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Çàíÿòèå 13.10.2020

1. Ïðåîáðàçîâàíèå Ôóðüå

Ðÿä Ôóðüå. Ïóñòü äàíà ôóíêöèÿ f(t) ∈ L2[−π, π]. Îïðåäåëèâ ò. í. êîýôôèöèåíòû
Ôóðüå ôîðìóëàìè

(1) ck = ck(f) =
1

2π

∫ π

−π
dtf(t)e−ikt, k ∈ Z,

ìû ñîïîñòàâëÿåì ôóíêöèè f(t) ðÿä

(2) f(t) =
∑
k∈Z

cke
ikt.

Óðàâíåíèå (2) îïðåäåëÿåò ðàçëîæåíèå ïî ñèñòåìå ôóíêöèé {eikt, k ∈ Z}. Èçíà÷àëüíî
ðÿä Ôóðüå (21.12.1807) áûë îïðåäåë¼í êàê ðàçëîæåíèå ïî ñèñòåìå {1, sinnt, cosnt, n ∈
N},

(3) f(t) =
1

2
a0 +

∑
n∈N

(an cosnt+ bn sinnt),

ãäå êîýôôèöèåíòû Ôóðüå îïðåäåëÿþòñÿ èíòåãðàëàìè

(4) a0 =
1

π

∫ π

−π
dtf(t), an =

1

π

∫ π

−π
dtf(t) cosnt, bn =

1

π

∫ π

−π
dtf(t) sinnt.

Êîýôôèöèåíòû ðàçëîæåíèÿ (2) è (3) ñâÿçàíû ñîîòíîøåíèÿìè

ck =

 (ak − ibk)/2, k ∈ Z>0

a0/2, k = 0
(a−k + ib−k)/2, k ∈ Z<0

Òåîðåìà. Äëÿ ëþáîé ôóíêöèè f ∈ L2([−π, π],C) ðÿä Ôóðüå

f(t) =
∑
k∈Z

ck(f)eikt

ñõîäèòñÿ ê f â ñðåäíåì, è èìååò ìåñòî ðàâåíñòâî Ïàðñåâàëÿ

1

2π
‖f‖2 =

∑
k∈Z

|ck(f)|2.

Ïîñëåäíåå îñíîâàíî íà ïîëíîòå ñèñòåìû ôóíêöèé {eikt}.
Â ãèëüáåðòîâîì ïðîñòðàíñòâå âûïîëíÿåòñÿ íåðàâåíòñâî Áåññåëÿ∫ π

−π
dt|f(t)|2 ≥ 2π

∑
k∈Z

|ck(f)|2,

îòêóäà ñëåäóåò, ÷òî íå âñÿêàÿ ôóíêöèÿ, äëÿ êîòîðîé ðÿä
∑

k∈Z ck exp(ikt) ñõîäèòñÿ,

ïðèíàäëåæèò L2([π, π],C). Íàïðèìåð, òðèãîíîìåòðè÷åñêèé ðÿä
∑

n∈N
sinnt√
n

ñõîäèòñÿ

íà R, íî îí íå ÿâëÿåòñÿ ðÿäîì Ôóðüå íèêàêîé ôóíêöèè f èç L2[−π, π], òàê êàê ðÿä∑
n∈N( 1√

n
)2 ðàñõîäèòñÿ.

1



2

Ñõîäèìîñòü â L2 òðàêòóåòñÿ êàê ñõîäèìîñòü â ñðåäíåì, ò. å. ïî íîðìå

‖f‖ =

√∫ π

−π
dt|f(t)|2.

Ñõîäèìîñòü ðÿäà ïîíèìàåòñÿ êàê ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì
ðÿäà Ôóðüå:

Sn(t) =
n∑

k=−∞

cke
ikt, ‖f(t)− Sn(t)‖ → 0 ïðè n→∞.

Ïðèìåð 1. f(t) = t. Èç (4) íàõîäèì

an = 0, n = 0, 1, 2 . . . , bn = − 2

n
(−1)n, n = 1, 2, . . . ,

îòêóäà

t =
∑
n∈N

(−1)n+1 2

n
sinnt íà t ∈ [−π, π].

