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Jlekuus 4. [nockne anrebpanyeckne KpuBbIe: KOMMJEKCHAst CTPYKTypa Ha

KpUBOIA

[o cux nop mbl umenn geno ToNbKO C niockumm anrebpandyeckumu kpuesimu. Obuias
PUMAaHOBA NOBEPXHOCTH (NN KOMIJIEKCHAS! KPUBAST) 3TO LBYMEpPHasi OpUeHTMpyemas
NOBEPXHOCTb C KOMMJIEKCHOW CTPYKTYPOIi HA Heil. KOMMNIEKCHOW CTPYKTYpOri Ha BBYMEPHOIA
MOBEPXHOCTMN HA3bIBAETCS €€ MOKPbITUE OTKPBLITEIMY ANCKAMU BMECTE C roMeoMopdur3mMamm
3TUX AWNCKOB Ha €[MHUYHBIN KPYr Ha komnnekcHol npsmoii {(U;, ¢; : U; — D)}, obnagatowee
cnepyowmm ceoiicteom: ecnm asa gucka U; n U; nepecekatotcs, To KoMNosnums ;o (pi_l,
onpegenieHHas Ha Npoobpa3e OTHOCUTENLHO ; NepeceyeHns 3TUX QUCKOB, SIBNSETCS
rosoMopcHbIM (T.€. KOMIMJIEKCHO aHANMTNYHECKM) OTODPaXKeHNEM.
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Jlekuus 4. [nockne anrebpanyeckne KpuBbIe: KOMMJEKCHAst CTPYKTypa Ha

KpUBOIA

Ons rnagkoili NaoCKo anrebpanyeckol KprBO KOMIMIEKCHAsH CTPYKTYpa ONpenensieTcs B
cornacum ¢ Teopemoii 0 HesiBHOM dyHKumu. B kaxkgoli Touke kpueoii F(x,y,z) =0
nnddeperHunan dF otanyed ot 0, a 3HAaYNT €ro 3Ha4YeHNE HA KacaTeSIbHOM BEKTOPE K KPUBOI
OTJINHHO OT 0, N HAaNpPaBJIEHNE KACATEJIbHOIO BEKTOPA CIY>XXKWT JIOKAJIbHbIM NapaMeTpoM B
OKPECTHOCTM 3TON TOYKN. Takmm 0OpasoM Mbl MOYHAEM MOKPLITUE MAOCKON KPUBOIA
NOAXOASILLMMUN OKPECTHOCTSIMU €€ TOYEK.
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Jlekuus 4. [nockne anrebpanyeckne KpuBbIe: KOMMJEKCHAst CTPYKTypa Ha

KpUBOIA

Ons rnagkoili NaoCKo anrebpanyeckol KprBO KOMIMIEKCHAsH CTPYKTYpa ONpenensieTcs B
cornacum ¢ Teopemoii 0 HesiBHOM dyHKumu. B kaxkgoli Touke kpueoii F(x,y,z) =0
nnddeperHunan dF otanyed ot 0, a 3HAaYNT €ro 3Ha4YeHNE HA KacaTeSIbHOM BEKTOPE K KPUBOI
OTJINHHO OT 0, N HAaNpPaBJIEHNE KACATEJIbHOIO BEKTOPA CIY>XXKWT JIOKAJIbHbIM NapaMeTpoM B
OKPECTHOCTM 3TON TOYKN. Takmm 0OpasoM Mbl MOYHAEM MOKPLITUE MAOCKON KPUBOIA
NOAXOASILLMMUN OKPECTHOCTSIMU €€ TOYEK.

