Elliptic Integrals and Elliptic Functions

Theta functions



310.1 Detinition of f-function

Recall: everywhere holomorphic elliptic function = constant.
< The condition “doubly periodic” was too strong.

Let us consider weaker condition of “quasi-periodicity” .

Remark & notations:

Up to now, we used (Q1,€s) € C? as periods: f(u+€;) = f(u) (i = 1,2).
Renormalise the variable u +— u/€)y. = periods = (1,22/€1).

May assume Im 5/ > 0. (If not, use —€25/€2; instead.)

Hereafter, periods = (1,7), Im7 > 0.

The period lattice I' = Z + Zr.



Let us find an entire function with (multiplicative) quasi-periodicity:

flu+1)=f(u),  flu+T7)=e""Tf(u).

e The parameter a cannot be arbitrary: Compute f(u+ 1+ 7) in two ways:
flut1+7)=flutr)=e""f(u)
— (w4 £y 4 1) = eautatd g,
— e¢* =1 (if fisnot 0), i.e., a = 27wik (k € Z).
e Periodicity f(u+ 1) = f(u) = Fourier expansion: f(u) = Zanezmnu.

nel
Quick proof for an entire function:
log v . - log v
= : - 7).
gv):=f ( 5 ) well-defined on C ~\ {0} (ambiguity of 5 € )

Laurent expansion g(v) = > a,v" = f(u) = Y a,e* ™",
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e Quasi-periodicity f(u 4 7) = 2™k *0 f(y) = recursion relation for a,.
f(u 4+ 7_) _ Z an627rin7'627rinu’
627riku—|—bf(u) _ Z aneQW'L’ku—Fbe%rinu Z ela, e 27T'L (n+k)u
— q, = 6—27T7Ln7'—|—ban_k_

Exercise:

Show that if k = 0, then f(u) = @™ (3 a € C, n € Z).

e Case k£ > 0:

Fix n = km+ng (0 < ng < k).

a, = 6—27Tzn7—|—b a,_; = e—27rzn7—|—b€—27m(n—k)7'—|—b Ay f = -

6—27ri (n—l—(n—k)—I—---—l—(nQ —|—k)) +mb a —mim(m~+1)k—2mimng+mb

ng = € Qg -



Recall: g(v) = > a,v™ is holomorphic on C ~ {0}.
1 g(v) M n—oo

_ = dv — < »0 (M := ma

=g f S = el S (M = mag |g(0).
On the other hand,

|akm—|—no| _ anoe—2ﬂ'imno—i—mb ewm(m—i—l)kImT N (COnSt.)qu2 (q _ €7TkImT > 1)

This diverges when m — oco: Contradiction! = A f(u).

e Case k = —1:

min(n—1)T—nb

' 1) — : 2 Lz
Ay, = age e, f _GOE:WznT—szn 5 2)

nez

. n2 - .
Definition: 0(u,7) := Zem” TH2mnu. g _function.

nes
— f(u) = aOQ(u— % — %,’r)



Lemma (Convergence of ):

. n2 - .
The series E e TN conyverges absolutely and uniformly on
ne

{(u,7) | [Imu| £ C, ImT = €} (VC >0, € > 0).

Proof:

7rz'n27—l—27rz'nu

€

.2 B .2
— TN Im7—2mnImu é TN 6627r\n]C'.

e~ e \, 0 much faster than ¢27I"l¢ 7 1.
— S e ™7ee2mIC converges.
— § " emin’TH2minu converges absolutely and uniformly.
By Weierstrass's theorem, the #-function 6(u, 7) is
e entire in u,
e holomorphic in 7 on H := {7 | Im7 > 0}.
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O(u+1,7)=0(u,T), O(u+7,7) = e TG (y, T).

In general,

2

O(u+m +nr,7) = e TV TTETIU QG4 1) (m,n € Z).

Exercise:

Show that for k € Z~ the space of entire functions satisfying

flut1)=fw),  flut7)=e 2Rt ()

Is of dimension k. Construct a basis of this space, using 6-functions.



We need variants of the 6-function: 0-functions with characteristics.

a,b € R: characteristics (Usually a,b € Q, most often a,b € {0, 5})

Oup(u) =04 p(u, 7) 1= Z emi(nta)®T+2mi(n+a)(u+d)
nes

Easily checked:
® 0y,p(u,T): entire in u, holomorphic in 7 on H.
o Ooo(u) =6(u).
o Oupiry (1) = Oup(u+ V).
o Oprarp(u) = pmia/?T+2mia’ (u+b) O p(u—+a'T).
o Opippiqg(u) =e*™%0, ,(u) for p,q € Z.
Hereafter only 6, ,(u) with a,b € {0, 1} are used.
== Shorthand notations: 0,c,(u,T) := 0., j2.,/2(u,T) (c1,62 € {0,1}).
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Remark:

This is Mumford’s notations in “Tata Lectures on Theta.