Ïðîäîëæàÿ f(t) = t ïåðèîäè÷íî ñ [−π, π] íà âñþ R, ìîæíî ñ÷èòàòü ýòîò ðÿä ðÿäîì
Ôóðüå ïðîäîëæåííîé ôóíêöèè,∑

n∈N

2
(−1)n+1

n
sinnt =

{
t, |t| < π
0, |t| = π

Ðÿäû Ôóðüå äëÿ ôóíêöèé ïîìîãàþò âû÷èñëÿòü ñóììû ÷èñëîâûõ ðÿäîâ. Íàïðèìåð,
èç ïðåäûäóùåãî, ïîëîæèâ t = π/2, íàõîäèì

∞∑
n=0

(−1)n

2n+ 1
=
π

4
.

Äëÿ îöåíêè êîýôôèöèåíòîâ Ôóðüå ãëàäêîé ôóíêöèè èìååòñÿ Ëåììà (î äèôôå-
ðåíöèðîâàíèè ðÿäà Ôóðüå):
Åñëè íåïðåðûâíàÿ íà [−π, π] êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f , òàêàÿ ÷òî f(−π) =

f(π), êóñî÷íî íåðåðûâíî-äèôôåðåíöèðóåìà íà [−π, π], òî ðÿä Ôóðüå å¼ ïðîèçâîäíîé

f ′(t) =
∑
k∈Z

ck(f
′)eikt

ìîæåò áûòü ïîëó÷åí ôîðìàëüíûì äèôôåðåíöèðîâàíèåì ðÿäà Ôóðüå äëÿ ôóíêöèè
f(t), f(t) =

∑
k∈Z ck(f)eikt, ò. å.

ck(f
′) = ikck(f), k ∈ Z.

Èíòåãðàë Ôóðüå. Ïîäñòàâèì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ Ôóðüå (4) â ðÿä (3)
T -ïåðèîäè÷åñêîé ôóíêöèè f(t) = f(t+ T ),

(5) f(t) =
2

T

∫ T/2

−T/2
dλf(λ) +

∑
n∈N

({
2

T

∫ T/2

−T/2
dλf(λ) cos

2πnλ

T

}
cos

2πnt

T

+

{
2

T

∫ T/2

−T/2
dλf(λ) sin

2πnλ

T

}
sin

2πnt

T

)
.
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Åñëè t � íå òî÷êà ðàçðûâà, òî ðÿä â ïðàâîé ÷àñòè (5) ñõîäèòñÿ ê f(t). Åñëè æå t �
òî÷êà ðàçðûâà ôóíêöèè f , òî ðÿä ñõîäèòñÿ ê (f+(t) + f−(t))/2, ãäå f±(t) � ïðàâî-
è ëåâîñòîðîííèé ïðåäåëû ôóíêöèè f â òî÷êå t. Èç (5) ñëåäóåò ãðàíè÷íîå óñëîâèå
f(T/2) = f(−T/2). Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå òîæäåñòâà, ïåðåïèøåì (5) â âèäå

f(t) =
2

T

∫ T/2

−T/2
dλf(λ) +

∑
n∈N

2

T

∫ T/2

−T/2
dλf(λ) cos[

2πn

T
(t− λ)].

Ôóíêöèÿ cos[2πn
T

(t − λ)], âîçíèêøàÿ â ïîñëåäíåì âûðàæåíèè, ïîðîæäàåò èçâåñòíîå
ÿäðî Äèðèõëå, ñâ¼ðòêà ñ êîòîðûì âûäà¼ò ÷àñòè÷íûå ñóììû òðèãîíîìåòðè÷åñêîãî
ðÿäà Ôóðüå. Ââåä¼ì îáîçíà÷åíèå ωn = 2πn/T . Òîãäà èìååì

ωn − ωn−1 =
2π

T
≡ ∆ω.

Ñëåäîâàòåëüíî,

f(t) =
∆ω

2π

∫ T/2

−T/2
dλf(λ) +

∑
n∈N

∆ω

2π

∫ T/2

−T/2
dλf(λ) cos[ωn(t− λ)].

