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Jlekuus 2. [nockne anrebpanyeckne KpuBbIE: KOMMJEKCHAS MPOEKTNBHAS

NAOCKOCTb

Mnockas kpueasi — 310 Kpueast Ha nnockoctu. OBbIYHO Mbl NpeacTaBasieM cebe
BELLECTBEHHYIO KPMBYIO, HAPMCOBAHHYIO Ha BELLECTBEHHOI mnockocTu. B atom kypce Hac byayT
VHTEPECOBaTb, OAHAKO, KOMIMJIEKCHbIE KPUBbIE HA KOMMJIEKCHOI miockocTu. Vimes geno ¢
anreramquKMMM KPUBbIMU, €CTECTBEHHO PAaCCMATPNBATbL — KAaK B KOMMNJEKCHOM, TaK U B
BELLECTBEHHOM CJly4ae, — KPUBbIE HA NMPOEKTMBHOI, a HE B appUHHOM, NIOCKOCTY.

KomnnekcHas npoektusras naockocts CP? onpenensieTcss kak MHOXECTBO TPOeK
KOMIJIEKCHbBIX YUCEJI, HE BCE U3 KOTOPbLIX PaBHbI HYJIIO, PACCMATPUBAEMbIX C TOYHOCTBIO [0
YMHOXeHUs Ha obluee HeHyneBoii komnnekcHoe umcno, CP? = (C3\ {0})/C*.

Mbl Bygem ncnonb3o0BaTh O4HOPOAHbBIE KOOPANHATLI (X 1y © Z) ANSt TOYEK B KOMMIEKCHO
NPOEKTUBHON NAOCKOCTU 1 3aNuCbIBaTh YPABHEHMSI KPUBbLIX B 3TUX KOOpauHaTax. Ycnosue
x # 0 (tak xe, kak u ycnosust y # 0, z # 0) onpegensieT OTKPbITOE NOLMHOXKECTBO B
NPOEKTUBHOI NnockocTy, nsomopdHoe acddurHoili nnockoct C2. NHoraa mel Byaem
3anuCbIBaTb YpaBHEHMS KpuBbIX B adpnHHbIX koopauHaTax (y, z) (cooTBeTcTBeHHO, (X, z),
(x,y)), nonarasi x = 1 (cooTsercTBeHHo, y = 1, z = 1).
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Jlekuus 2. [nockne anrebpanyeckne KpuBbIe: NMPsSIMbIE N KBALPUKM

Tpolika KOMNIEKCHBIX YnCen a, b, ¢, He Bce U3 KOTOpbIX paBHbl 0, onpeaensiet 8 CP? npsmyto
ax + by + cz.

Euwe ogHuM NpuMepomM NoCkoil Kpueoii siensieTcs keaapuka x2 + y? + z2.

Bonee obwmm obpaszom, niockoii anrebpanyeckor kpugoii ctenenn d Ha3bIBAETCS OAHOPOAHBLIN
MHOFO4YJieH cTeneHn d

Z ik

F(X,y,Z) = ai,j,kX }/JZ 9

ij,k>0

i+j+k=d
B KOTOPOM He BCe KoabduumenTsl a; j , paeHbl 0. Kaxaoii nnockoii anrebpanyeckoii Kpueoii
COOTBETCTBYET MHOXeCTBO ee Todek {(x : y : z)|F(x,y,z) = 0}.
3apaya. [JokaxuTe, 4TO MHOXXECTBO TOYEK BCSKOIA NAOCKON anredbpanmyeckoil KpUBOA HenycTo.
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Jlekuus 2. [nockne anrebpanyeckne KpuBbIe: TOHKN TIAAKOCTY

ObGe kpuBble Ha npeapigyweM Craife SBAAIOTCA rnagkummn. Todka kpusoi F(x,y,z) =0
Ha3bIBAETCS [/IAAKOM, €CNN He BCe YacTHble npomssoaHble OF /0x, OF /0y, OF [0z obpawatoTtcs
B 3TOii Touke B 0. KpuBas Ha3bIBaeTCs r/1a4KOM, €CIN BCe €e TOYKM rnagkme. TOYKU KPUBOINA,
He SBAAIOLMECS MAAKNMUI, HA3bIBAOTCA 0COBLIMU; KPUBasi, Ha KOTOPOIA €CTb 0Cobble TOYKM,
Ha3bIBaeTCs 0CObOVA.

