Elliptic Functions

Elliptic integrals over R



§1.1 Arc length of an ellipse

Everybody has learned that the length of a circle of radius a is 27a.

How can one prove this?

From the analysis course we know the formula for the arc length of a curve:

v :la,b] 3t v(t) = (2(t),y(t)) € R? a smooth curve.

v(a)

(z(t),y(t): Cl-class, i.e., 2'(t), 1y (t) exist and are continuous.)
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b 2 2
—> the length of v = / \/(Zf) + (2‘1{) dt.

(The integrand = speed of the moving point (z(t), y(%)).)
An arc of a circle: (x(y),y(p)) = (asiny,acosy), (¢ € [0,6]).

(z(¢), y(v) = (asinp, acos p)




1 2
The length of this arc = / \/ —a smgp + (d—a COS gp) dop
¥

:/ \/aQCOS2<p—|—aQSin2gpdg0: ab.
0

In particular the arc length of the circle = a x 2.
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How about the ellipse ZC— - ZI; =17

Parametrisation: (:U(gp),y(gp)) = (asinp,bcos ), (¢ € [0,0]).

A

(z(9),y(p)) = (asing,bcos p)

—a a :r
—b




d 2
The length of this arc—/ \/ —asmgp (dbcosgp> dp
¥
:/ \/a2008290+b281n2g0dg0
0
0 2 _ p2
:a/ \/1_a 5 sin? o do
0 a
0
:a/ \/1—k281n2g0dg0.
0

— b2
k= \/a 5— : modulus of the elliptic integral, eccentricity of the ellipse.
a




0
E(k,0) ::/ \/1—kzsin2gpdg0
0

— incomplete elliptic integral of the second kind.

The length of the arc (0 < ¢ < 6) = aF (M%ﬁ,e) .

E(k):=F (k, g) = /077/2 \/1 — k2sin? o dy

— complete elliptic integral of the second kind.

The length of the ellipse = 4aF ( “2a2b2) :

Except for the case a = b (i.e., circles), such an integral cannot be

expressed in terms of elementary functions.

(That's why we didn't learn this formula in schools!)



e Another expression of the elliptic integral of the second kind

Let us compute the arc length using the parametrisation:

(x,y(x)) = (:I: b\/ 1 — ﬁ) (x € [0,acosf])

The arc length = aF(k, )

/asm9\/

o s

/ V + 22 2_ m/a) (z = x/a)
0 1—22 B




In particular,

ind
s 12,2
E(k,0)
/ \/1—22 =
x/ k2z2
/ 1 — 22

Exercise:

(i) Find the arc length of other quadratic curves, i.e., of a parabola and a

hyperbola. Which of them is expressed by an elliptic integral?

(ii) Express the arc length of the graph of y = bsin T in terms of the
a

elliptic integral of the second kind. What arc correspond to F(k)?



§1.2 Motion of a simple pendulum

20t amplitude = «

[: length of the string, T': tension, mg: gratity.
(x(t),y(t)) = (lcosp(t),lsinp(t)): coordinates of the point mass.

d2
acceleration = ﬁ(l cos p(t), [ sin (1))

d
= E<_Z¢ sin , [ cos )

= (=1 sinp — lp? cos p, 1P cos @ — lp? sin @)



The equation of motion:

—sinp | COS (¥ B —1T'cos p + mg
ml O — ml O =
COS —sin @ —T'sin @
xr-component X (— sin ¢)4+ y-component X cos p: mlp = —mgsin p, i.e.,
d2_¢ = —w?sin g, wi= /2.
dt? [

Linear approximation: amplitude < 1 — sinp =~ .

dQSO 2
— = —w .
112 14

A LINEAR differential equation of the second order.

General solution: (t) = ¢ coswt + co sinwt, c1,co € R.
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Exact solutions without approximation “sinp ~ ¢".

(eq. of motion) x¢:

d*p dy 2 . dyp

W%Z_w SIHQDE,
1d (do\* d, ,
2dt(dt> =\ e

- )d 1 /d 2
J ()t > (@) = w? cos ¢ + (const.),

2 \ dt
~ L (dy :
E = 5 <dt> — w? cos ¢ = (const.),

= conservation law of the energy.

Remark: the total energy of the pendulum is

~

2
) — mgl cos p = ml*E.

L . ? (d
(kinetic energy) + (potential energy) = i ( ?

2 dt
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a := maximum amplitude, i.e., if p(tg) = «a, p(ty) = 0.

— F = —w?cosa, hence

1 (dp\?
_ <g0) — w2(cossp — COS Oé) p— 2w2 (Sln2 % — Slrl2 f) ,

2
d_gp — 2w+ / sin? @ sin? f
dt 2 2"

@7

Note: Sing‘ < sin 5 because |p| < a < 7.

Notations: k := sin %, 0 := arcsin (k_l sin g) l.e., Sil’lg = ksin6.

The equation of motion becomes

d
d—f — Qw\/kQ — k2sin? 0 = 2kw cos 6.
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de  dpdf

On the other hand, 7T and
d, ., d/. o\ . _COS%d@_\/l—kQSiHQHdgp
@ksmﬁ—@ (81n§), l.e., kcosf = 5 g > 7
Hence,
2
k cos 6 db _ 9%wcost,
V1 — k2sin2 ¢ dt
1 db

Y

V1 — k2sin2g dt B

0(t) 40 t
/ = / wdt = wt.
00) V1 — k2sin20 Jo

(Normalisation: 6(0) =0, i.e., ¢(0) =0.)
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© dvp
k =
Fik, ) /0 \/1—kzsin2w

— incomplete elliptic integral of the first kind.

/2
K(k) := (k, g) = /0 7 _;ifsm2¢

— complete elliptic integral of the first kind.

—> The motion of the pendulum:

F (Siﬂ%,é’(?ﬁ)) =wt, ort(d) = éF (sin%,@) .

Therefore the period depends on the amplitude!
Period = 4 x (time between ¢ = 0 and ¢ = «)

l
= 4 x (time between § =0 and 0 = g) =44/ -K (sin %) :
9
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e Another expression of the elliptic integral of the first kind

Change the integration variable from ) to z := sin ¥:

dz = cospdy =1 — z2dy
sin ¢ dz

o VI-AA-R)
1 dz
Kk = /0 VA= 2) (1 k22)

:>F(k790):
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