.4) and (10.1) we get that also K(1,2) = K, i.e.,

K̃(m1, m2, m3, z) = K̃(m1 −m2, 0, m3, z), z ∈ C.

Thus equation (5.1a) of the Lax pair is un
hanged, while for (5.1b) we have

(z + 2a1)K̃(m, z) = zK̃(1,1)(m, z)+

+ (v(m)− v(1,1)(m))K̃(1)(m, z). (10.5)

Thanks to (3.12) also u(m1, m2, m3, z) = u(m1−m2, 0, m3, z). Relation (10.2) gives

the same dependen
e of v(m) onm1−m3 andm2. Be
ause of this spe
i�
 dependen
e

on m we have to modify de�nition (5.12) of the Jost solution:

ψ(m1 −m3, m3, k) = K̃(m, z)zm1−m3(z + a13)
m2 , (10.6)

where we denoted

k = z + a1, (10.7)

that in fa
t is the symbol of operator A, see (2.17). Thus setting now m3 = 0 we

write:

v(m) ≡ v(m1, m2) = v(m1, m2, 0)− a1m1 − a2m2, (10.8)
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so that equation (5.22
) is left un
hanged, ψ(2) = ψ(1) + (v(2) − v(1))ψ, and (10.5)

and the Lax pair itself takes the form

ψ(1,1) = (v(1,1) − v)ψ(1) + (k − a21)ψ, (10.9)

ψ(1,2) = (v(1,2) − v)ψ(1) + (k − a21)ψ, (10.10)

where ψ(1)
in the se
ond equality was substituted by (10.9).

Equation of 
ompatibility of this pair 
an be derived either dire
tly, or as redu
-

tion of (5.6) and reads as

(
(v(1,2) − v)(v(2) − v(1))

)(1)
= (v(1,2) − v)(v(2) − v(1)). (10.11)

Thus multipli
ation operator in the r.h.s. (or l.h.s.) has symbol independent of m1.

Taking (10.8) and de
ay of fun
tion u(m) at m1 → ∞ into a

ount we have that

v(2)(m)− v(±1)(m) → ±a12 (10.12)

in this limit. Thus (10.11) gives

(v(1,2) − v)(v(2) − v(1)) = a22 − a21. (10.13)

Eq. (10.13) is known as the dis
rete potential KdV equation. It was derived by

F. Nijho� et al (1984) and was dis
ussed in detail in literature together with its

non-Abelian generalizations. Here we provide derivation of this equation as an

example of dimensional redu
tion in the framework of our approa
h.
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11 Le
ture.

11.1 Redu
tion B(3) = B(1,2)
.

This 1 + 1-dimensional redu
tion of HDE preserves its spe
i�
 property: symmetry

with respe
t to independent variables. Let for simpli
ity

a3 = a1 + a2, (11.1)

then thanks to (3.2) this redu
tion means that z must obey 
ondition zz − (z +
z)a2 − a2a12 = 0, i.e.,

|z − a2|
2 = a1a2. (11.2)

In other words, symbol B̃(m, z) must be proportional to δ-fun
tion on the 
ir
le

(11.2), so here a1a2 > 0, and symbol of the dressing operator is analyti
 inside and

outside of the 
ir
le (11.2). Noti
e also that thanks to this redu
tion symbols of

operators B and K obey 
onditions

B̃(m1, m2, m3, z) = B̃(m1 +m3, m2 +m3, 0, z),

K̃(m1, m2, m3, z) = K̃(m1 +m3, m2 +m3, 0, z),
(11.3)

so by (3.12) the same is dependen
e of u(m) on variables mi, and due to (5.4) and

(11.1) the same is valid for fun
tion v:

v(m1, m2, m3) = v(m1 +m3, m2 +m3, 0). (11.4)

We see that equation (3.15) is un
hanged under this redu
tion and (3.16) redu
es

to

(z − a2)K̃
(1,2)(m, z) = zK̃(1)(m, z) + (v(1,2)(m)− v(1)(m))K̃(m, z),

where now m3 = 0. We introdu
e the Jost solution (
f. (5.12)) by means of relation

ψ(m1, m2, k) = K̃(m1, m2, 0, z)z
m1(z + a12)

m2 , (11.5)

where

k =
2

a12

(
a1

z + a12
−
a2
z

)
(11.6)

is the spe
tral parameter. Finally, for the Lax pair we get

ψ(2) − ψ(1) = (v(2) − v(1))ψ, (11.7)

kψ(1,2) = ψ(1) + ψ(2) + (2v(1,2) − v(1) − v(2))ψ, (11.8)

and 
orresponding nonlinear integrable equation reads as

(
v(1,2)(v(2) − v) + vv(2)

)(1)
=

(
v(1,2)(v(1) − v) + vv(1)

