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1. Îïåðàòîðû q-àíòèñèììåòðèçàöèè A
(k)
12...k = A(k)(R1, R2, . . . , Rk−1) è q-ñèììåòðèçàöèè

S
(k)
12...k = S(k)(R1, R2, . . . , Rk−1) (îáðàçû âR-ìàòðè÷íîì ïðåäñòàâëåíèè ïðèìèòèâíûõ èäåì-

ïîòåíòîâ àëãåáðû Ãåêêå, îòâå÷àþùèõ ñîîòâåòñòâåííî îäíîñòîëáöîâûì è îäíîñòðî÷íûì

äèàãðàììàì Þíãà) çàäàþòñÿ ñëåäóþùèìè ðåêóððåíòíûìè ôîðìóëàìè:

A(1) = I, A
(k+1)
12...k+1 =

1

(k + 1)q
A

(k)
12...k

(
qk − kqRk

)
A

(k)
12...k, k ≥ 1,

S(1) = I, S
(k+1)
12...k+1 =

1

(k + 1)q
S
(k)
12...k

(
q−k + kqRk

)
S
(k)
12...k, k ≥ 1.

Çäåñü Ri = Ri i+1, ãäå R ÿâëÿåòñÿ R-ìàòðèöåé GL(N) òèïà, kq := (qk − q−k)/(q − q−1)
� q-äåôîðìàöèÿ öåëîãî ÷èñëà. Íàéäèòå ÿâíûå âûðàæåíèÿ (â òåðìèíàõ q-àíòèñèììåòðè-
çàòîðîâ è q-ñèììåòðèçàòîðîâ) äëÿ ÷àñòè÷íûõ R-ñëåäîâ TrR(r+1...k)A

(k) è TrR(r+1...k)S
(k),

ãäå 0 ≤ r ≤ k − 1.

Óêàçàíèå. Ïðè ðåøåíèè çàäà÷è ïîëåçíî ïîëüçîâàòüñÿ ôîðìóëàìè �q-àðèôìåòèêè�:

q−abq + qbaq = (b+ a)q, qabq − qbaq = (b− a)q.

2. Ïðåäñòàâëåíèå àëãåáðû óðàâíåíèÿ îòðàæåíèé

R1L1R1L1 − L1R1L1R1 = 0, L = ∥lji ∥1≤i,j≤N

ñ R-ìàòðèöåé GL(N) òèïà â òåíçîðíûõ ñòåïåíÿõ N -ìåðíîãî ïðîñòðàíñòâà V çàäàåòñÿ

ôîðìóëîé:

Lk+1 ◃ e1e2 . . . ek = J−1
k+1e1e2 . . . ek, Lk+1 := R−1

k LkRk,

ãäå {ei}1≤i≤N � áàçèñ ïðîñòðàíñòâà V , à J−1
k+1 � R-ìàòðè÷íîå ïðåäñòàâëåíèå îáðàòíîãî

ýëåìåíòà Þöèñà-Ìåðôè:

J−1
k+1 = R−1

k . . . R−1
2 R−2

1 R−1
2 . . . R−1

k .

Äëÿ ïðåäñòàâëåíèÿ â òðåòüåé òåíçîðíîé ñòåïåíè V ⊗3:

à) Íàéäèòå ÿâíóþ ôîðìóëó äåéñòâèÿ öåíòðàëüíîãî ýëåìåíòà p2(L) = TrRL
2 íà ïðî-

èçâîëüíûé áàçèñíûé âåêòîð:

p2(L) ◃ e1e2e3 =?

Óêàçàíèå. Äîêàæèòå è èñïîëüçóéòå ôîðìóëó:

I12...k p2(L) = TrR(k+1k+2)(Rk+1Lk+2Lk+1).

á) R-ìàòðè÷íîå ïðåäñòàâëåíèå ïðèìèòèâíûõ èäåìïîòåíòîâ àëãåáðû Ãåêêå H3(q), îò-
âå÷àþùèõ òàáëèöàìÞíãà ðàçáèåíèé ÷èñëà 3, ïîðîæäàåò ñåìåéñòâî îðòîãîíàëüíûõ
ïðîåêòîðîâ Pµ ∈ End(V ⊗3), µ ⊢ 3 (ïðèìåð òàêèõ ïðîåêòîðîâ äëÿ îäíîñòðî÷íîé è

îäíîñòîáöîâîé äèàãðàììû èç òðåõ êëåòîê ïðèâåäåí â çàäà÷å 1: ýòî ñîîòâåòñòâåííî



q-ñèììåòðèçàòîð S(3) è q-àíòèñèììåòðèçàòîð A(3)). Ýòè ïðîåêòîðû äàþò ðàçëîæå-

íèå ïðîñòðàíñòâà V ⊗3 â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ Vµ:

V ⊗3 =
⊕

Vµ, Vµ = ImPµ.

Äîêàæèòå, ÷òî öåíòðàëüíûé ýëåìåíò p1(L) = TrR(L) ïðè äåéñòâèè íà âåêòîðà êàæ-
äîãî ïîäïðîñòðàíñòâà Vµ ïðåäñòàâëÿåòñÿ ñêàëÿðíûì îïåðàòîðîì

p1(L)|Vµ = αµ IdVµ

è íàéäèòå ÿâíîå âûðàæåíèå äëÿ ñïåêòðàëüíûõ çíà÷åíèé aµ, îòâå÷àþùèõ ðàçáèå-

íèÿì ÷èñëà 3.

3
∗
. Ïåðåéäåì ê íîâûì ãåíåðàòîðàì kji àëãåáðû óðàâíåíèÿ îòðàæåíèé ñ ïîìîùüþ ñëåäó-

þùåãî ñäâèãà:

L = I − (q − q−1)K.

Äîêàæèòå, ÷òî äëÿ ëþáîãî ïîäïðîñòðàíñòâà Vν ∈ V ⊗k, ν ⊢ k, ñïðàâåäëèâà ôîðìóëà:

TrR(K)|Vν = βν IdVµ ,

ãäå ñïåêòð βν èìååò âèä

βν = q−2N
s∑

r=1

q2r−1−νr(νr)q,

ãäå ν1 ≥ ν2 ≥ · · · ≥ νs � êîìïîíåíòû ðàçáèåíèÿ ν, a (νr)q � èõ q-äåôîðìàöèè.

Óêàçàíèå. Âîñïîëüçóéòåñü òåîðèåé àëãåáð Ãåêêå, ãäå äîêàçûâàåòñÿ, ÷òî ëþáîé ïðèìèòèâíûé
èäåìïîòåíò Y a

λ , îòâå÷àþùèé òàáëèöå Þíãà λ(a) (èíäåêñ a ïåðå÷èñëÿåò âñå òàáëèöû äàííîé
äèàãðàììû λ), ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì âñåõ ýëåìåíòîâ Þöèñà-Ìåðôè îòíîñèòåëüíî ðå-
ãóëÿðíîãî ïðåäñòàâëåíèÿ:

JkY
a
λ = q2(ck−rk)Y a

λ ,

ãäå ck è rk � íîìåðà êîëîíêè è ðÿäà â ñîîòâåòñòâóþùåé òàáëèöå Þíãà λ(a), íà ïåðåñå÷åíèè

êîòîðûõ íàõîäèòñÿ êëåòêà ñ ÷èñëîì k.


