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Jlekums 9. DAAUNTUYECKNE KPUBLIE 11 MAOCKNE KYOUKY

Mel 3Haem, 4TO rnagkas nnockas Kybmka umeer pog 1, T.e. SIBASIETCA 3NINNTUYECKON KPUBON.
Hawa uens — gokasats obpaTHoe yTBEpXAEHME.

Bcsikas annuntuyeckas kpnBasi peann3yercsi HEKOTOPOI r1afKou MIO0CKO KyOuKou.
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[ns pokasatenbCTBa Mbl NOCTPOUM BJIOXKEHWE JIMNTUHECKONA KPUBOA E, npeacTaBneHHON B
Buge E = C/L, rge L — Hekotopas pewetka 8 C, B n10ckoCTb, 06pa3 kOTOPOro nmeer
crenedb 3. (TouHee roBopsi, Mbl NOCTPOMM BJIOXKeEHUE, 0Dpa3 KOTOPOro rnafKuii, — Takoi
obpa3 HensbexxHo Oyner umetb creneHsb 3.)

[ns nocTpoeHusi BAOXKeHUst HaM NoTpedytoTcs aBe MepomopdHble pyHKumMn Ha E; ogHa n3
Hux Oyget dyHkuueid ctenenn 2, BTopast Oyget umets crenedb 3. Hanomuum, 4To BCe
ronomopcHble yHKLMN Ha E NOCTOSIHHBI, NO3TOMY 715t MOCTPOEHMUSI OTOOPaXKEHNIA KPUBOI
OHU BecnosiesHbl — NPUXOANTCS NOJIb30BaATLC MepoMopdHbIMU yHKumsimn. Kpome Toro

Ha E HeT mepomopdHbIX dpyHKLMl cTeneHn 1, No3TOMy 2 — MUHMMALHO BO3MOXHAs CTereHb
MepOMOPHOA PyHKLMN.
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MNycte pewerka L C C nopoxgeHa geymst R-nnHeRHO HE3aBMCUMbIMY BEKTOPAMU W1, Wa,
L = {mw1 + nwy|m, n € Z}; koopguHaty B C 0603Ha4nm yepes z. Monoxum

-t 3 (-2

wel\{0}
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MNycte pewerka L C C nopoxgeHa geymst R-nnHeRHO HE3aBMCUMbIMY BEKTOPAMU W1, Wa,
L = {mw1 + nwy|m, n € Z}; koopguHaty B C 0603Ha4nm yepes z. Monoxum

-t 3 (-2

wel\{0}

@Dynkuyns P, sBasetcs koppekTHO onpegeneHHoii mepomopgHoii ¢pyHkuymeii Ha C. OHa
WHBAaPUAHTHA OTHOCUTENIbHO CABUIOB HA 3/1EMEHThI pPeLeTky L n onyckaercs 4o MepomMopgHoii
GyHkyun ctenenu 2 Ha snauntTuyeckoii kpusoii E = C/L, nmeroweri eguHCTBEHHbIN MOMI0C

nopsigka 2 B HyJe.

®Pyukuua P HasbiBaeTcs ¢yHkyumeii Beriepwtpacca kpusoin C/L n obosnavaertcs
crneuuanbHoi bykeoid © ¢ nHaekcom L.
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Doka3arenbcreo. Ha nobom komnakre, He cogepxaliemM Todek peweTtku L, psa,
onpegenstowuii pyHkumio Pp, cxoputcst abcontoTHO 1 paBHOMEPHO:

1 1 27w — 72 1 2z—7%2w1
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3aKJt04aeM, 4TO Ans kaxporo z ¢ L vaigercs C > 0, T.4.

1 1
2 2

G u Vw € L\ {0}.
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Pan 1/w? Ha peweTke cxopnTcs (4NCNO 3NEMEHTOB PelIeTKM C AaHHbIM |w| nuHeliHo no |wl).
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-t 3 (22

wel\{0}
MpoussogHas dyHkum P nmeet Bug,
, 1
PL(Z) = -2 Z m
wel

OHa, 04€BUAHO, NHBAaPUAHTHA OTHOCMTENBHO CABUIOB Ha 3M1eMeHThl pewetki L. Moatomy npu
CABUre Ha 3MEeMEHT peeTkn K Pp npnbaBnsieTcs HekoTopasi KOHCTaHTa c. lNoacTaenss

z = dwy /2, nonyvaem Pp(w1/2) = Pi(—w1/2) + ¢, otkyaa ¢ = 0 B cuny (04€BUAHOIA)
yetHocTu pyHkuyuu Pp. Teopema goka3saHa.
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-t 3 (22