)(2)
, (11.9)

that is equation of a 1+1-dimensional 
hain with dis
rete time evolutions, symmetri


with respe
t to both independent variables.
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11.2 Redu
tion B(3) = B(−1,−2)

This is another redu
tion that also leads to the symmetri
 
hain. Repeating the

same argumentation as above, we get that

B̃(m, z) = B̃(m1 −m3, m2 −m3, 0, z), (11.10)

that means the symbol B̃(m, z) is proportional to δ-fun
tion on the hyperbola given

by the equation 3(zRe + a1)
2 − z2Im = (a1 + a2)

2 − a1a2. Omitting other details we

present here the 
orresponding nonlinear equation only:

v(1,2)(v(1) − v(2))− v(−1,−2)(v(−1) − v(−2)) = v(1)v(−2) − v(−1)v(2). (11.11)

11.3 Soliton solutions

Soliton solutions for the Hirota di�eren
e equation are well known in the literature.

Let we have two numbersNa, Nb ≥ 1, and set ofN = Na+Nb real parameters κn that

we 
an 
hoose to be ordered: κ1 < κ2 < · · · < κN . Let χ(m, k) be a meromorphi


fun
tion of k that has poles at points k = κn1
, . . . ,κnNb

, where {n1, . . . , nNb
} is a

subset of {1, . . . , N}. Let us res
ale the Jost solution,

χ(m, k) → χ(m, k)

Nb∏

j=1

(k − κnj
), (11.12)

so that the new one is a polynomial of order kNb
with the unity 
oe�
ient at higher

power. Thanks to (6.10) we have

χ(m, k)

kNb
= 1 +

1

k

(
u(m)−

Nb∑

j=1

κnj

)
+ . . . . (11.13)

Thus

χ(m, k) = kNb +

Nb∑

l=1

kl−1X(l, m), (11.14)

where X(l, m) are some 
oe�
ients to be determined. For this aim we use (5.12)

with fun
tion χ(x, k) substituted from the latter equality. Then on values of the

Jost solution at points k = κn impose Nb 
onditions:

(
ϕ(m,κ1), . . . , ϕ(m,κN)

)
D = 0. (11.15)

where D is matrix of the size N × Nb with at least two nonzero maximal minors.

This 
ondition gives linear system of equations to determine uniquely X(l, m). To
des
ribe solution of this system we use here the following notation: let V be in
om-

plete Vandermond matrix of the size (Nb + 1)×N ,

V =




1 . . . 1
.

.

.

.

.

.

κ
Nb

1 . . . κ
Nb

N


 , (11.16)
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and V (l) is matrix V with removed l-th row (i.e., matrix of the size Nb × N). We

also need two diagonal (N ×N)-matri
es (see (5.13)):

E(m) = diag{E(m,κ1), . . . , E(m,κN)} (11.17)

k − κ = diag{k − κ1, . . . , k − κN}. (11.18)

Let also Y (l, m) denote determinant of (Nb ×Nb)-matrix

Y (l, m) = (−1)Nb+1−l det(V (l)E(m)D). (11.19)

Then it is easy to see that

X(l, m) = −
Y (l, m)

Y (m)
, Y (m) = Y (Nb + 1, m) (11.20)

Now using (11.14) we readily get that

χ(m, k) =
Z(m, k)

Y (m)
, (11.21)

where

Z(m, k) = det
(
V (Nb + 1)(k − κ)E(m)D

)
, (11.22)

and notation (11.18) was used. Thanks to de�nition (11.13) we get

u(m) =

Nb∑

j=1

κnj
−
Y (Nb, m)

Y (m)
. (11.23)

As an example of this generi
 
onstru
tion we present one-soliton solution:

u(m) =
κ2 − κ1

1 + cf(m)
, (11.24)

where c a real 
onstant and

f(m) =
E(m,κ2)

E(m,κ1)
≡

(
κ2 − a1
κ1 − a1

)m1
(
κ2 − a2
κ1 − a2

)m2
(
κ2 − a3
κ1 − a3

)m3

. (11.25)

Already this example shows that the 
onsideration here was formal in the sense

that denominator in (11.23) (i.e., τ -fun
tion) 
an take zero values, so solution 
an

be singular for some values of m. Stri
tly speaking soliton solutions do not �t in the


lass of solutions for whi
h the IST was developed in the previous se
tions. Soliton

solutions interpolate between di�erent 
onstants on the m-in�nity and one has to

develop version of the IST that enables 
onsideration of su
h solutions. Another

property, spe
i�
 for the soliton solutions of the Hirota di�eren
e equation is exis-

ten
e of a resonant solitons, i.e., solitons where parameters κi 
oin
ide with some of

parameters a1, a2, a3. One soliton solution (11.24) shows that in the 
orresponding

limit solution exists, but its properties 
an be rather strange.
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