AHaNOrMYHO BBOANTCS KOMIJIEKCHAsi CTPYKTypa Ha rnagkomn anrebpanyeckoii Kpueoii B
NPOEKTUBHOM NPOCTPAHCTBE NPON3BOJILHON pasmepHocTn. MycTb (xg @ xg @« ++ 1 X,) —
npoekTueHble koopauHaTel B CP", Mogmuoxectso C C CP” Ha3sbiBaeTca r1agko
anrebpanyeckori KpuBor, ecnu y ntoboit Toukn MHoxecTBa C CyLW|ECTBYET OKPECTHOCTD, B
KOTOPO#i 3TO MOAMHOXECTBO 3343aeTCS HAOOPOM OAHOPOAHbLIX MOJAVHOMUAbHBLIX YPaBHEHNIA
Fi(x0,-.-,%) =0,...,Fo_1(x0,...,%,) =0, npudem panr maTtpuupl Jkobu 3Toro Habopa
paBeH n — 1.
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JNlekumnsa 4. [Nnockue anrebpanyeckne Kpusble: ronomopdHble 0TODpaXKeHns

KPUBbIX

TonomopgbHoe otobpaxenme kpusbix f 1 C; — C, 370 0TODpaXkeHue, yBaXkatoLee
KOMMeKcHyto cTpykTypy. Ecnn touka A € C; nokpsita okpectrocTsto (U, @ U — D), a
Touka B = f(A) € C, nokpoita okpectHoctbto (V4 : V — D), 10 otobpaxeHue 1o f o o~
JOOJ/DKHO ObITh KOMMJIEKCHO aHANIMTUHECKUM TaM, FAe OHO OMpPenesieHo.

C TONoNOrnYeckoii TOYKN 3peHnst FroIOMOPGPHOE OTODPaXKeHNE KOMMIEKCHBIX KPUBbIX SIBASIETCS
Pa3BETBJIEHHbIM HAKPbITUEM.

1
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JNlekumnsa 4. [Nnockue anrebpanyeckne Kpusble: ronomopdHble 0TODpaXKeHns

KPUBbIX

TonomopgbHoe otobpaxenme kpusbix f 1 C; — C, 370 0TODpaXkeHue, yBaXkatoLee
KOMMeKcHyto cTpykTypy. Ecnn touka A € C; nokpsita okpectrocTsto (U, @ U — D), a
Touka B = f(A) € C, nokpoita okpectHoctbto (V4 : V — D), 10 otobpaxeHue 1o f o o~
JOOJ/DKHO ObITh KOMMJIEKCHO aHANIMTUHECKUM TaM, FAe OHO OMpPenesieHo.

C TONoNOrnYeckoii TOYKN 3peHnst FroIOMOPGPHOE OTODPaXKeHNE KOMMIEKCHBIX KPUBbIX SIBASIETCS
Pa3BETBJIEHHbIM HAKPbITUEM.

1

[ee komnnekcHble kpusble C1, C; Ha3bIBAOTCSA BUrOOMOPhHLIMU, ECIN CYLLLECTBYET
roNoMopdgHoOe B3auMHO-0gHO3Ha4HOe oToDpaxerue f : C; — C;, 0DpaTHOE K KOTOPOMY TOXE
roJIOMOpPHO.

Bcsikasi rnapkasi KOMNakTHasi KOMIJIEKCHAs KpyuBasi buroioMopgHa HeEKOToOpoii
asirebpany4eckori KpUBOW B KAKOM-TO [POEKTUBHOM MPOCTPAHCTBE.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Jlekuus 3. [nockne anrebpanyeckune Kpusbie: rooMopdHbIe OTODPaXKeHUS]
KPUBbIX

Theorem (MpuHunn mMakcumyma st ronomMopHbIX OTODpaXkeHui)

lyctb f : G — C; — HEMOCTOSIHHOE rOIOMOPGHOE OTOOPAXKEHUE KOMMAKTHOU KOMIMIEKCHO
kpusoti C; B CBS3HYIO KOMMNAKTHYyIO KomiaekcHyto kpusyto C,. Torga ero obpa3 cosnagaer co
Bceii kpusoi C,.