wel\{0}

MpoussogHas dyHkum P nmeet Bug,

Pl(z)=-2> ﬁ

weL

OHa, 04eBUAHO, MHBAPUAHTHA OTHOCUTENLHO CABUrOB HA 3sieMeHThbl peweTkn L. Moatomy npu
COBUre Ha 3NEMEHT peweTKn K P. npubaensieTcss HeKoTopasi KOHCTaHTa c¢. [oacTasnss

z = dwy /2, nonyvaem Pp(w1/2) = Pi(—w1/2) + ¢, otkyaa ¢ = 0 B cuny (04€BUAHOIA)
yetHocTu pyHkuyuu Pp. Teopema goka3saHa.

C atoro momeHTa dpyHkuuto Beliepitpacca Oygem obo3HauaTth ;. Ty DYHKLNIO MOXKHO
NOHUMATL 1 KakK PyHKUMIO Ha annunTudeckoii kpusoit E = C/L, n kak
(aBaxkgbinepuoanyeckyo) pyHkumo Ha C.
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@DyHkuyns Beiieptpacca ya0BaeTBOPSIET HENMHENHOMY AU HEPEHLNANTEHOMY YPABHEHUNIO
nepBoro nopsigka

(p1)* =40} — &20L — 83

V151 HEKOTOPbIX KOHCTAHT go, &3, ONPEAEsieMblx PELLETKON L.
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@DyHkuyns Beiieptpacca ya0BaeTBOPSIET HENMHENHOMY AU HEPEHLNANTEHOMY YPABHEHUNIO
nepBoro nopsigka

(p1)* =40} — &20L — 83

V151 HEKOTOPbIX KOHCTAHT go, &3, ONPEAEsieMblx PELLETKON L.

[oka3zarenbcreo. [Nockonbky

1\’ 1\
= =1+42x+32+43+...,
1—x 1—x

NMEET MECTO PA3JIOXKEHNE B pAA B OKPECTHOCTN TOYKN Z — 0

1 1 1 1 1 1 z\?2
S S S . S 22 43(2) 4. w#0.
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w
CymMMupys MO BCEM HEHyneBbIM BEKTOpaM pewweTkn L, nonyyaem pasnoxenue

o1(2) =272 +3G42> +5Gez* + ...,

rae Gk = > civioy w < (Ans HeveTHbix k cymma pasHa 0 B cuny cummetpun).
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o1(z) = z7243G2> +5Gez* +.. .,
(p(2))? = z*+6G+...,
(pu(2)) = 249Gz 2+15Gs +...,
0(z) = —227°46Gz+20Gz% +...,
(91(2))? = 4z7°—24G,z72 —80Gg +....
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o1(z) = z7243G2> +5Gez* +.. .,
(p(2))? = z*+6G+...,
(pu(2)) = 249Gz 2+15Gs +...,
0(z) = —227°46Gz+20Gz% +...,
(91(2))? = 4z7°—24G,z72 —80Gg +....

N3 3Tux pasnoxeHuii BHITEKAET, H4TO pasnoxeHne dpyHKuun
(9)(2))? = (49°(z) — 60G,(2) — 140Gs)

HaulHaeTCa He paHee, 4eM C 4neHa z> (OTMeTUM, 4TO 3Ta cbyHKUMA YeTHa). Tem cambiM, oHa
mMepomopdHa 1 He nmeeT nontocoB Ha E, pasna 0 npu z = 0, a 3HaYUT paBHA HYNIO
ToxgecteeHHo. [Monaraem g» = 60G,, g3 = 140Gy. Teopema pokasaHa.
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®ynkuma p; : E — CP! nmeet cTenenb 2 1 OCyLLECTBASET 3AANNTUHECKOE HAKPBITME
npoekTusHol npsamoii. OtobpaxkeHne z — (p(z), p'(z)) ocywectsnser Guronomopgusm
KpuBoii E Ha rnagkyto niockyto Kyouky

y2 =4x3 — SoX — g3.
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®ynkuma p; : E — CP! nmeet cTenenb 2 1 OCyLLECTBASET 3AANNTUHECKOE HAKPBITME
npoekTusHol npsamoii. OtobpaxkeHne z — (p(z), p'(z)) ocywectsnser Guronomopgusm
KpuBoii E Ha rnagkyto niockyto Kyouky

¥ =4 — gox — gs.
3amedyanue. Cuuras, 4to pewerka L nopoxaeHa sektopamu 1 n 7, I7 > 0, Mbl npespaiwjaem
dbyrkuun Gy = 3 (m + n1)~*, Gy = 32/ (m + n7) % B dyHKUMM TOUKN T B BEpxHeil

NOYNIOCKOCTN. DTN PYHKLMMN SBASIOTCA NPUMEPaMIN MOAY/SPHbIX ¢popm (Becos 4 n 6
COOTBETCTBEHHO).
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Inagkyto naockyto Kybn4eckyto KpuByKo MPOEKTUBHON 3aMEHOM MEPEMEHHBIX MOXHO MPUBECTY
K BUARY

yP =4 — oox — g3

/151 HEKOTOPbIX KOHCTAHT g2, &3.

