
Ðàçáîð çàäà÷, 10.11.2021

Çàäà÷à 3.2 Please check the attached pdf �les for the diagrams of the random walk
for each strategy. The state Xi of the Markov chain corresponds to the amount of money
100 ∗ i for each 1 ≥ i ≥ 8.

We start with the strategy of Nikolai's mom.
Let ϕi be the probability that the chain reaches state 8 before reaching state 0, starting

from the state i. It means that if we denote by Sj the �rst n ≥ 0 such that Xn = j, then

ϕ(i) = Pi(S8 < S0) = P (S8 < S0|X0 = i).

Using the Markov property, we get

ϕ(i) = 0.4ϕ(i+ 1) + 0.6ϕ(i− 1)

for 1 ≥ i ≥ 7. Note also that
ϕ(0) = 0

and
ϕ(8) = 1.

It gives us a system of linear equations.
We solve this system and �nd the following vector:

ϕ = (ϕ(1), ϕ(2), ϕ(3), ϕ(4), ϕ(5), ϕ(6), ϕ(7), ϕ(8)) = (0.0203, 0, 0508, 0.0964, 0.1649, 0.2677, 0.4219, 0.6531, 1).

Thus, the probability that the chain reaches state 8 before reaching state 0 (= the
chances that Nikolai has against Yermil) is exactly ϕ3 since he starts from 300 roubles
and so is equal to 0.0964.

Remark 0.1. Please note that ϕi is increasing with the growth of i - so it is better to

start the game when you are already quite rich!

Now we switch to the idea given by Nikolai's dad.
The chain looks di�erently in this case (please check the picture below!) and so the

equations are:
ϕ(3) = 0.4ϕ(6)

ϕ(6) = 0.4ϕ(8) + 0.6ϕ(4)

ϕ(4) = 0.4ϕ(8)

ϕ(0) = 0

ϕ(8) = 1.

We solve and �nd ϕ(3) = 0.256 (while ϕ(4) = 0.4 and ϕ(6) = 0.64).
So, the dad's strategy gives Kolya better chances to win (still, it is very hard to be an

opposition in Markovka).

Çàäà÷è 4.2 è 4.3 Apparently, all the adventures of the virus inside of anti-vaxxer
N. are described by a branching process with the initial state Z0 = 1 and branching
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mechanism p0 =
1
10
, p1 =

7
10

and p2 =
2
10
. So one should be able to write up a generating

function of the branching mechanism:

ϕ(z) =
1

10
z0 +

7

10
z1 +

2

10
z2 =

1

10
(1 + 7z + 2z2).

So, the probability that Mister N. passes a negative test and losses any traces of the
virus in his blood is exactly the probability ϵ of the ultimate extinction which is the
smallest positive z such that ϕ(z) = z. We have to solve:

1 + 7z + 2z2 = 10z.

(2z − 1)(z − 1) = 0.

Therefore, ϵ = 1
2
. (N. either recovers of not, exactly as was predicted by the ideologists of

the anti - vaccination campaign).
Now lets check what happens with the mean and the deviation. The mean number of

o�spring of individual is m = 7
10

+ 2
10

× 2 = 11
10
. Therefore,

EZn = mn = (
11

10
)n.

As for the standard deviation, we need to work more.
First we note that :

ϕ′(1) = EZn

ϕ′′(1) = E(Zn)
2 − EZn

So the square of the standard deviation is given by the formula

σ2 = ϕ′′(1) + EZn − E(Zn)
2

.
Now remember that ϕn(z) = ϕn−1(ϕ(z)). So we can di�erentiate this equality:

ϕ′
n(z) = ϕ′

n−1(ϕ(z))ϕ
′(z)

and even do it twice:

ϕ′′
n(z) = ϕ′′

n−1(ϕ(z))(ϕ
′(z))2 + ϕ′

n−1(ϕ(z))ϕ
′(z).

If we put z = 1 and use that ϕ(1) = 1, we see that

ϕ′′
n(1) = ϕ′′

n−1(1)(ϕ
′(1))2 + ϕ′

n−1(1)ϕ
′′(1).

But ϕ′(1) = EZn = m (we just calculated it above and know that m = 11
10
!) and

ϕ′
n−1(1) = mn−1 and so

ϕ′′
n(1) = ϕ′′

n−1(1)m
2 +mn−1ϕ′′(1).