Óñòðåìèâ òåïåðü T →∞, ïîëó÷àåì:

1

T

∫ T/2

−T/2
dλf(λ)→ 0,

òàê êàê óêàçàííûé èíòåãðàë ñõîäèòñÿ ñîãëàñíî óñëîâèþ Äèðèõëå. Äàëåå, ∆ω → 0 è â
ïðåäåëå ìîæåì çàìåíèòü ðàçíîñòü ∆ω íà äèôôåðåíöèàë dω. Ïðè ýòîì ωn ïðåâðàùà-
åòñÿ â íåïðåðûâíóþ ïåðåìåííóþ ω,

∑
n∈N →

∫∞
0
dω. Â ðåçóëüòàòå òàêèõ (íåñòðîãèõ)

ðàññóæäåíèé ïîëó÷àåì

f(t) =
1

π

∫ ∞
0

dω

∫ +∞

−∞
dλf(λ) cos(ω(t− λ)).

Ýòî è åñòü èíòåãðàë Ôóðüå äëÿ ôóíêöèè f(t). Â ñèñòåìå {eikt} ìû áû ïîëó÷èëè
èíòåãðàë âèäà

f(t) =

∫ +∞

−∞
dωc(ω)eiωt,

ãäå ìû ñ÷èòàåì, ÷òî çíà÷åíèÿ ôóíêöèè

c(ω) =
1

2π

∫ +∞

−∞
dtf(t)e−iωt

â òî÷êàõ ω = ωk ìàëî îòëè÷àþòñÿ îò âåëè÷èí ck
T
2π
, òàê ÷òî

f(t) ≈
∑
k∈Z

c(ωk)e
iωkt

2π

T
, T →∞.

Ïðèìåð 2. Ïóñòü äëÿ íåêîòîðîãî a ∈ R+

c(ω) =

{
h, |ω| ≤ a
0, |ω| > a

Òîãäà ïðè t 6= 0 èìååì

f(t) =

∫ a

−a
dωheiωt = 2h

sin at

t
.
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Äëÿ t = 0 ïîëó÷àåì f(0) = 2ha, ÷òî ñîâïàäàåò ñ ïðåäåëîì íàéäåííîãî âûøå âûðàæå-
íèÿ ïðè t→ 0.
Ïðèìåð 3. Ïóñòü f(t) = π

4
− t2

4π
, t ∈ [−π, π]. Áóäåì ñ÷èòàòü, ÷òî f(t) ïðîäîëæàåòñÿ

íà R ïåðèîäè÷åñêè ñ T = 2π. Íàéä¼ì ñïåêòð ôóíêöèè f(t), ò. å. êîýôôèöèåíòû
Ôóðüå å¼ ðàçëîæåíèÿ â ðÿä Ôóðüå. Èìååì

ck(f) =

{ π
6
, k = 0

(−1)k+1

2πk2
, k 6= 0

Ñëåäîâàòåëüíî, ðàçëîæåíèå â ðÿä Ôóðüå f(t) èìååò âèä

f(t) =
π

6
− 1

2π

∑
k 6=0

(−1)k

k2
eikt.

Âèäèì, ÷òî ïåðèîäè÷åñêàÿ ôóíêöèÿ èìååò äèñêðåòíûé ñïåêòð. Ïîëó÷åííîå âûøå
ðàçëîæåíèå ïîçâîëÿåò ïðîñóììèðîâàòü ðÿä ∼

∑
k 1/k2. Òàê, ïîëàãàÿ t = π è t = 0 â

f(t), ïîëó÷àåì ∑
n∈N

1

n2
=
π2

6
è

∑
n∈N

(−1)n

n2
= −π

2

12
,

ñîîòâåòñòâåííî.
Ïðåîáðàçîâàíèå Ôóðüå. Ïóñòü äàíà êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ âåùåñòâåííîãî
àðãóìåíòà f : R→ C. Ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè f íàçûâàåòñÿ âûðàæåíèå