HeiictButensHo, obpas otobpaxenusi f komnakTteH. Ecnn oH He coenagaet ¢ kpusoii G, TO
LLOMOJIHEHME K HEMY OTKpbITO. Bosbmem Touky Ha rpaHuue obpasa. Jlobasi ee OKpecTHOCTb
nepecekaet gonosHeHue K obpasy. B To xe Bpemsi, Ha kpuBoii C; CywlecTByeT TOYKa,
nepexoaswas B BbIOpaHHYtO TO4Ky rpaHuubl. ManeHbkuli fUCK BOKPYr 3TO TOYKN NEPEXOAMUT
B OTKPbITOE MHOXECTBO B (p, KOTOPOE MO3TOMY MEepeceKkaeTcsi C JOMNoJHEHneM K obpa3sy
oTobpaxeHusi f, i Mbl MPUXOANM K MPOTUBOPEHUIO,
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Jlekumnsa 4. MNnockue anrebpanyeckne kpusbie: pog kpusoii Pepma

Bocnonbsyemcsi ronoMopHbIMu 0TOOPaXkeHNsiMN 151 BbIYUCAEHNS POAA FNagKMX MIOCKNX
anrebpany4eckmnx KpuBbIXx.

HayHem c BbluMCNIEHNS pofa KAKOU-HMOYAb TNAfKOW NIOCKOI KPUBOW AaHHOW cTeneHn d.
OpaHoii n3 Hanbonee NONyNsApHbIX KPUBLIX ABASETCA KpuBas Pepma, 3ajaBaemasi ypaBHEHNEM
F(x,y,z) = x? 4+ y9 4+ z9 = 0. I1a kpuBas rnagkas. [leiicTBUTENBHO, BCE YaCTHble
npou3BofHble MHOrouneHa F obpawatorcs B 0 Tonbko, ecnim x = y = z = 0, a Tako TOYKM Ha
NPOEKTNBHOI MAOCKOCTU HET.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Jlekumnsa 4. MNnockue anrebpanyeckne kpusbie: pog kpusoii Pepma

Bocnonbsyemcsi ronoMopHbIMu 0TOOPaXkeHNsiMN 151 BbIYUCAEHNS POAA FNagKMX MIOCKNX
anrebpany4eckmnx KpuBbIXx.

HayHem c BbluMCNIEHNS pofa KAKOU-HMOYAb TNAfKOW NIOCKOI KPUBOW AaHHOW cTeneHn d.
OpgHoii n3 Hanbonee nonynsipHbIX KpUBbIX siBNsieTCs kpusasi Pepma, 3afaBaeMas ypaBHEHUEM
F(x,y,z) = x4 4+ y9 4+ z? = 0. O7a kpusas rnagkas. [eiicTBUTeNbHO, BCe YaCTHbIE
npou3BofHble MHOrouneHa F obpawatorcs B 0 Tonbko, ecnim x = y = z = 0, a Tako TOYKM Ha
NPOEKTUBHON NAOCKOCTW HET. PaccMoTpum oTobpakeHne p 3Tol KpUBOW B NPOEKTUBHYIO
npsmyto CP!, 3apanHoe otobpakennem npokonotoii B Touke (0 : 0 : 1) npoekTusHoi
nnockoctu (x : y : z) = (x :y). OTMeTUM, 4TO TOYKa NPOKONA He NEXUT Ha Kpusoii Pepma.
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Jlekumnsa 4. MNnockue anrebpanyeckne kpusbie: pog kpusoii Pepma

Kputryeckummn To4kamm npoekumm ¢ sBasitoTcst Te Toukm kpusoii Pepma, B koTopbix Zz = 0.
Nx d wryk. 310 Toukn (1 : si, :0), roe e4 — NPUMUTNBHLIA KOpeHb U3 —1 cTenexn d, a
i=0,1,...,d — 1. Takasi KpuTM4ECKasi TOYKA NPN OTODPAXKEHNM (p NEPEXOANT B KPUTNYECKOE
3Havenue (1 : 59). V KaXA0ro Takoro KpUTUYECKOrO 3HAYEHUS OAUH NPoobpas; BCe OCTanbHble
TOYKMN MPOEKTUBHON NPsSIMOiA umetoT poeHo d npoobpasos. Mo Teopeme Pumana—Typsuua
31epOBa XapaKTEPUCTNKA HAKPbIBAKOLWEN KPUBOI paBHA

x=d-(2—d)+d=d-(3-d).

