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Âî âñåõ çàäà÷àõ ïî óðàâíåíèÿì ñ ÷àñòíûìè ïðîèçâîäíûìè íóæíî îáñóæäàòü

ÿâëÿåòñÿ ëè ïîëó÷åííîå ðåøåíèå êëàññè÷åñêèì.

Çàäà÷à 1. Ðåøèòå çàäà÷ó òåïëîïðîâîäíîñòè ut = c2uxx äëÿ ñòåðæíÿ [0, l] ñ èçîëèðî-
âàííûìè êîíöàìè (ux(t, 0) = ux(t, l) = 0) è íà÷àëüíûì ðàñïðåäåëåíèåì òåìïåðàòóðû
u(0, x) = χ[0,l/2], ãäå χ[0,l/2] îáîçíà÷àåò èíäèêàòîðíóþ ôóíêöèþ îòðåçêà [0, l/2]. Êàêî-
âî ïðåäåëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû ïðè t → ∞? Ïîïðîáóéòå åãî óãàäàòü èç
ôèçè÷åñêèõ ñîîáðàæåíèé ïðåæäå ÷åì ðåøàòü çàäà÷ó.

Çàäà÷à 2. Ðåøèòå ñëåäóþùåå óðàâíåíèå òåïëîïðîâîäíîñòè íà îòðåçêå [0, π]:

ut = uxx + te−t sin(3x/2), u(t, 0) = ux(t, π) = 0, u(0, x) = 1− cosx.

Çàìå÷àíèå. Â ãðàíè÷íûõ óñëîâèÿõ îïå÷àòêè íåò: íà ëåâîì êîíöå îòðåçêà ïîääåðæèâàåòñÿ

íóëåâàÿ òåìïåðàòóðà, à ïðàâûé êîíåö èçîëèðîâàí.

Çàäà÷à 3. Ðåøèòå ñëåäóþùåå âîëíîâîå óðàâíåíèå íà îòðåçêå [0, π]:

utt = uxx + u+ sinx, u(t, 0) = u(t, π) = 0, u(0, x) = sin 2x, ut(0, x) = sin 3x.

Çàäà÷à 4. a) Ðàññìîòðèì âîëíîâîå óðàâíåíèå íà âñåé ïðÿìîé

utt = c2uxx, x ∈ R, t ≥ 0,

ñ íà÷àëüíûìè óñëîâèÿìè u(0, x) = φ(x), ut(0, x) = ψ(x), ãäå φ ∈ C2(R), à ψ ∈ C1(R).
Äîêàæèòå, ÷òî ñëåäóþùàÿ ôóíêöèÿ u(t, x) ∈ C2(R×R) ÿâëÿåòñÿ ðåøåíèåì ðàññìàò-
ðèâàåìîãî óðàâíåíèÿ:

u(t, x) =
φ(x+ ct) + φ(x− ct)

2
+

1
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∫ x+ct

x−ct
ψ(s) ds.

Ýòà ôîðìóëà íàçûâàåòñÿ ôîðìóëîé Äàëàìáåðà.
á) Ïðèäóìàéòå àíàëîã ôîðìóëû Äàëàìáåðà äëÿ âîëíîâîãî óðàâíåíèÿ íà îòðåçêå

[0, π] ñ ãðàíè÷íûìè óñëîâèÿìè u(t, 0) = u(t, π) = 0 (ñòðóíà ñ çàêðåïëåííûìè êîíöà-
ìè). Òåïåðü íà÷àëüíûå óñëîâèÿ φ, ψ, êîíå÷íî, çàäàíû òîëüêî íà îòðåçêå [0, π].

â) Òà æå çàäà÷à, ÷òî è â ïóíêòå á), íî äëÿ ñòðóíû ñî ñâîáîäíûìè êîíöàìè (ò.å.
ux(t, 0) = ux(t, π) = 0).

Çàìå÷àíèå. Ôîðìóëà Äàëàìáåðà äàåò ðåøåíèå âîëíîâîãî óðàâíåíèÿ â âèäå ñóììû äâóõ ôóíêöèé

f(x + ct) + g(x − ct). ×òîáû ýòî óâèäåòü, íóæíî çàïèñàòü
∫ x+ct

x−ct
=

∫ 0

x−ct
+
∫ x+ct

0
. Ôóíêöèÿ f(x − ct)

îïèñûâàåò âîëíó, áåãóùóþ âïðàâî, à ôóíêöèÿ g(x + ct) � âîëíó, áåãóùóþ âëåâî. Òàêèì îáðàçîì,

ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå ñóììû äâóõ áåãóùèõ âîëí.

Çàäà÷à 5. (*) Ðåøèòå óðàâíåíèå Ëàïëàñà ∆u = 0 â êðóãå {x2+y2 ≤ 1} ñ ãðàíè÷íûìè
óñëîâèÿìè u|x2+y2=1 = f(x, y), ãäå ôóíêöèÿ f íåïðåðûâíî äèôôåðåíöèðóåìà.

Óêàçàíèå. Çíàíèÿ îá óðàâíåíèè è ôóíêöèÿõ Áåññåëÿ çäåñü íå ïðèãîäÿòñÿ.

Çàäà÷à 6. Íàéäèòå lim
ε→0+

1
x

sin x
ε
â D′(R).

Çàäà÷à 7. Íàéäèòå âñå òàêèå f ∈ D′(R), ÷òî x3(x− 1)2f(x) = 0.

Çàäà÷à 8. Íàéäèòå âñå òàêèå f ∈ D′(R), ÷òî (sinx)f(x) = 0.

Çàäà÷à 9. (*) Âû÷èñëèòå ∆ ln
√
x2 + y2 â D′(R2).
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