
Ïðåîáðàçîâàíèå Ëåæàíäðà, ñóáäèôôåðåíöèàëû, îïîðíûå ôóíêöèè

(1) Íàéòè ïðåîáðàçîâàíèÿ Ëåæàíäðà ôóíêöèé
•

|x|p

p
, p ≥ 1

•
ex−1

•
f(x) = c+ 〈b, x〉+ 1

2
〈Qx, x〉,

Q ñèììåòðè÷íàÿ ïîëîæèòåëüíàÿ n× n � ìàòðèöà, b, x ∈ Rn, c ∈ R
• δA, ãäå A � âûïóêëîå êîìïàêòíîå ìíîæåñòâî
• hA, ãäå A � âûïóêëîå êîìïàêòíîå ìíîæåñòâî

(2) Âû÷èñëèòå ñóáäèôôåðåíöèàë âûïóêëîé ôóíêöèè â íóëå
n∑

i=1

|xi|, max
1≤i≤n

|xi|.

(3) Ïóñòü K � âûïóêëîå òåëî. Åãî îïîðíîé ôóíêöèåé íàçûâàåòñÿ ôóíêöèÿ íà
åäèíè÷íîé ñôåðå âèäà

hK(x) = sup
y∈K
〈x, y〉.

Íàéäèòå îïîðíûå ôóíêöèè lp-øàðà {x :
∑n

i=1 |xi|p ≤ 1}.
(4) Ïóñòü K � âûïóêëîå òåëî. Äâîéñòâåííûì ê K íàçûâàåòñÿ òåëî

K◦ = {x : 〈x, y〉 ≤ 1, y ∈ K}.
Íàéäèòå òåëî, äâîéñòâåííîå ê lp-øàðó {x :

∑n
i=1 |xi|p ≤ 1}.

(5) Äîêàæèòå, ÷òî ïðîèçâîëüíàÿ âûïóêëàÿ, îäíîðîäíàÿ, çàìêíóòàÿ ôóíêöèÿ h
ÿâëÿåòñÿ îïîðíîé ôóíêöèåé íåêîòîðîãî çàìíóòîãî âûïóêëîãî ìíîæåñòâà.

(6) Ïóñòü f, g � êîíå÷íûå âûïóêëûå ôóíêöèè. Äîêàæèòå, ÷òî ïðîèçâîäíàÿ f ïî
íàïðàâëåíèþ z óäîâëåòâîðÿåò

∂f

∂z
(x) = h∂f(x)(z).

Óêàçàíèå: äîêàæèòå, ÷òî ∂f
∂z
(x) � âûïóêëàÿ, îäíîðîäíàÿ, çàìêíóòàÿ ôóíêöèÿ

àðãóìåíòà z.
Âûâåäèòå îòñþäà, ÷òî

∂(f(x) + g(x)) = ∂f(x) + ∂g(x)

(7) Äîêàæèòå, ÷òî âûïóêëàÿ ôóíêöèÿ ïî÷òè âñþäó äèôôåðåíöèðóåìà.
(8) Äîêàæèòå, ÷òî åñëè K � êîìïàêòíîå âûïóêëîå ìíîæåñòâî, òî

∂hK(u) = K(u),

ãäå K(u) = {x : hK(u) = 〈x, u〉}.
Äîêàæèòå, ÷òî åñëè ôóíêöèÿ hK äèôôåðåíöèðóåìà â òî÷êå u, òî hK(u) =
〈∇hK(u), u〉.

(9) Äîêàæèòå ñîîòíîøåíèå

(f ⊕ g)∗ = f ∗ + g∗,

ãäå f ⊕ g(x) = infa+b=x(f(a) + g(b)).
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