MNosTomy ee pop paeeH
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Jlekumnsa 4. [Nnockue anrebpanyeckne KpuBbie: POA FafKOA MIOCKOA KPWBON

AHaNOrnyHbIE PaCCYXKAEHNS MOXHO MPOBECTN Ans obiyeri kpusoii ctenevn d. bes
OrpaHuyeHnsi OBLHOCTM MOXKHO CHUTATb, YTO KpUBasi He NPOXoANT 4epes3 Touky (0:0: 1)
Mpoekuns BRonbL ocn z onpegensieT ronomMopHoe 0TObpaXkeHNe KpYBOW B NPOEKTUBHYIO
NpsIMyI0, SIBMISIIOLLLEECS PA3BETBAEHHBIM HaKpbiTUeM cbepbl cteneHn d. Kputnyeckne Toukm
3TOro OTObpaxkeHnst — 3TO peweHnsi cuctembl ypasienuin F = 0,0F /0z = 0, T.e. To4Ku
nepece4eHns KpuBoii ctenenn d u kpueoli ctenedn d — 1. B obuiem nonoxxenun atu age
kpueble umetoT d(d — 1) To4ek TPaHCBEPCANbHOIO MEepeceyeHust, N KaXKAas N3 3TUX TOHEK
SIBASIETCS NPOCTON TOYKOW BETBJEHUSI PAa3BETBJIEHHOrO HakpbITusi. MosTomy siineposa
XapaKTEpPUCTMKA HAKpbIBAtOLLE MOBEPXHOCTM PaBHA

x=d-(2-d(d—1))+d(d—1)?=d(d - 3),

Kak 1 B cny4dae Kpusoit Pepma. Tem cambiM, cnpaBeasinBa

_ _ = _ (d=1)(d—2)
Pog rnapkoii nnockoii kpusoii ctenenn d paseH g = ~——5——.

B yacTHOCTUN, pop rnapkoii NNOCKOW KPUBOI He MOXET NPUHUMATbL ApYruX 3Ha4YeHuii Kpome
0,1,3,6,10,15,....



Jlekumnsa 4. [Nnockue anrebpanyeckne KpuBbie: POA FafKOA MIOCKOA KPWBON

Bot ewie ogHo nokasatenscTBo 370N Teopembl. [pocTpaHCcTBO NOCKMX KpUBLIX CTeneHn d 3To
npoekTneHoe npocTpaHcTeo. Ocobble KpuBbIE 33AaK0TCA TaKUMN MHOFOYIeHammn F, 4yto
cylecTByoT ToukM (X : y : z), B koTopbix F = 0,0F /0x = 0,0F /0y = 0,0F /0z = 0. W3 3710l
CUCTEMbI YPABHEHNIi NEPBOE MOXKHO UCKOHYUTL Brarogaps dpopmyne diinepa, a N3 0CTasIbHbIX
TPEX UCIOYNTL NOOYEPEAHO Z,y 1 x. OCTaHeTCs OfHO OBHOPOLHOE MOJNHOMUAILHOE
ypaBHeHue oT kK03hdNLMEHTOB MHOro4YneHa F, KOTOpoe BbIAENsSET B NPOCTPAHCTBE
MHOIFOUYIEHOB CTeneHn d rrunepnoBEPXHOCTb yPABHEHN OCODbIX KPMBbIX. JONONHEHNe K 3TOl
rMNEeproBEPXHOCT CBA3HO 1 COCTOUT M3 rnagkmx Kpubbix. MOCKOAbKY pog KpuBOW —
HenpepblBHas yHKLNSA ee KOdDULNEHTOB, OH OANHAKOB A/ BCEX FNafAKMX KpuBbix. [1oaTomy
€ro fOCTAaTO4YHO BbIYUCAUTb Y OQHON KPUBOIA.
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Jlekumnsa 4. [Nnockue anrebpanyeckne KpuBbie: POA FafKOA MIOCKOA KPWBON

