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A cake cutting problem

µi (∆i ,∆) ≥ µi (∆j ,∆) ∀i , j

µi (∆i ,∆) ≥ 1

n

∑
j

µi (∆j ,∆) ∀i

µi (∆i ,∆) = µj(∆j ,∆) ∀i , j
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[2] Ñåìèíàð 1. Äåìîêðàòè÷åñêîå äåëåíèå

Optimal, democratic and fair division from a math. viewpoint

Ýêîíîìèêà â áîëüøîé ñòåïåíè ÿâëÿåòñÿ ãóìàíèòàðíîé äèñöèïëèíîé
è ìû (ìàòåìàòèêè) ìîæåì âñåðüåç îáñóæäàòü òîëüêî åå ìàëóþ
÷àñòü, â êîòîðîé åñòü íàäåæäà íà ôîðìàëèçàöèþ. Íîáåëü ïî
ýêîíîìèêå (2018): çà èññëåäîâàíèÿ èíòåãðàöèè â äîëãîñðî÷íûé
ìàêðîýêîíîìè÷åñêèé àíàëèç: èçìåíåíèÿ êëèìàòà, òåõíîëîãè÷åñêèõ
èííîâàöèé. (2017): çà èððàöèîíàëüíîñòü ïîâåäåíèÿ ýê. àãåíòîâ.
Áàçîâûé ïðèìåð �ïèðîãà�: division of the faculty teaching load +
rewards (salary, bonuses, etc.). Êàæäûé ïðåïîäàâàòåëü ïîëó÷àåò êóñîê
�ïî ñïðàâåäëèâîñòè�.
Ýêîíîìèñò èçó÷àåò �ðûíîê� (ïèðîã), ñîçäàåò åãî ìîäåëü. Â
ðåçóëüòàòå (â èäåàëå) ïîÿâëÿåòñÿ îïòèìèçàöèîííàÿ ïîñòàíîâêà òèïà
minx F (x), x ∈ Ω. Ðåøàÿ åå ïîëó÷àåì �îïòèìàëüíîå� ðàñïðåäåëåíèå
ðåñóðñà. Îñîáåííî ãðàìîòíûé ýêîíîìèñò ìîæåò äîãàäàòüñÿ, ÷òî
îïòèìóìà çäåñü íàâåðíîå âîâñå íåò è ïåðåéäåò ê ïîèñêó
Ïàðåòî-îïòèìàëüíîãî ðåøåíèÿ (íåò ðåøåíèé ñòðîãî ëó÷øèõ ïî îäíèì

ïåðåìåííûì è õîòÿ áû íå õóäøèõ ïî äðóãèì - ñåäëîâàÿ òî÷êà).

Ó íàñ âìåñòî ýòîãî ñîçäàåòñÿ êîìèññèÿ, êîòîðàÿ äåëàåò â öåëîì òî

æå ñàìîå, íî íåôîðìàëüíî. Ýòî îáðàçåö öåíòðàëèçàöèè (äèêòàòóðû).
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[3] Ñåìèíàð 1. Äåìîêðàòè÷åñêîå äåëåíèå

Äåìîêðàòè÷åñêîå äåëåíèå
Ïðåäëàãàåòñÿ âàðèàíò => ãîëîñîâàíèå: çà òîëüêî åñëè
âûãîäíî, èíà÷å ïðîòèâ.

Ïðèìåð: n ó÷àñòíèêîâ ñ êàïèòàëàìè x t
i â ìîìåíò t ≥ 0.

Íà÷àëüíûé êàïèòàë x0i = 1 ∀i = 1.

�Íàèâíàÿ âåðñèÿ�: íà (i < n)-ì øàãó ïðåäëàãàåòñÿ îáàíêðîòèòü
(i+1)-ãî ó÷àñòíèêà è ðàçäàòü åãî äåíüãè ïîðîâíó îñòàëüíûì.
Äàëüøå ïðîäîëæàåì ïåðèîäè÷åñêè. Â ïðåäåëå âñå äåíüãè
ñêîïÿòñÿ ó 1-ãî ó÷àñòíèêà (ïåðâè÷íîå íàêîïëåíèå êàïèòàëà).
Êâàëèôèöèðîâàííîå áîëüøèíñòâî n − 1 èç n êàæäûé ðàç
ãîëîñóåò �çà�.
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[4] Ñåìèíàð 1. Äåìîêðàòè÷åñêîå äåëåíèå

Äåìîêðàòè÷åñêîå äåëåíèå - 2
Ïðèâåäåííûé âàðèàíò äàëåêî íå õóäøèé - çäåñü ñóììàðíûé
êàïèòàë S t :=

∑
i x

t
i õîòÿ áû ñîõðàíÿåòñÿ. Ïðèâåäåì ÷óòü áîëåå

ñëîæíóþ, íî âåñüìà ðåàëèñòè÷åñêóþ ñèòóàöèþ:

Ïðè t = i(mod n) �ðàçîðÿåì� i-ãî ó÷àñòíèêà è ðàçäàåì âñåì
÷àñòü (íî íå âñå) åãî êàïèòàëà (nε

∑
j x

t
j < x t

i , ε < 1/n2):

x t+1
i := (1− 1t=np+i )x

t
i + ε

∑
j

x t
j

S t+1 <
n − 1

n
S t + n2ε < (1− γε,n)tS0 t→∞−→ 0.

