
Ãðóïïà êîñ, êâàíòîâûå ãðóïïû è ïðèëîæåíèÿ

Ëèñòîê 5. Êâàíòîâûå ìàòðè÷íûå àëãåáðû

Ðåêîìåíäóåìûé ñðîê ñäà÷è 22.05.2022

1. Ìàòðèöû q-àíòèñèììåòðèçàòîðîâ A
(k)
12...k è q-ñèììåòðèçàòîðîâ S

(k)
12...k (îáðàçû â R-ìàòðè÷-

íîì ïðåäñòàâëåíèè ïðèìèòèâíûõ èäåìïîòåíòîâ àëãåáðû Ãåêêå, îòâå÷àþùèõ ñîîòâåòñòâåííî

îäíîñòîëáöîâûì è îäíîñòðî÷íûì äèàãðàììàì Þíãà) çàäàþòñÿ ñëåäóþùèìè ðåêóððåíòíû-

ìè ôîðìóëàìè:

A(1) = I, A
(k+1)
12...k+1 =

1

(k + 1)q
A

(k)
12...k

(
qk − kqRk

)
A

(k)
12...k, k ≥ 1,

S(1) = I, S
(k+1)
12...k+1 =

1

(k + 1)q
S
(k)
12...k

(
q−k + kqRk

)
S
(k)
12...k, k ≥ 1.

Íàïîìíèì, ÷òî Ri = Ri i+1, ãäå R ÿâëÿåòñÿ R-ìàòðèöåé GL(N) òèïà. Íàéäèòå ÿâíûå âûðà-
æåíèÿ (â òåðìèíàõ q-àíòèñèììåòðèçàòîðîâ è q-ñèììåòðèçàòîðîâ) äëÿ ÷àñòè÷íûõ R-ñëåäîâ
TrR(r+1...k)A

(k) è TrR(r+1...k)S
(k), ãäå 0 ≤ r ≤ k − 1.

Ïîëåçíûé ñîâåò. Ðàñ÷åòû óïðîùàþòñÿ, åñëè èñïîëüçîâàòü ôîðìóëû �q-àðèôìåòèêè�:

q−abq + qbaq = (b+ a)q, qabq − qbaq = (b− a)q, xq :=
qx − q−x

q − q−1
.

2. Ðàññìîòðèòå RTT-àëãåáðó T (R) äëÿ N = 2 ñ R-ìàòðèöåé Äðèíôåëüäà-Äæèìáî:

RT1T2 = T1T2R, R =


q 0 0 0
0 λ 1 0
0 1 0 0
0 0 0 q

 , T =

(
a b
c d

)
.

à) Ïîëó÷èòå ÿâíûå âûðàæåíèÿ ïåðåñòàíîâî÷íûõ ñîîòíîøåíèé ìåæäó ãåíåðàòîðàìè a, b,
c è d.

á) Äîêàæèòå, ÷òî êâàíòîâûé äåòåðìèíàíò detR T = ad− qbc ÿâëÿåòñÿ öåíòðàëüíûì ýëå-

ìåíòîì RTT àëãåáðû.

â) Ïîëüçóÿñü ÿâíûìè ïåðåñòàíîâî÷íûìè ñîîòíîøåíèÿìè ãåíåðàòîðîâ, äîêàæèòå, ÷òî ëè-

íåéíîå ïîäïðîñòðàíñòâî T (m), îáðàçîâàííîå îäíîðîäíûìè ïîëèíîìàìè îò ãåíåðàòîðîâ

RTT àëãåáðû ôèêñèðîâàííîé ñòåïåíè m ñîâïàäàåò ñ ëèíåéíîé îáîëî÷êîé óïîðÿäî÷åí-

íûõ ìîíîìîâ

ak1bk2ck3dk4 , k1 + k2 + k3 + k4 = m, ki ≥ 0.

ã) Ìîæî äîêàçàòü, ÷òî îïðåäåëåííûå âûøå óïîðÿäî÷åííûå ìîíîìû ëèíåéíî íåçàâèñèìû.

