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1. Îïåðàòîðû q-àíòèñèììåòðèçàöèè A
(k)
12...k = A(k)(R1, R2, . . . , Rk−1) è q-ñèììåòðèçàöèè

S
(k)
12...k = S(k)(R1, R2, . . . , Rk−1) (îáðàçû âR-ìàòðè÷íîì ïðåäñòàâëåíèè ïðèìèòèâíûõ èäåì-

ïîòåíòîâ àëãåáðû Ãåêêå, îòâå÷àþùèõ ñîîòâåòñòâåííî îäíîñòîëáöîâûì è îäíîñòðî÷íûì

äèàãðàììàì Þíãà) çàäàþòñÿ ñëåäóþùèìè ðåêóððåíòíûìè ôîðìóëàìè:

A(1) = I, A
(k+1)
12...k+1 =

1

(k + 1)q
A

(k)
12...k

(
qk − kqRk

)
A

(k)
12...k, k ≥ 1,

S(1) = I, S
(k+1)
12...k+1 =

1

(k + 1)q
S
(k)
12...k

(
q−k + kqRk

)
S
(k)
12...k, k ≥ 1.

Íàïîìíèì, ÷òî Ri = Ri i+1, ãäå R ÿâëÿåòñÿ R-ìàòðèöåé GL(N) òèïà. Íàéäèòå ÿâíûå

âûðàæåíèÿ (â òåðìèíàõ q-àíòèñèììåòðèçàòîðîâ è q-ñèììåòðèçàòîðîâ) äëÿ ÷àñòè÷íûõ

R-ñëåäîâ TrR(r+1...k)A
(k) è TrR(r+1...k)S

(k), ãäå 0 ≤ r ≤ k − 1.

Ïîëåçíûé ñîâåò. Ïðè ðàñ÷åòàõ ñòîèò èñïîëüçîâàòü ôîðìóëû �q-àðèôìåòèêè�:

q−abq + qbaq = (b+ a)q, qabq − qbaq = (b− a)q, aq :=
qa − q−a

q − q−1
.

2. Ðàññìîòðèòå RTT-àëãåáðó T (R) äëÿ ñëó÷àÿ N = 2, âûáðàâ â êà÷åñòâå R ìàòðèöó

Äðèíôåëüäà-Äæèìáî:

R12T1T2 = T1T2R12, R =


q 0 0 0
0 λ 1 0
0 1 0 0
0 0 0 q

 , T =

(
a b
c d

)
.

à) Ïîëó÷èòå ÿâíûå âûðàæåíèÿ ïåðåñòàíîâî÷íûõ ñîîòíîøåíèé ìåæäó ãåíåðàòîðàìè

a, b, c è d.

á) Ïîëó÷èòå ÿâíîå âûðàæåíèÿ äëÿ êâàíòîâîãî äåòåðìèíàíòà detRT .

â) Íàéäèòå îáðàòíóþ ìàòðèöó (àíòèïîä) äëÿ T . Äëÿ ýòîãî ìîæíî âîñïîëüçîâàòüñÿ ïî-
ñëåäíåé ôîðìóëîé 38 ñòðàíèöû â ëåêöèè ïðî RTT-àëãåáðó. Íàïîìíèì, ÷òî ìàòðèöà

D, âõîäÿùàÿ â îïðåäåëåíèå êâàíòîâîãî ñëåäà, â ðàññìàòðèâàåìîì ñëó÷àå èìååò âèä:

D =

(
q−3 0
0 q−1

)
.

ã) Óáåäèòåñü ÿâíûì âû÷èñëåíèåì â ñïðàâåäëèâîñòè ñîîòíîøåíèÿ S(detRT ) = 1/detRT .

3. Ïîëüçóÿñü ÿâíûìè ïåðåñòàíîâî÷íûìè ñîîòíîøåíèÿìè ãåíåðàòîðîâ RTT-àëãåáðû äëÿ

N = 2 (ïóíêò à) çàäà÷è 2), äîêàæèòå, ÷òî ëèíåéíîå ïîäïðîñòðàíñòâî, îáðàçîâàííîå îä-

íîðîäíûìè ïîëèíîìàìè ïî ãåíåðàòîðàì ôèêñèðîâàííîé ñòåïåíè m ñîâïàäàåò ñ ëèíåéíîé

îáîëî÷êîé óïîðÿäî÷åííûõ ìîíîìîâ

ak1bk2ck3dk4 , k1 + k2 + k3 + k4 = m, ki ≥ 0.



Ìîæî äîêàçàòü, ÷òî óïîðÿäî÷åííûå ìîíîìû ëèíåéíî íåçàâèñèìû. Ïîëüçóÿñü ýòèì îáñòî-

ÿòåëüñòâîì, íàéäèòå ðàçìåðíîñòè ñîîòâåòñòâóþùèõ ëèíåéíûõ ïîäïðîñòðàíñòâ è ñðàâíè-

òå ñ êîììóòàòèâíûì ñëó÷àåì.

4. Ðàññìîòðèì àëãåáðó L(R) ìîäèôèöèðîâàííîãî óðàâíåíèÿ îòðàæåíèé (êâàäðàòè÷íî-

ëèíåéíóþ), çàäàâàåìóþ R-ìàòðèöåé GL(N) òèïà:

R12L1R12L1 − L1R12L1R12 = R12L1 − L1R12, L = ∥Lj
i∥.

Ïóñòü V � N -ìåðíîå êîìïëåêñíîå ëèíåéíîå ïðîñòðàíñòâî è íàáîð N âåêòîðîâ {ei}1≤i≤N

ÿâëÿåòñÿ áàçèñîì V .

à) Äîêàæèòå, ÷òî ãîìîìîðôèçì àññîöèàòèâíûõ àëãåáð ρ : L(R) → End(V ), ñîïîñòàâ-
ëÿþùèé ãåíåðàòîðàì Lj

i ëèíåéíûå îïåðàòîðû íà V ñ äåéñòâèåì

ρ(Lj
i ) ◃ ek = eiC

j
k,

çàäàåò íåïðèâîäèìîå ïðåäñòàâëåíèå àëãåáðû L(R) â ïðîñòðàíñòâå V . Çäåñü C1 =
Tr(2)Ψ21, ãäå Ψ � êîñîîáðàòíàÿ ìàòðèöà ê R.

Óêàçàíèå. Äëÿ äîêàçàòåëüñòâà íåïðèâîäèìîñòè âîñïîëüçóéòåñü íåâûðîæäåííîñòüþ ìàò-

ðèöû C.

á) Íàéäèòå õàðàêòåðû öåíòðàëüíûõ ýëåìåíòîâ pk(L) = TrRL
k â ïðåäñòàâëåíèè ρ:

χρ(pk) = TrV (ρ(pk)).