Bort ewe ogHa rnapkasi niockasi kpusasi ctenedun d, pog, KOTOPOW MPOCTO BbIHUCISETCS.
PaccmoTpum adbcpunnyto kpusyto £y - - -« - £y = £, rae NuHERHbIE MHOrOYNeHbl {1, ... Uy
3a4atoT Habop NPAMbIX, HUKAKNE TPU N3 KOTOPbIX HE NMPOXOASAT 4Yepe3 opHy Touky. [Tpn manbix
HEHY/IEBbIX 3HAYEHUAX £ 3TO rnapgkas kpueas. [pu £ = 0 310 ocobasi kpuBas,
npeacTaBasiowas coboli obbeanHeHne d NpOeKTUBHBIX NPsAMbIX (ABYMepHbIX cbep), Nobbie
[IBE€ 3 KOTOPbIX NEPeCeKaloTCsl TPaHCBEPCaNbHO No oaHoli Touke. [Jobasnsiem noodepeaHo no
OLHO MPsIMOI 1 CriaXkueaem TOYkM nepecederusi. LLar nngykumn coctount B
[OKa3aTeIbHCTBE TOro, 4TO fobaBieHune npsamoi, nepecekatowei rnagkyto kpusyto 8 d — 1
TOYKE, C NOCIEAYIOLNM CrIaXKNBAHUEM B OKPECTHOCTU KaXKAO TOYKMN NepecedeHus,
YBENINYMBAET pog rnafgkoin kpueoii Ha d — 2. [MoaToMy pog crnakeHHOW KpuBoi OyneT paseH

(d —1)(d—2)

0+14+2+3+---+(d-2)= >
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Jlekumnsa 4. [Nnockue anrebpanyeckne KpuBbie: POA FafKOA MIOCKOA KPWBON

N3 dopmynbl ansi poaa rnapKoii NAOCKON KPUBO CTaHOBMTCS SICHO, NOYEMY HOAAsbHAS
KpuBas cteneHn d He MOXeT umMeTb Bonblue, Yem(d — 1)(d — 2)/2 Touek TpaHCBEpPCaNbHOro
camonepeceyeHuns. [elicTBUTENbHO, KaXkasl Takasi TOYKA MOHMXKAET pof HOPManNMU3yoLLel

KpMBOIA Ha 1.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Jlekuus 4. [nockne anrebpanyeckne KpuBbie: KacaTebHble K F1aKol

MJIOCKON KpUBOIA

Paccy>xxaeHune, nossonstoLee BbIYUCANTb pog MNafKOA NAOCKOV KPUBOW JaHHOW cTeneHn d,
NO3BONAET NOACHUTATb M YUCNIO KACATENbHbIX, KOTOPbIE MOXXHO K Hen NpoOBECTN 4epe3 ,EI.aHHy}O

TOYKY.

Yepez gaHHyto obiyyto To4ky BHE KpuBoii MoxHo nposectu d(d — 1) kacatenbHbIX K ZaHHON

rnagkoii Kpusori cteneHy d.

[eiAcTBMTENLHO, NYYOK NPSIMbIX, NPOXOASALLNX YEPE3 AAHHYIO TOYKY, ONpefensier oTobpakeHue
JAHHOI KpUBOI B NMPOEKTUBHYIO NPSMYIO: KaXX[0 TOYKE KpUBOW CONOCTABSIETCSA MpsMas,
COEAMHSIIOLLAN €€ C JaHHOW. TOYKM KacaHusi — KPUTUHECKME TOYKM 3TOFO OTODparXeHus:.
Yucno kputnyecknx ToHek y obuiero ronoMopdHoro otobpaxenusi creneHu d KpuBoii
cTeneHn d B MPOEKTUBHYIO NPAMYIO Mbl Y>X€ NOACHUTANN.
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Jlekuus 4. [nockne anrebpanyeckne KpuBbie: KacaTebHble K F1aKol

MJIOCKON KpUBOIA

Mpn cTpemneHnmn To4KM, N3 KOTOPOU Mbl MPOBOAMM KacaTesbHble, K ODLER TOYKe KPUBOIA, ABe
npoxogsiLime Yepe3 Hee KacaTesibHble CIMBAKOTCSA B OAHY — KacaTesbHYIO K KPUBOI B
npeaesibHOM TOYKe.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Jlekuus 4. [nockne anrebpanyeckne KpuBbie: KacaTebHble K F1aKol

MJIOCKON KpUBOIA

Mpn cTpemneHnmn To4KM, N3 KOTOPOU Mbl MPOBOAMM KacaTesbHble, K ODLER TOYKe KPUBOIA, ABe
npoxogsiLime Yepe3 Hee KacaTesibHble CIMBAKOTCSA B OAHY — KacaTesbHYIO K KPUBOI B
npeaesibHOM TOYKe.