Takoe ypaBHeHune Kybuyeckoli KpuBoli Ha3biBaeTCs ¢popmoii Beliepiutpacca.
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Inagkyto naockyto Kybn4eckyto KpuByKo MPOEKTUBHON 3aMEHOM MEPEMEHHBIX MOXHO MPUBECTY
K BUARY

yP =4 — oox — g3

/151 HEKOTOPbIX KOHCTAHT g2, &3.

Takoe ypaBHeHune Kybuyeckoli KpuBoli Ha3biBaeTCs ¢popmoii Beliepiutpacca.
Doka3arenbctBo. Buibepem Ha kpuBoii Kakyto-HUbyab n3 9 Toyek nepermnba n COBMeCTUM ee
c toukoii (0:1:0). Kpome Toro, norpebyem, 4Tobbl kacaTenbHast B 3TON TOYKe nepernba
3apaBanack ypaeHeHumem z = 0. Torga ypaBHeHue Kpueoli npuobpeTaer Bug

y* —2(ax + b)y + Ps(x) =0,

roe P; — muorounen crenedn 3. 3aMeHol y; = ¥y — ax — b Mbl NPMBOSMM YPaBHEHNE K BUZY
y? = Q3(x). 3pecb Q3 — MHOrouneH cTeneHn 3 C NONAPHO Pa3NNYHBIMU KOPHAMMU.
AdduHHbIM Npeobpa3oBaHNEM NEPEMEHHON X MPUBOLUM €r0 K XKENAaeMOMY BUAY.
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Cemunap 9. 3agaun

@ [locTpoiite Ha 3AIMNTUYECKON KPUBON MEPOMOPHYIO PYHKLMIO C OGHUM MOJOCOM
nopsigka 4.

o [locTpoiite Ha 3AINNTUYECKON KPUBO MEPOMOPHYIO DYHKLMIO C ABYMS MOJIKOCAMU
nopsigka 1, He uMeroLLyIoO APYruX NOMIOCOB.

o Haiigute Hynu dyHkuun Beliepwrpacca o (z).

e Haigurte Toukn Betenenns dyrkumn Bemepwrpacca g (z).

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Cemunap 9. 3agaun

o Myctb ypasHenns y? = 4x3 — gox — g3 n y2 = 4x3 — ghx — g} 3apaoT nsomopdHbie
snAMnTUYecKne Kpuble. [JokaxuTe, 4To Toraa

3
g3 g

g —27g3  gi* —21g)

@ lyctb A, B, C — TO4KN nepeceyeHns JaHHON NpsAMOli C 3JIMNTNYECKOR KpuBoii B hopme
Beiiepwrpacca. Jokaxute, 4to A+ B + C = 0 B agaMTUBHOA rpynne 3aaMnTuHecKon
KPWBOIA C Hynem Ha DeCKOHeYHOCTH.

@ [JokaknTe, 4TO TpeTbsi TOYKA MEPECEYHEHNS NPSIMOIA, CORUHSAIOWE ABE TOYKM neperunba
MIOCKON KyOMKM, TaKXe SIBNSIETCA TOYKON nepernba.
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e Mnockas kpusas Kneiina 3apaetca ypasHennem xyS + yz3 + zx3 = 0.
(a) Dokaxute, 4TO Hapsigy C NPOEKTUBHLIMU NPeObPa30BaHNSIMU, 3aAaBAEMbIMU

MaTpuuamMm
010 1 0 0
00 1], 0o ¢ o |,
100 0 0 (5

roe ¢ — npUMNTUBHBIGA kopeHb 13 1, (7 = 1, 3Ta KpMBas COXpaHSeTCs TakxKe
VMHBOJIIOLMEN, 334aBaeMO MaTpuLei

(58 G eg
== | - ¢=C (¢
v =T <4_<3 C—<6 <2_C5

(b) MpoBepbTe, 4TO 3T TPy MaTPMLbLI MOPOXAAIOT rpynny nopsigka 168.
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