Ons npsmoii F(x,y,z) = ax + by + cz = 0 4acTHble nponssogHble dyHKUMM F He 3aBucAT oT
BbIOPAHHON TOYKM KPUBOW 1 PaBHbI a, b, C; NOCKONbLKY HE BCe 4mcna a, b, ¢ pasHbl 0, BCE TOYKN
KpUBOIi rnagkume.

Ons keagpukn F(x,y, z) = x*> + y? + z2 = 0 yacTHble npon3sogHble yHKUUN F paBHbI
2x,2y,2z; Bce oHU paBHbl 0 Tonbko ecnn x =y = z = 0. Takoli TOYKM HET HA MPOEKTUBHO
nnockoct CP2, a 3HaunT n Ha kpusoii F = 0.
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Jlekuus 2. [nockne anrebpanyeckne KpuBbie U ABYMEPHbIE MHOrOODpa3us

CornacHo Teopeme O HesIBHOU (DYHKLMM, B OKPECTHOCTM CBOEN FNafKON TOYKM BCSKasi MIOCKas
kpusas C ponyckaeT napameTpusauuio 1 : D — CP? ronomopdHbiM oTobpaskeHnem
eAnHnYHoro aucka, auddepeHuman kotoporo He obpawaercs B 0. MoaTomy rnagkasi nnockas
KpUBasi NOKPLIBAETCA KapTamu, PyHKLMIN Nepexofa KOTOPbIX UMEIOT MOSIOXKUTENbHBI
onpenennTenb, @ 3HAYNT, ABIAETCA OPNEHTNPYEMbBIM BELWWECTBEHHBIM OBYMEPHbBIM

MHOroobpasuem.
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JNlekumna 2. [Nnockue anrebpanyeckne KpuBble: 0CODbIE TOYKM

Keagpuka F(x,y,z) = x> + y? = 0 He sBnseTca rnagkoii. OHa coaepunT ocobyto TOUKy
Mpumep ocoboir kKpuBoiA cTeneHn n:

F(x,y,z) =414y ... £, =0,

roe {1, ...,{, — HEHyNEBbIE JINHEHbIE MHOTOYJIEHBI.
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Jlekuus 2. [nockne anrebpanyeckne KpuBbie: MPUBOAUMbBIE KPUBbIE

Mnockas anrebpanyeckasi KpuBas cteneHn d Ha3bIBAETCA MPUBOAMMON, €CNN OLHOPOAHbI
mHorouned F = F(x,y,z), 3agatownin ee, packiaAblBaeTCsi B NPOU3BEAEHNE ABYX OQHOPOLHbBIX
MHOIO4JIEHOB, CTEMEHb KaXXA0ro n3 koTopbix MeHbwe d, F = HG. Ecan takoro pasnoxenus
He cyLecTByeT, TO Kpuas F = 0 Ha3biBaeTCA HENpUBOJUMOIL.

Ecnn nnockas kpusast F = 0 npusoguma, F = GH, 10 oHa siBnsieTcst 0ObeAnHEHNEM KPUBbIX
G =0 un H = 0. Bcakas nnockas kpusas F = 0 npeactasnser coboli 0bbeanHEHNE KOHEYHOrO
4MCNA HENPUBOAUMBIX KPUBBLIX. DTO NPEACTABNEHNE EOUHCTBEHHO.

3apaya. [okaxuTe, 4TO BCsikas TOYKA nepecedeHunst naockmx kpuebix G =0u H =0
aBnsieTcs ocoboii Toukoin kpueoin GH = 0.

3apaya. lMpueegnTe npumep NIOCKOR anrebpanyeckoii KprBO, MHOXECTBO M1afKuMX TOYEK
KOTOpPOW NyCTO.
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JNlekumnsa 2. [Nnockue anrebpanyeckne KpuBbie: TpaHCBEPCAIbHOE

nepeceyexmne

Myctb (X0 @ Yo : Zp) — TOYKA NepeceqeHnst ABYX MAOCKMX anrebpanyeckux kpusbix G =0 u

H = 0. 3Ta TOYKa HA3bIBAETCS TOYKOIN TPAHCBEPCAJIbLHOIO MEPECEYEHUS] KPUBBIX, ECN
anddeperumansl dG n dH nuHeiiHo He3aBUCUMBI (T.€. HEMPONOPLUMOHANBHBI APYT APYTY) B
3TOI To4ke. B yacTHOCTW, 3Ta TOYKa AO/MKHA ObITh rnagkoli Ans 0benx KpuBbIX.