Êâàëèôèöèðîâàííîå áîëüøèíñòâî n − 1 ãîëîñ èç n êàæäûé ðàç

ãîëîñóåò �çà�.
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[5] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 2

Rent division

n rooms + n agents. The total rent is �xed by = 1. The i-th agent
gets his own room and a part of the rent xi (

∑
i xi = 1). The

problem is to distribute the rooms and the rent such that according
to each of the agents own estimate he/she is not o�ended.
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[6] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 2

Formal de�nitions
Solution: (π, x), where π : {1, 2, . . . , n} → {1, 2, . . . , n} is a
permutation, describing the room distribution (i.e. the i-th agent
gets the room number πi ), and x = (x1, . . . , xn) is the rent
distribution (i.e.

∑
xi = 1). Let A := (aij) be the matrix of a priory

estimates of room prices by the agents. This means that the i-th
agent is ready to ge the j-th room if his part of the rent xi ≤ aij .
Valuations µi (∪j∈πi

∆j , xi ) := sign(
∑

j∈πi
aij − xi ).

We say that the rent partition (π, x) is admissible if xi ≤ aiπi
∀i .

Here π is the discrete part of the solution, while x is the continuous part.

Theorem 1.

A solution (π, x) is admissible i� a(π) :=
∑

i aiπi
≥ 1. An

admissible solution exists if one of the inequalities bellow holds true:
(i)
∑

i ,j aij ≥ n, (ii)
∑

j aij ≥ 1 ∀i , (iii)
∑

i aij ≥ 1 ∀j .
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[7] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 3

Solution for the rent division problem

i1

j1

i2

j2

(i , j)

(j , i)

At the k-th step we choose the locally maximal elements aik jk of
the matrix A, which de�ne the map π (room distribution) and reset
the corresponding row and column. Then a(π) :=

∑
i aiπi

≥ 1 and

the rent of the i-th agent is calculated as xi :=
aiπi

a(π) .
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[8] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 4

Comparison with the combinatorial-topological approach
A now classical combinatorial-topological approach to solving this
problem [F.E.Su-1999] is based on the assumption that for each
rent partition each participant is able to �nd an admissible room.
This condition is satis�ed only in the case (ii).

The matrix A :=

 1/3 1/3 1/3
1/2 0 0
1/2 2/3 2/3

 satis�es the condition (iii)

(but not (ii)), so our solution exists, however under the division of
the rooms with the rent distribution {3/4, 1/8, 1/8} there is no
admissible room for the 2-nd agent.
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[9] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 5

General Fair division
For a given measurable partition ∆ of a space X into n elements
consider their (subjective) estimates µi (∆j ,∆), i , j ∈ {1, . . . , n} by
each of the agents. Then each solution of the division problem is a
pair (π,∆), where π � is a permutation of n elements, which we
call the discrete component of the solution. The map i → πi

describes the division of the partition ∆ between the agents.
The pair (π,∆) is said to be

the weak solution, if µi (∆πi
,∆) ≥ 1

n

∑
j µi (∆j ,∆) ∀i ;

the strong solution, if µi (∆πi
,∆) ≥ µi (∆j ,∆) ∀i , j ;

the homogeneous solution, if µi (∆πi
,∆) = µj(∆πj

,∆) ∀i , j .

Proportional, envy-free, equitable � economic terminology.

Example, when the �standard� partitioning into two groups doesn't
work: 7 + 3 + 2 ∗ (2k + 1). Then there is a partition with equal
sums, but it inevitably has 7 and 3 in one group.
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[10] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 6

Massive non-divisible components
Let the resource under division be purely discrete and consists of of
a number of non-divisible parts, e.g. gems, having very di�erent
subjective estimates by the agents. Then there is no hope for a fair
division. The situation changes if we add a continuous part which
we refer as gold: there are m gems and a certain amount |x | > 0 of
gold to be divided between n agents. United m gems into n groups
we reduce the problem to the case m = n. (Multiple Knapsack
Problem is NP-complete task!)
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[11] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 7

Massive non-divisible components-2
Let aij be a subjective estimate by the i-th agent of price of the
j-th gem and by the xi the amount of gold he gets after division
(
∑

i xi = |x |).
For a given permutation π we get µi (∆πi

,∆) := aiπi
+ xi . Thus a

solution (π,∆) is
weak, if xi + aiπi

≥ 1
n

(|x |+
∑

j aij) ∀i ;
strong, if xi + aiπi

≥ xj + aiπj
∀i , j ;

homogeneous, if xi + aiπi
= xj + aj ,πj

∀i , j .