Iterating we �nd that

ϕ′′
n(1) = ϕ′′(1)

2n−2∑
k=n−1

mk.
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It is easy to compute ϕ′′(1) = 4
10
.

So

σ2 = ϕ′′(1) + EZn − E(Zn)
2 =

4

10

2n−2∑
k=n−1

mk +mn −m2n.

Hope that you remember how to deal with the geometric progression. If so, you see
that

σ2 = (4−m)mn−1(mn − 1) =
29

10
(
11

10
)n−1((

11

10
)n − 1).

What changes in case we start with Z0 = m?
The process behaves a superposition of N i.i.d. copies of the previous process. The

situation with extinction becomes more rare: we need that all N copies die and so by
independence ϵN = 1

2N
.

Each population is a sum of the populations of �small� processes included, so our new
mean is simply

Nmn = N(
11

10
)n.

With the square of the standard deviation, we need to look at Nσn
2. That's it, we are

done!

Çàäà÷à 5.4. 1) Ïóñòü ξn îáîçíà÷àåò ÷èñëî øàðîâ â ïåðâîì ÿùèêå ïîñëå n âûòàñêèâàíèé.
Ñëó÷àéíûå âåëè÷èíû ξn ìîæíî ïîñòðîèòü ñëåäóþùèì îáðàçîì: ξ0 � çàäàíî, à

ξn+1(ω) = ξn(ω) + η
ξn(ω)
n+1 (ω),

ãäå ñëó÷àéíûå âåëè÷èíû ηmj îïðåäåëåíû äëÿ 0 ≤ m ≤ N è âñåõ j ≥ 1 1, íåçàâèñèìû
äðóã îò äðóãà è îò ξ0, è ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì:

P(ηmn+1 = 1) = 1−m/N and P(ηmn+1 = −1) = m/N.

Ñëåäîâàòåëüíî,

P(ξn+1 = in+1|ξn = in, . . . , ξ0 = i0) = P(ξn + ηξnn+1 = in+1|ξn = in, . . . , ξ0 = i0)

= P(in + ηinn+1 = in+1|ξn = in, . . . , ξ0 = i0) = P(ηinn+1 = in+1 − in),

òàê êàê ηinn+1 íå çàâèñèò îò ξ0 è ηmj ñ j ≤ n, à çíà÷èò, ïî ïîñòðîåíèþ ξk, è îò ξk ñ
k ≤ n (òàê êàê ξk ñòðîÿòñÿ ÷åðåç ξ0 è ηmj ñ j ≤ n). Çäåñü ìû ïðåäïîëàãàëè, ÷òî
P(ξn = in, . . . , ξ0 = i0) ̸= 0. Ñîâåðøåííî àíàëîãè÷íî íàõîäèì, ÷òî

P(ξn+1 = in+1|ξn = in) = P(ηinn+1 = in+1 − in).

Ïîñëåäíèå äâå ôîðìóëû âëåêóò, ÷òî ïîñëåäîâàòåëüíîñòü ξn îáðàçóåò ìàðêîâñêóþ
öåïü. ×òîáû íàéòè ïåðåõîäíûå âåðîÿòíîñòè, äîñòàòî÷íî âû÷èñëèòü èõ ïðàâóþ ÷àñòü,

1Çäåñü m, j � öåëûå ÷èñëà; â ôîðìóëå âûøå ìû âìåñòî èíäåêñà m ïîäñòàâëÿåì ñëó÷àéíóþ

âåëè÷èíó, òåì ñàìûì äåëàÿ ñëó÷àéíûé âûáîð ìåæäó ðàçëè÷íûìè ñëó÷àéíûìè âåëè÷èíàìè ηmn+1.

Åñëè óãîäíî, òî ýòî ìîæíî ïåðåïèñàòü ïî-äðóãîìó: ηξnn+1 =
∑N

m=0 η
m
n+1Iξn=m, ãäå IA îáîçíà÷àåò

èíäèêàòîðíóþ ôóíêöèþ ñîáûòèÿ A.
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÷òî äåëàåòñÿ òðèâèàëüíî èç îïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ηmj ; ìû íàõîäèì ïåðåõîäíûå
âåðîÿòíîñòè êàê íà ïðèëîæåííîé íèæå êàðòèíêå. Ìàòðèöà ïåðåõîäíûõ âåðîÿòíîñòåé
èìååò âèä

Π =


0 1 0 0 . . . 0 0

1/N 0 1− 1/N 0 . . . 0 0
0 2/N 0 1− 2/N . . . 0 0
...