Touka TpaHCBEPCANLHOIrO NEepPeceyeHnst COXPAHSETCs Npy MajaoM BO3MYLLEHMM MHOrO4YNeHoB G
n F.
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JNlekumnsa 2. [Nnockue anrebpanyeckne KpuBbie: TpaHCBEPCAIbHOE

CamMornepecedeHne

Myctb (Xo @ Yo : 20) — ocobas Touka nnockoin anrebpamyeckoili kpusoii F = 0. Bbibepem
cuctemy adbpunHbix koopguHat (X, Y) ¢ ueHTpom B aToli Touke. B 310l cncteme koopgmHat
yPaBHEHME KPUBOW MMEET BUA

aX? + bXY +cY? +f(X,Y) =0,

A€ MHOFOYMEH f COAEPXKNT MOHOMbI CTenenn 3 n Bbiwe. Touka (%o : Yo : Zp) Ha3bIBaETCA
TOYKOW TPaHCBEPCANIbHOrO caMonepeceyeHusi Kpueoii F = 0, ecnu KBaapaTUyHas YacTb

aX? + bXY + cY? adbpuHHOro ypaBHEHNs KPUBOI HEBLIPOXKAEHA.

B OKPecTHOCTN TOYKM TPaHCBEPCANLHOFO CaMONepeceyeHnsl KprBas UMeeT [1Ba rafKnux JncTa,
KaCaTeJ/ibHbI€ K KOTOPbIM 3a4atl0TCA NpAMbIMA, onpeaensdeMbiMn Pa3IOKEHNEM

aX? 4+ bXY + cY? = (a1 X + by Y)(a2X + b, Y) = 0.

Touka TpaHCBEPCANLHOrO CaMOMNEPECeHeHsl He COXPAHSIETCS NPY MaJioM BO3MYLLEHUN
MHOro4ieHa F — Takum BO3MYLLEHMEM MOXHO caenatb kpusyto F = 0 rnagkoii.
3apava. lMpueegnTe npumep HENpUBOANMOL KPUBOU C TOYKOIA TpaHCBEPCAbHOrO
camonepeceyeHus .
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Jlekuus 2. Mnockne anrebpanyeckune kpusbie: Teopema besy

MHuorue cBoiicTBa NAOCKMX anrebpanyecknx KprBbIX MOXKHO NpPeAcKasaTh, a NHOTAA 1
[10Ka3aTb, paccMaTpuBasi 0CObble KPUBbIE, SIBASIOLLNECS) ODBEANHEHMSIMI PA3/INYHBIX MPSIMbIX,
3ajaBaeMbIX JINHENHBIMU YPaBHEHNAMMN.

Hanpumep, obwuii Habop npsmbix 7 . .. ¢ = 0 nepecekaetcsa ¢ obwmm HabOPOM NPsIMBbIX

les1 ... lkym = 0 TpaHcBepcanbHO B k - m To4kax. [lepBas n3 aTux KpuBbIX SABASIETCS NIOCKOW
anrebpanyeckoin KpuBoiA cTeneHn k, BTopass — CTeneHu m.

Theorem (Bezout)

Inagkas anrebpamyqeckasi kpusasi creneHn k nepecekaer obuyyto anrebpanyeckyro Kpusyto
CTENeHNn m TPAHCBEPCAbHO B Mk TOYKax.
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Jlekuus 2. Mnockne anrebpanyeckune kpusbie: Teopema besy

Y70 03HauvatoT cnoea ‘obwas’ B hopmynnpoeke Teopembi?
MNycte F = 0 — paHHas nnockas kpueas crenedn k. MHOXeCTBO BCEX MIOCKMX KPUBbLIX

cTeneHn m npeacTaBnsieT coboll NPOEeKTUBHOE NPOCTPAHCTBO.
3apaya. Yemy paBHa pa3smepHOCTb 3TOrO MPOCTPaAHCTBA?

[Tnockmne kpuBbie CTeneHU M, NEPECEKAIOLNE JAAHHYIO TN1AAKYIO MIOCKyto kpusyto C
HETPaHCBEPCasibHO, 0bPa3yroT anrebpanyeckyto runepnoBePXHOCTL B MPOEKTUBHOM
MPOCTPAHCTBE MIOCKUX KPUBbLIX CTEMEHU M.