Correspondence with more common notations:

91 (u) — —911(u), Hg(u) — Hlo(u), 93(u) = Hoo(u), (94(u) = 901(u).

Relations with 0(u, 7):

Boo(u) = 0(u), Oo1(uw) = O(u + 3),

910(u> _ 67m'7'/4+m'u(9(u_|_ %)7 6’11(u) _ ewi7/4—|—7ri(u—|—1/2)6,(u_|_



310.2 Properties of f-functions

e Quasi-periodicity and parity.

For k,1 € {0,1} = Z /27 (i.e., "1 +1=10"), the following are easily
checked:

® le(u + %) = (—1)kl9k71+1(u).
° Hkl(u + %) _ (—i)le_ﬁi7/4_7riu6k+1,l(u).

o O1(u): even if (k1) # (1,1), odd if (k,1) = (1,1).

e /eros.
Lemma: 6x;(u) has only one zero in each period parallelogram.
Proof:

0r.1(u) = (non-zero function)x8(u + shift).

— sufficient to show the lemma for 6(u).
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Differentiate the transformation rule:

log(u+1) =logf(u), logb(u+ 7)=logh(u)— it — 2mwiu.

d d d d
Bl 1) = —1 ] = 1 — 2.
= —-logf(u+1) = —-log0(u), —-logf(u+T)=—log0(u)—2mi

Recall the argument principle: II = a period parallelogram (cf. Figure),

1 d
i of zeros of A(u) in Il = — — log 0 (u) du.
21 Jorp du

a+Tt

.
N
/>< zero ofe/
>
a a+1

11

a+1+T




d a+147
juostas= [ [ / oL
]21—[ du ( ) a+1+1 +7
/ (dci logO(u) — — log 0(u + ’7')) du

d
— log 6(u) — — log 0 1) | du
+/+r( oo du it ))
a+1
:/ (271) du = 2.

— (# of zeros of O(u) in 1I) = 1.

011(u): odd = 611(0) = 0. remip {zeros of O11(u)} =T.
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Because 610(u) = —6011(u+ 3), 6o1(u) = (non-zero) x 011 (u + %),
Boo(w) = bo1(u + 3),

1+ 7
2 9

Ooo(u) =0 uel + (901(u):O<:>u€F—|—%,
1
910(u):O(:)uEF+§, O11(u) =0 ucl.

(Figure: zeros of 0's.)
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e Jacobi’s f-relations = Analogue of addition formulae.

Theorem

! A
LetA:%<1_11 _1> and y = AT, where 7 := <£§> Y= (?,ﬁ)
1-1-1 1 4 Y4

4 4 4 4 4
(JO) H Boo(xj) + H Oo1(x;) + H O10(xj) + H O11(zj) = 2 H Boo(y;)-

Remark on the name:

e In [Mumford: Tata Lectures on Theta I|: “Riemann’s relation”.

e In [Whittaker and Watson: A Course in Modern Analysis] Jacobi's
work is cited.
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Proof:

Notations: (&@,b) = a1by + - - - + agby for @,b € C*, H H Z Z

mez*
By the definition of 6’s,

) = Zexp (et (m, m) + 2mi(m, &) + mi(my + - - +ma)),

where m’ = (mi T %)izl A
When they are summed up,

e my+---+mygormj+---+mj: odd = The summands cancel.

® mj+---+myormj+---+mjy: even = The summands are doubled.
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—> The LHS of (J0) = 22 exp (miT(m,m) + 2wi(m, X)),
where Y~' = the sum over 1 € 3Z, satisfying either (i) or (ii):
(i) Vm; € Z and my + -+ +my € 27Z (<= 6g0, 001).
(i) Vm,; € % +7Z and my + -+ +my € 27 (<= 019, 011).

A: orthogonal, i.e., YA A =1d4. = For 71 := Am,
o (, M) = (7,7), (M, &) = (7, 7).
e 17 satisfies (i) or (ii) <= 7@ € Z*.
S exp (mir (1, ) + 2mi(m, 7)) = S exp (wir (7, 7) + 2mi(7i, 7))
nezZ4

4
= Heoo(yj)-
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3 More than twenty variants. We need the following.

Corollary:

(J1) J]60o(z;) — [ Oor(z;) = ][ 6ro(as) + [ [ Oualzy) =2] [ 6u1(y;).

(J2) J]oo(z;) + | [ 6or(zs) = ][ 6ro(zs) = ][ Oua(zy) = 2] [ Oo1(y;)).
(43)

Ooo(1)001(2)010(x3)011(24) + Oo1(z1)000(z2)011(23)010(24)
+910(£U1)911(332)900(3?3)901(504) =+ 911(331)910(332)901(933)900(334)
= 2011 (y1)010(y2)001(y3)000(Y4)-
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Proof:

Shift arguments in (JO):

( . .
(900(5171 + 1+ T) == G_MT_mel@()o(iCl), etc.
r1—x1+1+7=—= <

Ulsd /R
—> (J1).
r1—x1+1 — (J2)
r1 = T, $2H$2+%,

} — (J3)

333H563—|—%, .CU4H£E4—|—1+TT
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Notations: 0 := 0;;(0). (Note: 611 =0.)

