Elliptic Functions

Classification of elliptic integrals



31.3 Classification of elliptic integrals

Recall: Indefinite integrals of the form
/R(x) dx, R(x) : rational function

can be expressed in terms of elementary functions:

rational functions, log, arctan.

Indefinite integrals of the form
[ B o) da,
R(z, s) : rational function, ¢(x) : quadratic polynomial

can be reduced to an integral of rational functions, using trigonometric

functions and their inverse.
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If deg p(x) = 3, in general, integrals /R(x, ¢(x)) dr cannot be

expressed in terms of elementary functions.

Note: for simplicity, we assume coefficients of R(x,s) and (x) are in C. For
example,

/ dx 1 1 1 log(z — i) — log(z + )
arctanx = = — - — - | dx = , :
1+ 22 21 r—1 x4+1 21

— In C, we do not need arctan.

Definition:

@(x): polynomial of degree 3 or 4 without multiple roots,

R(x,s): rational function,

— integrals of the form /R(a:, v o(x))dz: elliptic integrals.

(When deg p(x) = 5: hyperelliptic integrals.)
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The case deg p(x) = 3 and deg ¢(x) = 4 are essentially the same!
Example: deg p(x) = 3.

p(x) =a(r — ar)(z — az)(z — as),
a1, o, ag: distinct by assumption.

Ay +B

= Gyt D such that

Take a fractional linear transformation: = = T'(y)

e C+D=0,ie, T(l) = .
e T(c0)=A/C # a; (1 =1,2,3), i.e., B =T ag) # 0.

Ay+ B B AB; + B
Cy+D CB;+D

— b A—o
= const. X ?J;/y—ﬁl . <const. = Ca C)

— I — Q4 =
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R(z,\/¢(r)) = R (A“B t\/ <y—51><y—ﬁz><y—ﬁs>>

Cy+ D’ (y — 1)3
:R<Ay+chm\Ay&Xy&Xy&XyD>
Cy+D (y — 1)

= R(y,/(y — B1)(y — B2)(y — B3)(y — 1)).

(R(y,t): new rational function) and
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Exercise: Rewrite

/ Rz, /(@) dx (deg o = 4) ~ / R (y. /o)) dy (deg s = 3).

Hereafter deg p(x) = 4.

Note:
4
o p(x) = H(az — «;) has four parameters (aq, ..., ay).
i=1
Ax + B
o fractional linear transformations — T (AD — BC' = 1) determined
Cx+ D

by three parameters.

—> remains four — three = one parameter.



In fact, may assume

o(x) = pp(x) = (1 —2”)(1 — k*a?),

by using a fractional linear transformation 7°, such that

(TC\fl, TCMQ, TCkg, TCk4) — (1, k_l, —1, —k‘_l).

Exercise:

(a1 — ag)(ae — ay)
(1 — aq)(a2 — as)

i) Express k in terms of the cross ratio A\ = of

a, . )

(
(
(ii) Show that such T exists.
(

i) / R(z, /(@) da ~ / Rily, /(T — D)1 — k22)) dy



Theorem (Legendre-Jacobi standard forms):

Any elliptic integral is a linear combination of

e clementary functions (combinations of rational functions, log, inverse
trigonometric functions and /¢ (x)),

elliptic integral of the first kind),
/\/1—:192 k2aj2)( P 8 )

/\/1k2az2 / 1 — k2g2
— dx
1 — a2 V(1 —22)(1 — k222)

(elliptic integral of the second kind),

/ dx
° dx, o: parameter
(@ — )\ /(1 - )1 - B°a?)

(elliptic integral of the third kind). ]

k: modulus of the elliptic integral.



Proof:

May assume p(x) = /(1 — 22)(1 — k222).

s = \/p(x), i.e., 5% = p(x).