[ononnenne k anrebpanyeckoii runepnoBEPXHOCTY B KOMMIEKCHOM MPOEKTUBHOM
NPOCTPAHCTBE CBSA3HO, NO3TOMY KOJIMYECTBO TOYEK MepeceyeHns KpUBOW, OTBeYatoLLeli TOYKe
3TOro AonosHeHus1, ¢ kpueoli F = 0 He 3aBUCUT OT TOYKM AOMOJIHEHUS, @ 3HAYUT, paBHO mk.
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JNlekuus 2. Mnockne anrebpanyeckne Kpuebie: Teopema besy, nepeceyerne ¢

npsAMon

MNyctb, Hanpumep, F = 0 — npsimasi; ee cTeneHb paBHa 1. Ee MoXxHO mapameTpu3oBaThb
NPOEKTUBHOM npsiMoii: (xg + at @ yo + Bt @ Zg + Yt).

[ns onpepenenns Touek nepecedeHusi ¢ kpueoin G = 0 cTeneHn m cpenaem NOACTaHOBKY
G(xo +at:yy+ 0t:zg+ fyt). KopHu nony4YeHHOro MHOro4YeHa CTENEHN M JAIOT TOYKU
nepeceyeHns NpsiMoii n Kpneoii. Ecnn Bce kopHM NpocTbie, TO TOYKM NepeceyveHus
TpaHCBepCasbHbl 1 UX KOJMYECTBO PaBHO M.
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Jlekuus 2. [nockne anrebpanyeckue kpusbie: Teopema besy, BTopoe

[l0Ka3aTeNbCTBO
Mycte F — kybuueckas kpueasi, G — KBaapuka, NpeAcTaBfeHHble Kak MHOTrOYEHbI OT ¥
F(X7)/az) = 30}/3+31(X7Z)y2+32(X7Z)Y‘|‘33(X72)
G(X,y,Z) = b0y2+b1(X7Z)}/+b2(X72)

roe a;, bj — ogHOpOAHbIE MHOTrOYIEHBI CTENEHN .

B Toukax nepecedenunsi (xo : y : zg) kpuBbix F =0 n G = 0 3Tn MHOro4neHbl UMEOT obLyuii
KOpeHb. 3HaunT, CyLecTBytoT MHorouneHsbl fi(y) = upy? + ury + us n g1(y) = voy + i,
Takue, 4TO

(a0y® + a1y® + azy + a3)(voy + v1) = (boy® + b1y + bo)(uoy® + ury + w2),
YTO AaeT NMHENHYIO CUCTEMY YpaBHEeHW Ha KO3DDULNEHTBI Vg, Vi, Ug, Uy, Us:

ave = boug
aivo+aivi = byug + bouy
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Jlekuus 2. Mnockne anrebpanyeckune kpusbie: Teopema besy

JTa cuctema nmeet HEHYNEBOE pPELUEHNE €C/IN N TOJNbKO €CJ/IN HEBbLIPOXKAEHA €€ MaTpuua

dgp di dz2 as 0
0 dy 4d1 d» a3
bp b1 b 0 O
0 by b1 by O
0 0 by by b

OnpegennTens 3Toi MaTpuLbl Ha3bIBAETCA pe3ybTaHTomM MHorodneHos F n G. On ogHopogeH
crenenn deg F - deg G, ero kopHun — (x, z)-KOOpAMHATLI TOYEK nepeceyeHnst Kpueblx F =0 u
G=0.
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CemuHap 2. 3agaun

o [lokaxuTe ToxgecTBo Jiinepa: pnsi ofHOpogHOro mHorodneHa F = F(x,y, z) ctenenn d
BbIMOJIHAETCA PABEHCTBO

@ Bocnonbzosaswncs Toxgectsom Diinepa, gokaxurte, 4to B adppuHHOR kapte z =1
ycnoeue rnagkoctut dF # 0 TOYKM KpUBOIA 3KBMBANEHTHO ycnoBuio df % 0 B 3Toli TOUKe,
rpe f(x,y) = F(x,y,1).
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CemuHap 2. 3agaun

o [laiite onpefeneHne KPaTHOCTY TOHKIN MEPECEHEHNS LBYX MIOCKNX KPUBbIX.

o [okaxunTe obuyto Teopemy besy: ecnn gse nnockume kpueble F =0 n G = 0 umerot
KOHEYHOE HMCNO TOYEK nepeceHeHna, To CyMmMa KpaTHOCTeVI 3TUX TOYEK paBHa
NPON3BEAEHMNIO CTEMNEHEN KPUBbIX.
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CemuHap 2. 3agaun
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CemuHap 2. 3agaun

@ CKOnbKO TOYEK Ha NJOCKOCTM HAAO 3a4aThb, YTODLI Yepe3 HUX NPOXOAUIa OfHa KBaApuka?
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