Corollary: (Addition formulae; 3 Many variants.)

(900(56 —+ U)QOQ(ZC — u)ﬁgo = 900(:1:)2900(u)2 + 6’11(33)2611(102

(A1)
= 001 ()01 (w)* + 10(x)*010(u)*.

(A2) 901(513 + u)901(x — u)@%l = 901 ($)2901 (u)2 — 911($)2911(u)2.

(A3)
011(x+u)0o1(x—u)b10600 = Ooo(x)010()001 (w)011(w)+001(2)011(2)000 (w)010(u).

Proof:

Specialisation of z;'s:

r1T — IT9 = T, a:3::c4:u:>y1::c—|—u, Yo = I — U, y3:y420.
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) specialisation

(J1
Boo () 600 (w)? — Bo1(2)*001 (u)” — O10(x)*010(w)? + 611 ()?011 (u)’
= 2011 (z + w)bi1(x —u)d3 =0
—> second equation in (Al).

(JO)

specialisation

(900(:13)2900(’&)2 + Ho1 (513)2901 (u)2 + (910(33)2(910(’&)2 + 911(:13)2911(u)2
— 26000 (33 + U)HOO (:1;' — U)HSO

LHS = 2(6g0(x)?000(1)? + 011 (x)%611(w)?) (second eq. in (Al))
RHS = 2 x LHS of (A1).

— first equation in (Al).

specialisation specialisation
— ) (

Similarly, (J2) (A2), (J3 A3).
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e Heat equation.

The Fourier series defining 6's converge uniformly on compact sets.

—> May differentiate termwise.

2
68 26 (n—|—a) 7'—|—27'rz(n—|—a)(u—i—b) 47T (n + CL)Q 871'2'(n—|-a)27'—|—27r7l(n—|—a)(u—{—b)7
u
a2€7T'L'(n-|—a)27-—|—27m'(n—|—a)(u—|—b) R, (n 4+ CL>2 ewi(n+a)27-—|—27ri(n—|—a)(u—|—b).
T
9, 1 0°
— Eé’kl(u, T) — 17 D2 Hkl(u, 7').
For t > 0, z € R, this is the heat equation:
0 , 1 0°
Eekl(aj,lt) 47‘(‘ axz Hkl(a: Zt)
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e Jacobi’'s derivative formula.

Notations: 0y; = 0y;(0,7) as before, 07, := 9 011 (u, 7).
O | =g
Theorem:
11 = —m0o0001610.
Proof:

(J3) with z1 =z, 9 = 23 = 4 = 0:

011 () 010 Bo1 Ooo = 2011 (g) 010 (%) 001 (g) 0oo (g) :

Substitute the Taylor expansion:

/!

Bua(x) = O + B> 1 OGY) (k) # (1,1),

011(33) 81133 _|_ FIB _|_ O( )

(Recall: 0g;(x) ((k,1) # (1,1)): even, 011(x): odd.)



Coefficients of x3:

1 1 1
— 071010001000 = — 071010001000 + =071 (670001600 + 010051 000 + 010001640 )-
6 24 8
1) 9// 9// /!
11 Y0 Yo 10
_ —— — — — —= — —= = O
077, 0Goo Go1 b0
. .0
The heat equation = 6}, = 4mi—0k ((k,1) # (1,1)), 07 = 47m'ﬁ 11
or ot
0 — 701 abo b b glog 1
014 too o1 010 Ot~ 0o 001 010
/
11 :
— — constant in T.
oo 0o1 010

The constant = the value at 7 — o0, or ¢ = ™7 — 0.

23



Expand 6y;'s and 607, in g.

900 _ Zeﬂin%' — 1+ O(C]),
901 _ ZeﬁinQT—HTin —1 4+ O(Q),
910 — ZdTi(ﬂ_F%PT — 2q1/4 _1_ O<q),
/11 _ Zﬂi(Qn 4+ 1)€7ri(n—|—%)27-—|—7ri(n-|—%) _ —27Tq1/4 4 O(q)
074 s —2mqtt + O(q)

000 Oo1 010 40 2¢1/* + O(q) -
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Remark:

f-functions appear in
e algebraic geometry,
e number theory (especially 6,,(0)),
e representation theory (as characters of co-dim. representations),
e mathematical physics,

e ctc.

Exercise:

a;,bi,c € C (iZl,...,N), Zai:Zbi

— f(u) =c Ou(u—a1)---6n(u - aN): an elliptic function.

01 (u—b1) - 011 (u— by)
Any elliptic function with periods 1 and 7 has this form.
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