Yepes 0buyyto TOUKY HA r1aAKO NJIOCKOU KPUBOU MOXHO MPOBECTU K 3TOU KPUBOI
d(d — 1) — 2 kacatenbHbIx (He CHUTAasI KACATENLHOU B STOW TOYKE).
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Jlekuus 4. [nockne anrebpanyeckune KpuBble: KacaTesbHble K KyOuke

Yepes obLyto TOUKY Ha rNajKoll NiOCKOW Kybnke MOXHO NpoBecTn K Heil 3-2 —2 =4
KacaTesibHbIX. JTa YETBEPKA KaCaTesIbHbIX OMPEAENSieT YETBEPKY TOYEK «, (3,7, NPOEKTNBHOM
npsiMoii (My4ka NpsiMbiX, MPOXOASILLAX YEPE3 AaHHYIO TOUKY). B cBOKO ouepenpb, YeTBepke
TOYEK Ha NPOEKTUBHOM NPSAMO/ MOXXHO CONOCTAaBUTb UX JBOMHOE OTHOLUEHUE

vy—a §—-«
y=B 6-p5

970 oTObpaXkeHme He MOXET NpuHUMaTh 3HadeHuii 0 n co. CornacHo mpuHLMMY MakcuMyma,
OHO MOCTOSIHHO. Tem cambIM, Kaxgoili rnafgkoii kybndeckoii kpusoii C conocrasasiercs
kommnnekcHoe vncino j(C) — ee j-uHBapuaHT.

e CPL.

[, B,7,6] =
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Jlekuus 4. [nockne anrebpanyeckune Kpusbie: CBONCTBA ABONHOIO

OTHOLLUEHWNA
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CemuHap 4. 3apaun

@ [lokaknTe, 4TO NPOEKLMs N3 TOHKM SIBASIETCS rONOMOPGHBIM OTODpaXKeHUEM r1afKoi
NOCKO KPUBOW HAa NMPOEKTUBHYIO NPSAMYIO.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



CemuHap 4. 3apaun

o [JlokaxknTe, 4TO LBOHOE OTHOLLUEHME HETbIPEX TOYEK HE MEHSIETCS MPU 3aMeHe
KOOPAMHATBI HA NPOEKTNBHOW MPSMOIA.

o [JlokaxknTte CBOMCTBA ABONHOrO OTHOLLEHNS:
[a7/87775]:[/83a7’y75] !

[O‘7577a6] =1- [aa77ﬂ75]'
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CemuHap 4. 3apaun

o [okaxknTe, 4TO (PyHKLMSI KOMMIEKCHOrO NEPEMEHHOIO A

(1-=A+N)

BV

He MEHSIeTCA npu 3ameHe A — A71, A — 1 — A

o [lokaxute, 4to ecnu A = [a, 3,7, §] — ABOIHOE OTHOLWEHNE HeTbipex Todek, TO J(A) He
3aBUCUT OT NOPsIfiKa, B KOTOPOM BepyTcsi TOUKM.

o [okaxuTe, uto ans kybukm y? = x(x — 1)(x — ) ee J-unsapuant pasen J(\).

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



CemuHap 4. 3apaun

o Anrebpandeckas kpusas B CP! x CP! c npoektusHbiMi koopanHaTamu (u: v, s : t)
3apaercs ypaeHenumem F(u,v,s,t) =0, rae F — MHOrouneH, ogHOpPOAHbI no
nepemMeHHbIM U, V 1 NO nepemMeHHbIM s, t. Haiigute poa kpusoii B CP* x CP*, umetoweii
CTeneHb /M NoO OAHON M CTEMeHb N NO APYroi nape NepemMeHHbIX.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