...
...

... . . .
...

...
0 0 0 0 . . . 1 0

 ,

ãäå ïåðâàÿ ñòðîêà ñîîòâåòñòâóåò ñîñòîÿíèþ 0, à ïîñëåäíÿÿ � ñîñòîÿíèþ N .
2) Ïî îïðåäåëåíèþ, ñòàöèîíàðíîå ñîñòîÿíèÿ π ÿâëÿåòñÿ ëåâûì ñîáñòâåííûì âåêòîðîì

ìàòðèöû Π ñ ñîáñòâåííûì çíà÷åíèåì åäèíèöà:

πΠ = π.

Çàïèøåì ÿâíî ïîëó÷åííóþ ñèñòåìó óðàâíåíèé:

π1

N
= π0

π0 +
2

N
π2 = π1

N − 1

N
π1 +

3

N
π3 = π2

. . .

N − k + 1

N
πk−1 +

k + 1

N
πk+1 = πk

. . .
πN−1

N
= πN .

Ïîñëåäîâàòåëüíî âûðàæàåì πj ÷åðåç π0 è íàõîäèì π1 = Nπ0, π2 = N(N−1)
2

π0, . . ..

Çàìå÷àåì çàêîíîìåðíîñòü πj = Cj
Nπ0, âåðíîñòü êîòîðîé ëåãêî ïðîâåðÿåòñÿ ïî èíäóêöèè

äëÿ âñåõ j. Ïîñëåäíåå óðàâíåíèå äî ñèõ ïîð íå èñïîëüçîâàëîñü, ïîäñòàâëÿåì ïîëó÷åííûé
ðåçóëüòàò â íåãî:

CN−1
N

N
π0 = CN

N π0,

÷òî âåðíî ïðè ëþáîì π0. Çíà÷åíèå π0 íàõîäèì èç óñëîâèÿ
∑

j πj = 1. Òàê êàê
∑

j C
j
N =

2N , ïîëó÷àåì π0 = 2−N . Èòîãî,

πj =
Cj

N

2N
.

Ñòàöèîíàðíîå ñîñòîÿíèå åäèíñòâåííî, òàê êàê ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé
âûøå � åäèíñòâåííî.

3) Íåò. Åñëè áû ÌÏÂ ïåðåìåøèâàëà, òî ñóùåñòâîâàëî áû òàêîå k, ÷òî ïåðåõîäíûå

âåðîÿòíîñòè p
(k)
ij çà k øàãîâ ïîëîæèòåëüíû äëÿ ëþáûõ i, j. Îäíàêî, p

(k)
00 ìîæåò áûòü

ïîëîæèòåëüíî ëèøü â òîì ñëó÷àå, åñëè k � ÷åòíî, à p
(k)
01 ìîæåò áûòü ïîëîæèòåëüíî

ëèøü â ñëó÷àå, êîãäà k � íå÷åòíî (ñìîòðè íà ãðàô öåïè!)
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4) Íåò. Åñëè áû ÌÖ áûëà áû ýðãîäè÷íà, òî ïåðåõîäíûå âåðîÿòíîñòè p
(k)
ij ñõîäèëèñü

áû ïðè k → ∞ ê êîìïîíåíòàì ñòàöèîíàðíîãî ñîñòîÿíèÿ πj, íåçàâèñèìî îò i. Íî p
(k)
00

ìîæåò áûòü ïîëîæèòåëüíî ëèøü â òîì ñëó÷àå, åñëè k � ÷åòíî, è ïîýòîìó íå ìîæåò
ñõîäèòüñÿ ê π0 = 2−N (íà ñàìîì äåëå, çäåñü ðàñïðåäåëåíèå â îïðåäåëåííîì ñìûñëå
òàêè ïðèáëèæàåòñÿ ê π, íî ñõîäèòüñÿ íå ìîæåò).
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