(6) F [f ](k) ≡ f̃(k) =
1

2π

∫ +∞

−∞
dxf(x)e−ikx, k ∈ R,

ïðè óñëîâèè, ÷òî èíòåãðàë â ïðàâîé ÷àñòè (6) îïðåäåë¼í õîòÿ áû â ñìûñëå ãëàâíîãî
çíà÷åíèÿ. Íàïðèìåð, åñëè f � àáñîëþòíî èíòåãðèðóåìà íà R, òî èíòåãðàë ñõîäèòñÿ
àáñîëþòíî è ðàâíîìåðíî ïî k íà âñ¼ì R. Â òàêîì ñëó÷àå ñîïîñòàâëÿåìûé f èíòåãðàë

f(x) ∼
∫ +∞

−∞
dkf̃(k)eikx,

ïîíèìàåìûé òàê æå â ñìûñëå ãëàâíîãî çíà÷åíèÿ, íàçûâàåòñÿ èíòåãðàëîì Ôóðüå:∫ +∞

−∞
dxf(x)e−ikx := lim

a→+∞

∫ a

−a
dxf(x)e−ikx.

Êðîìå òîãî, îïðåäåëÿþò òàê íàçûâàåìûå êîñèíóñ- è ñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå,

Fc[f ](k) :=
1

π

∫ +∞

−∞
dxf(x) cos kx, Fs[f ](k) :=

1

π

∫ +∞

−∞
dxf(x) sin kx.

Ââîäÿ îáîçíà÷åíèÿ

c(k) = F [f ](k), a(k) = F [f ]c(k), b(k) = Fs[f ](k),

ïîëó÷àåì ñëåäóþùèå ñîîòíîøåíèÿ:

c(k) =
1

2
(a(k)− ib(k)), a(−k) = a(k), b(−k) = −b(k).

Êàê ñëåäñòâèå, ïðåîáðàçîâàíèå Ôóðüå âïîëíå îïðåäåëåíî íà âñåé R, äàæå åñëè îíî
èçâåñòíî ëèøü äëÿ íåîòðèöàòåëüíûõ çíà÷åíèé àðãóìåíòà.
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Ïðèìåð 4. Íàéä¼ì Ôóðüå-ïðåîáðàçîâàíèå äëÿ ôóíêöèè f , çàäàííîé êàê

f(t) =
sinαt

t
, t 6= 0, f(0) = α ∈ R.

Ïî îïðåäåëåíèþ

F [f ](f) = lim
a→+∞

1

2π

∫ a

−a
dt

sinαt

t
e−ikt = lim

a→+∞

1

2π

∫ a

−a
dt

sinαt cos kt

t

=
1

π

∫ ∞
0

dt
sinαt cos kt

t
=

1

2π

∫ ∞
0

dt

(
sin(α + k)t

t
+

sin(α− k)t

t

)
=

1

2π
[sgn(α + k) + sgn(α− k)]

∫ ∞
0

dτ
sin τ

τ
=

{
1
2

sgnα, |k| ≤ |α|
0, |k| > |α|

Â ýòîì ïðèìåðå f(t) íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé ôóíêöèåé íà R, è å¼
ïðåîáðàçîâàíèå Ôóðüå èìååò ðàçðûâû. Íî ïðåîáðàçîâàíèå Ôóðüå àáñîëþòíî èíòå-
ãðèðóåìûõ ôóíêöèé íå èìååò ðàçðûâîâ.
Èìååò ìåñòî Ëåììà 1. Åñëè f : R→ C ëîêàëüíî èíòåãðèðóåìà è àáñîëþòíî èíòå-

ãðèðóåìà íà R, òî
a) å¼ ïðåîáðàçîâàíèå Ôóðüå F [f ](k) îïðåäåëåíî äëÿ ëþáûõ k ∈ R;
b) F [f ] � íåïðåðûâíàÿ ôóíêöèÿ èç R â C;
c) supk |F [f ](k)| ≤ 1

2π

∫ +∞
−∞ dx|f(x)|;

d) F [f ](k)→ 0 ïðè k →∞.