R(x,s): rational function => 3 polynomials P;(x), Px(x), Q1(x), Q2(x),

(polynomial of x, s) _ Pi(z) + Py(x)s
(polynomial of z,s)  Q1(x ) + Q2(x)s
_ (A(@) + Py(2)5)(Q1(7) — Qa(x)s)
(Q1(z) + Q2(x)s)(Q1 () — Qa(z)s)
Py (z) + Py(x)s 5, (2). Pyl

R(x,\/o(x)) =

Q1(x)? — Q2(x)*p()
= Ry (z) + Ra(x) (Ri(x), Ro(x) : rational functions)
= mi@) + 2D (Ry(a) = By(a)pe))
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/ R(z,\/o(z)) dx = / Ri(z)dx + / RQS(‘"”) dz.

Since the rational function Ro(x) is expanded as

M nj

Rs(x) = (polynomial) + Z Z (z ijzéj)n’

j=1n=1

the integral /R(a:, v @(x))dx is a linear combination of

e the integral of a rational function Ri(z),

o [, ::/x—daj (n=0,1,2,...),

S

o J,(a) ::/( da (n=0,1,2,...).

r—a)"s
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Recurrence relations:

e recurrence relations among [,,'s: integrate the relation,

d — x™ dop
dx:cs—n:c S+28dﬂ?
nz" Lo(x) N z" (polynomial of deg = 3)
N S S
(
N ZUnS o < Cn—|—3]n—l—3 R CnIn + Cn—lln—ly (n 7é 0)7
\(33[3—|—---—|—C()]0, (n:())

induction, 7, (n > 3) = a linear combintion of (polynomial)xs, I», Iy, Io.
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e recurrence relations among J,(«)'s: For n = 1,

d S B —ns N 1 dy
dr (r —a)® (z—a)"1  2(x —a)"sdx

1 xr— adp
- (z — a)"tls (—ngp(aj) T d:c)

4

1 i

" (2 — a)tls Z dnilw — )’
i=0

where d, 0 = —np(a), dn1 = (5 — n) ¢'(a).
Integrating this relation we have

(z —a)n

— dn,OJn—l—l + T dn,4Jn—3-

13



1. If () #0 = dp 0 # 0.

Jni1 is a linear combination of J,,...,J,_3 and

(x —a)™

induction

> Jn (n = 2) = a linear combination of Jy, Jy, J_1, J_2 and
(rational function)xs.

2. If p(a) =0 = ¢'(a) #0. (¢ does not have multiple roots.)

Hence dn,O = O, dn,l 75 0.
S

(z —a)™

duct _ L
induction, - 7 (n = 1) = a linear combination of Jy, J_1, J_2 and

(rational function)xs.

Jp, is a linear combination of J,,_1,..., J,—_3 and

)2 _
On the other hand, J_o = / (z —a) dr, J_1 = / toa dx and

S S

d
Jo = / o are linear combinations of Iy, I; and Is.
S
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Summarising, in any case, /R(az, @(x)) dx is a linear combination of
integrals of rational functions, (rational function)x+/¢(x) and

dx

Ip = ,
" V()

I — T dx

V()

2 dx
V()
dx
/ (z — a)y/o(z)

I =

Jl(oz) —
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Iy: the elliptic integral of the first kind.

1 dt ;
_/v%—tl—mﬂxzﬂ

= elementary function (inverse trigonometric function).

(1 — (1 — k%22 = 22
V(1 —22)(1 — k222?) 1 — g

= (elliptic integral of the first klnd) (the second kind).

(x 4+ ) dx
J =
/ (22 — a2)\/(1 — 22)(1 — k2a2)

1 dt dx

2 / (t— o)/ -0 k) O‘/ (22 — a?) /(1 = ) (1 = 222

— (elementary function) + (elliptic integral of the third kind).

16



Another standard forms (Riemann standard form):

/ dx
Vel —2)(1 =)
T dx

Vel —z)(1 = Az)’

/ (2 — o)/ 1—:1;)(1—Ax)'

17