Ïîëüçóÿñü ýòèì îáñòîÿòåëüñòâîì, íàéäèòå ðàçìåðíîñòè ñîîòâåòñòâóþùèõ ëèíåéíûõ

ïîäïðîñòðàíñòâ T (m) è ñðàâíèòå ñ êîììóòàòèâíûì ñëó÷àåì. Ýòîò ðàñ÷åò äàåò ïðÿìîå

äîêàçàòåëüñòâî ïëîñêîñòè êâàíòîâàíèÿ àëãåáðû ôóíêöèé íà ïðîñòðàíñòâå Mat∗2(C) ñî
ñêîáêîé Ñêëÿíèíà.
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3. Ïóñòü L = ∥Li
i∥� ìàòðèöà ãåíåðàòîðîâ àëãåáðû óðàâíåíèÿ îòðàæåíèé, óäîâëåòâîðÿþùàÿ

êâàäðàòè÷íîìó ìàòðè÷íîìó ðàâåíñòâó:

R12L1R12L1 − L1R12L1R12 = 0. (∗)

Ââåäåì îáîçíà÷åíèÿ äëÿ �êîïèé� ìàòðèöû L:

L1 = L1 = L1, Lk = Rk−1Lk−1R
−1
k−1, Lk = R−1

k−1Lk−1Rk−1, k ≥ 2.

à) Äîêàæèòå, ÷òî ïåðåñòàíîâî÷íûå ñîîòíîøåíèÿ (∗) íà ãåíåðàòîðû àëãåáðû óðàâíåíèÿ

îòðàæåíèé ìîãóò áûòü çàïèñàíû â ñëåäóþùèõ ýêâèâàëåíòíûõ ôîðìàõ:

(∗) ⇔ R±1
k Lk Lk+1 = Lk Lk+1R

±1
k ⇔ R±1

k Lk+1 Lk = Lk+1 Lk R
±1
k , ∀ k ≥ 1.

á) Äîêàæèòå òîæäåñòâî äëÿ ïðîèçâåäåíèÿ êîïèé ìàòðèöû ãåíåðàòîðîâ àëãåáðû óðàâíå-

íèÿ îòðàæåíèé:

L1L2 . . . Lk ≡ Lk . . . L2 L1, ∀ k ≥ 1.

Óêàçàíèå. Âîñïîëüçóéòåñü èíäóêöèåé ïî k.

4. Ðàññìîòðèì àëãåáðó L(R) ìîäèôèöèðîâàííîãî óðàâíåíèÿ îòðàæåíèé (êâàäðàòè÷íî-ëè-

íåéíóþ), çàäàâàåìóþ R-ìàòðèöåé GL(N) òèïà:

R12L1R12L1 − L1R12L1R12 = R12L1 − L1R12, L = ∥Lj
i∥, .

Ïóñòü V � N -ìåðíîå êîìïëåêñíîå ëèíåéíîå ïðîñòðàíñòâî è íàáîð N âåêòîðîâ {ei}1≤i≤N

ÿâëÿåòñÿ áàçèñîì V .

à) Äîêàæèòå, ÷òî ãîìîìîðôèçì àññîöèàòèâíûõ àëãåáð ρ : L(R) → End(V ), ñîïîñòàâëÿ-
þùèé ãåíåðàòîðàì Lj

i ëèíåéíûå îïåðàòîðû íà V ñ äåéñòâèåì

ρ(Lj
i ) ◃ ek = eiC

j
k,

çàäàåò íåïðèâîäèìîå ïðåäñòàâëåíèå àëãåáðû L(R) â ïðîñòðàíñòâå V . Çäåñü C1 =
Tr(2)Ψ21, ãäå Ψ � êîñîîáðàòíàÿ ìàòðèöà ê R.

Óêàçàíèå. Äëÿ äîêàçàòåëüñòâà íåïðèâîäèìîñòè âîñïîëüçóéòåñü íåâûðîæäåííîñòüþ ìàòðèöû C.

á) Äîêàæèòå, ÷òî öåíòðàëüíûå ýëåìåíòû pk(L) = TrRL
k â ïðåäñòàâëåíèè ρ çàäàþòñÿ

ñêàëÿðíûìè îïåðàòîðàìè:

ρ(pk) = χk idV

è âû÷èñëèòå êîýôôèöèåíòû χk.
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