Set a(π) :=
∑

i aiπi
.

Theorem 2.

A homogeneous solutions exists i�

max
i

aiπi
−min

j
ajπj
≤ |x |/(n − 1).
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[12] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 8

Massive non-divisible components-3
On the other hand a weak solution may exist even with zero gold
reserve (i.e. |x | = 0), but there are neither strong nor homogeneous

solutions: A :=

 2 1 0
2 1 0
2 0 1

 � weak solution (πi := i , xi := 0), but

the minimal value of |x |, admitting strong or homogeneous
solutions is 2.
A naive idea that having a lot of gold one always can get a strong

solution if wrong: A :=

(
0 1
1 0

)
for (πi := i) there is no strong

solution for arbitrary large |x |. Of interest that for
(π1 := 2, π2 := 1) there is a strong solution with |x | = 0.
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[13] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 9

Main result 2

Theorem 3.

A necessary condition for the existence of a strong solution is
(a) a(π) ≥ 1

n

∑
i ,j aij , (b) aiπi

+ ajπj
≥ aiπj

+ ajπi
∀i , j .

A su�cient condition for the strong solution is
Osc(A) := maxi ,j aij −mini ,j aij ≤ |x |/(n − 1).

The last assumption is almost necessary: ∀ε > 0 there exists a
matrix A with Osc(A) = ε+ |x |/(n− 1) which does not admit even
weak solutions.

13/16



[14] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 10

Construction of the strong solution

Consider a map T from the set of all permutations π of n elements
Πn into itself, de�ned as follows. Consider the set of pairs
(i , j) ∈ {1, . . . , n}2 with the lexicographic order, and denote by
π(i , j) a new permutation obtained from π by exchanging of the
corresponding entries: πi ←→ πj .
Then for a given permutation π we check the pairs (i , j)
successively with respect to their order until the inequality
aiπi

+ ajπj
≥ aiπj

+ ajπi
fails. In the latter case we set Tπ := π(i , j).

Applying the map T iteratively in a �nite number of steps we
obtain the �maximal� permutation, satisfying the above condition.
Indeed, if Tπ 6= π then a(Tπ) > a(π) by the construction. Since
the total number of permutations is �nite this proves the claim.
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[15] Ñåìèíàð 1. Ñïðàâåäëèâîå äåëåíèå 11

Connection to the rent division problem
Let n = N, i.e. each agent gets a single room. Then we set
µi (∆j ,∆) := aij − xi as an estimate of the fairness of the division.
Using this set of preferences one can construct all types of the
solutions that we have discussed in the 2nd part of the talk. On the
other hand, neither of these solutions coincide with the admissible
solution for the rent division problem.
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[16] Ñåìèíàð 1. Çàäà÷è

1 Ïóñòü (X ,B) � èçìåðèìîå ïðîñòðàíñòâî ñ áîðåëåâñêîé
σ-àëãåáðîé èçìåðèìûõ ìíîæåñòâ è ïóñòü ϕ � íåïðåðûâíûé
ôóíêöèîíàë íà íåì. Ìîæíî ëè ðàçäåëèòü X �ïîïîëàì�, ò.å.
íàéòè A ∈ B : ϕ(A) = ϕ(X \ A)?

2 Ïóñòü A � ìíîãîãðàííèê â Rd (íå îáÿçàòåëüíî âûïóêëûé).
Ìîæíî ëè åãî ðàçäåëèòü ãèïåðïëîñêîñòüþ íà
ìíîãîãðàííèêè �ñëåâà� è �ñïðàâà� ñ ñóììàðíî
îäèíàêîâûìè ïëîùàäÿìè ïîâåðõíîñòè?

3 Êàê ðàçäåëèòü íàáîð a1, a2, . . . , an ∈ N íà m ãðóïï ñ
ìàêñèìàëüíî áëèçêèìè ñóììàìè?

4 Êàê îãðàíè÷èòü äåìîêðàòè÷åñêîå äåëåíèå, ÷òîáû íå ìîãëî
áûòü �óõóäøåíèÿ â ñðåäíåì�?

5 Êàê ñïðàâåäëèâî ðàçäåëèòü êâàðòèðó ñ ôèêñèðîâàííòîé
ðåíòîé èç m êîìíàò äëÿ n 6= m æèëüöîâ?

16/16