Äëÿ äîêàçàòåëüñòâà ïóíêòîâ (a), (b) è (c) äîñòàòî÷íî çàìåòèòü, ÷òî |f(x)e−ikx| ≤
|f(x)|, îòêóäà ñëåäóåò àáñîëþòíàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü èíòåãðàëà F [f ](k) =
1
2π

∫
R dxf(x)e−ikx. Ïóíêò (d) ñëåäóåò èç ñëåäóþùåé

Ëåììû Ðèìàíà: åñëè f : R→ C ëîêàëüíî è àáñîëþòíî èíòåãðèðóåìà íà èíòåðâàëå
(a, b), òî ∫ b

a

dxf(x)eikx → 0 ïðè k →∞, k ∈ R.

Ïðèìåð 5. Íàéä¼ì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè Ãàóññà f(t) = e−t
2/2, t ∈ R.

F [f ](k) =

∫
R
dte−t

2/2e−ikt =

∫ +∞

−∞
dte−t

2/2 cos kt.

Ïðîäèôôåðåíöèðîâàâ îáå ÷àñòè óðàâíåíèÿ ïî k è çàòåì ïðîèíòåãðèðîâàâ ïîëó÷åííîå
âûðàæåíèå îäèí ðàç ïî ÷àñòÿì, ïîëó÷àåì óðàâíåíèå

dF [f ]

dk
(k) + kF [f ](k) = 0,

êîòîðîå óäîáíî ïðåäñòàâèòü â âèäå

d

dk
logF [f ](k) = −k.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ åñòü

F [f ](k) = Ce−k
2/2,

ãäå êîíñòàíòà èíòåãðèðîâàíèÿ C îïðåäåëÿåòñÿ èç óñëîâèÿ

C = F [f ](0) =

∫ +∞

−∞
dte−t

2/2 =
√

2π.
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Èòàê, F [e−t
2/2](k) =

√
2πe−k

2/2, ïðè÷¼ì

Fc[e−t
2/2](k) =

√
2πe−k

2/2, Fs[e−t
2/2](k) = 0.

Òåîðåìà 1. Ïóñòü f : R→ C � àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ, êóñî÷íî íåïðå-
ðûâíàÿ íà ëþáîì êîíå÷íîì îòðåçêå â R. Äîïóñòèì, ÷òî f èìååò òîëüêî òî÷êè ðàçðû-
âà 1-ãî ðîäà, òàê ÷òî â êàæäîé òî÷êå îáëàñòè å¼ îïðåäåëåíèÿ ñóùåñòâóþò ïðåäåëû
f±(x) = limα→0± f(x + α). Ïóñòü â êàæäîé òî÷êå ðàçðûâà âûïîëíåíî óñëîâèå Äèíè,
ò. å. ñóùåñòâóåò ε > 0, òàêîå ÷òî∫ ε

0

dα

α
[(f(x− α)− f−(x)) + (f(x+ α)− f+(x))]

ñõîäèòñÿ àáñîëþòíî (ýòî óñëîâèå áîëåå ñëàáîå, ÷åì óñëîâèå Ã¼ëüäåðà). Òîãäà èíòåãðàë

Ôóðüå f(x) ∼
∫
R dkf̃(k)eikx ñõîäèòñÿ â ýòîé òî÷êå ê (f+(x) + f−(x))/2.

Ïðèìåð 6. Ïóñòü α > 0 è ôóíêöèÿ f çàäàíà íà R êàê

f(x) =

{
e−αx, x > 0
0, x ≤ 0

Íåòðóäíî ïîëó÷èòü, ÷òî

F [f ](k) =
1

2π

∫ ∞
0

dxe−αxe−ikx =
1

2π

1

α + ik
=

1

2π

−i

k − iα
.

Ïðèìåð 7. Ïóñòü g+(x) = f(x) + f(−x) = e−α|x|, ãäå f � ôóíêöèÿ èç ïðåäûäóùåãî
ïðèìåðà. Òîãäà

F [g+](k) = F [f ](k) + F [f ](−k) =
1

π

α

α2 + k2
.

Ïðèìåð 8. Ïóñòü g−(x) = f(x) − f(−x) � íå÷¼òíîå ïðîäîëæåíèå ôóíêöèè f(x) =
e−αx, α > 0. Òîãäà

F [g−](k) = F [f ](k)−F [f ](−k) = − i

π

k

α2 + k2
.

Èìååì òðè èíòåãðàëà Ôóðüå

1

2π

∫
R
dk

eikx

α + ik
=

 e−αx, x > 0
1
2
, x = 0

0, x < 0

è

1

π

∫
R
dk

αeikx

α2 + k2
= e−α|x|,

i

π

∫
R
dk

keikx

α2 + k2
=

 e−αx, x > 0
0, x = 0
−e−αx, x < 0

Îòäåëÿÿ â ïîñëåäíèõ äâóõ èíòåãðàëàõ âåùåñòâåííóþ è ìíèìóþ ÷àñòè, ïîëó÷àåì èç-
âåñòíûå èíòåãðàëû Ëàïëàñà∫ ∞

0

dk
cos kx

α2 + k2
=

π

2α
e−α|x|,

∫ ∞
0

dk
sin kx

α2 + k2
=
π

2
e−α|x| sgnx.
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Ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé S. Óòâåðæäåíèå. Ïóñòü f ∈ C(k)(R,C), k =
0, 1, 2, . . ., è âñå ôóíêöèè f , f ′, . . ., f (k) � àáñîëþòíî èíòåãðèðóåìû íà R. Òîãäà

f̃ (n)(k) =
1

2π

∫
R
dxf (n)e−ikx = (ik)nf̃(k)

(äîêàçûâàåòñÿ ïîñëåäîâàòåëüíûì èíòåãðèðîâàíèåì ïî ÷àñòÿì).
Ïóñòü S(R,C) � ïðîñòðàíñòâî âñåõ ãëàäêèõ, áûñòðîóáûâàþùèõ íà ∞ ôóíêöé f ,

f ∈ C(∞)(R,C), sup
x∈R
|xmf (n)(x)| <∞ ∀m,n ∈ Z+.

Ìíîæåñòâî âñåõ òàêèõ ôóíêöèé îáðàçóåò ëèíåéíîå ïðîñòðàíñòâî. Åìó ïðèíàäëåæàò,
íàïðèìåð, e−x

2
è âñå ôèíèòíûå ôóíêöèè êëàññà C(∞)(R,C).

Ëåììà 2. Îãðàíè÷åíèå ïðåîáðàçîâàíèÿ Ôóðüå íà S ÿâëÿåòñÿ àâòîìîðôèçìîì S
êàê ëèíåéíîãî ïðîñòðàíñòâà.
1. (f ∈ S) =⇒ (f̃ ∈ S).

Âî-ïåðâûõ, çàìåòèì, ÷òî f̃ ∈ C(∞)(R,C). Äåéñòâèòåëüíî, åñëè ëîêàëüíî èíòåãðèðó-
åìàÿ ôóíêöèÿ f : R→ C òàêîâà, ÷òî ôóíêöèÿ xmf(x) àáñîëþòíî èíòåãðèðóåìà íà R,
òî ïðåîáðàçîâàíèå Ôóðüå îò f ïðèíàäëåæèò C(m)(R,C) è f̃ (m)(k) = (−i)mx̃mf(x)(k).
Äàëåå, îïåðàöèè óìíîæåíèÿ íà xm, m ≥ 0, è äèôôåðåíöèðîâàíèÿ D íå âûâîäÿò
èç êëàññà S. Ïîýòîìó Dn(xmf(x)) ∈ S. Å¼ ïðåîáðàçîâàíèå Ôóðüå ïî ëåììå Ðèìàíà
ñòðåìèòñÿ ê íóëþ íà áåñêîíå÷íîñòè. Íî

Dn ˜xmf(x))(k) = im+nknf̃ (m)(k),

è ìû èìååì, ÷òî knf̃ (m)(k)→ 0 ïðè k →∞, ò. å. f̃ ∈ S.
2. Îñòàëîñü ïîêàçàòü, ÷òî S̃ = S. Âûáåðàâ âìåñòî ñèñòåìû ôóíêöèé {eikx} ñèñòåìó
{ 1√

2π
eikx, k ∈ Z}, ïðèä¼ì ê ñëåäóþùèì ôîðìóëàì äëÿ ïðåîáðàçîâàíèé Ôóðüå,

f̃(k) =
1√
2π

∫
R
dxf(x)eikx, f̂(k) =

1√
2π

∫
R
dxf(x)e−ikx,

ò. å. f̃(k) = f̂(−k), ïðè÷¼ì

f(x) =
1√
2π

∫
R
dkf̂(k)eikx,

˜̂
f = ˆ̃f = f.

Èìååì f̂(k) = f̃(−k) : S → S → S ïðè k → −k. Êðîìå òîãî, ïóñòü f ∈ S, òîãäà åñëè
ϕ = f̃ ∈ S, òî f = ϕ̂.
NB! Ñ ïðîñòðàíñòâîì D ñèòóàöèÿ ñóùåñòâåííî ñëîæíåå.

Àëãåáðàè÷åñêèå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå. Çäåñü ìû îáîçíà÷àåì èñõîä-
íóþ ôóíêöèþ, êàê îáû÷íî, ÷åðåç f(t), à å¼ Ôóðüå-îáðàç � ÷åðåç F (ω). Ê àëãåáðàè-
÷åñêèì ñâîéñòâàì ïðåîáðàçîâàíèÿ Ôóðüå îòíîñÿòñÿ òàêèå, êàê 1) ñâîéñòâî ñëîæåíèÿ
(ëèíåéíîñòü),

f1(t)↔ F1(ω), f2(t)↔ F2(ω) : c1f1(t) + c2f2(t)↔ c1F1(ω) + c2F2(ω);

2) ñèììåòðèÿ (îòðàæåíèå),

f(t)↔ F (ω) : F (±t)↔ 2πf(∓ω);
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3) ïîäîáèå (èçìåíåíèå ìàñøòàáà, a ∈ R×),

f(t)↔ F (ω) : f(at)↔ 1

|a|
F (ω/a);

4) âðåìåííîé ñäâèã (a ∈ R),

f(t)↔ F (ω) : f(t± a)↔ e±iaωF (ω);

5) ÷àñòîòíûé ñäâèã (ω0 ∈ R),

f(t)↔ F (ω) : F (ω ± ω0)↔ e∓iω0tf(t),

è îòñþäà âûâîäèòñÿ òàê íàçûâàåìàÿ òåîðåìà î ìîäóëÿöèè,

f(t) cosω0t↔
1

2
[F (ω + ω0) + F (ω − ω0)],

f(t) sinω0t↔
i

2
[F (ω + ω0)− F (ω − ω0)];

6) äèôôåðåíöèðîâàíèå,

f(t)↔ F (ω) : f ′(t)↔ iωF (ω), F ′(ω)↔ −itf(ω),

÷òî îáîáùàåòñÿ íà ïðîèçâîëüíîå êîëè÷åñòâî ïðîèçâîäíûõ,

f (n)(t)↔ (iω)nF (ω), F (n)(ω)↔ (−it)nf(t);

7) èíòåãðèðîâàíèå (ñíîâà f(t)↔ F (ω)),∫ t

−∞
dτf(τ)↔ 1

iω
F (ω) + πF (0)δ(ω),∫ ∞

t

dτf(τ)↔ − 1

iω
F (ω) + πF (0)δ(ω).

Óïðàæíåíèå íà äîì: äîêàçàòü ñâîéñòâî (7).
Ñâîäêà íåêîòîðûõ ïîëåçíûõ ôîðìóë.

F [e−a|t|](ω) =
2a

a2 + ω2
,

F [e−at
2

](ω) =

√
π

a
e−ω

2/4a,

F [te−at
2

](ω) = − iω

2a

√
π

a
e−ω

2/a.

Ïóñòü ôóíêöèè Π è Λ îïðåäåëåíû êàê

Π(t) =

{
1, |t| ≤ 1/2
0, |t| > 1/2

è Λ(t) =

{
1− |t|, |t| ≤ 1
0, |t| > 1
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ñîîòâåòñòâåííî. Òîãäà èìååì

F [Π](ω) =
sin(ω/2)

ω/2
,

F [
sin at

πt
](ω) = Π(

ω

2a
),

F [Π(t+ t0) + Π(t− t0)](ω) = 2
sin(ω/2)

ω/2
cos(ωt0),

F [Λ(t)](ω) =

(
sin(ω/2)

ω/2

)2

.


