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JNlekuus 13. 3agava MutTar—Jledpbnepa

Llns pnaHHoro Habopa rnaBHbIX HaCTel JI0KabHbIX MEPOMOPEHbIX (PYHKUUI B MOAOCAX HA
JaHHOU KPUBOUI ONPEAENNTD, SBASETCSA JIN OH HAOBOPOM I/1aBHbIX 4acTei r/106a1bHON
MEPOMOPPHOI (hbyHKLUM Ha 3TON KPUBOW, HE UMEIOLLEN APYIUX MOJHOCOB.
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Llns pnaHHoro Habopa rnaBHbIX HaCTel JI0KabHbIX MEPOMOPEHbIX (PYHKUUI B MOAOCAX HA
JaHHOU KPUBOUI ONPEAENNTD, SBASETCSA JIN OH HAOBOPOM I/1aBHbIX 4acTei r/106a1bHON
MEPOMOPPHOI (hbyHKLUM Ha 3TON KPUBOW, HE UMEIOLLEN APYIUX MOJHOCOB.

Definition

[Be mepomopdHble pyHKUMM f, g, ONpefeneHHble B OKPECTHOCTU AaHHOR Toukn x € C,
MMEIOT B 3TOW TOYKE OMHAKOBBIE [J1ABHbIE YACTU, ECIIN X PA3HOCTb [ — g He MMeeT nosoca B
Touke x. [naBHoii 4acTeio nopsigka k dpyHkumii B gaHHol Touke x € C Ha3bIBAETCA KJACC
9KBMBAJIEHTHOCTU MEPOMOPHBIX (PYHKLMIA C NOAKOCOM NOpsiika k B X OTHOCMTENLHO 3TOro
OTHOLLIEHWSI SKBUBAJIEHTHOCTM.
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[ge dyHkuuMn ¢ nontocom nopsifka k B Touke x € C MMEIOT B HEM OLMHAKOBbIE M1aBHbIE HaCTU
B TOM 1 TONILKO B TOM CJly4ae, €C/in B Kakoii-Hubyas (1, Tem cambimM, B n1060I) koopauHate z
B OKPECTHOCTM TOYKN X Pa3IOKEHUS 3TUX PYHKUWA B psig JlopaHa NMEIOT OAMH 1 TOT Xe
Habop KO3(PPUUMEHTOB NPN OTPMLATENBHBIX CTENEHSIX NEPEMEHHON Z:

a_k a—k+1 a1
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HauuHas ¢ HyneBoii ctenenn z°, ko3chULIMEHTBI Pa3NoXKEHNS MOTYT ObITb Pa3ANYHbIMU.



JNlekuus 13. 3agava MutTar—Jledpbnepa

Ha Ha6op rNaBHbIX YACTEN B NOJIOCAX €CTb eCTECTBEHHOE OorpaHmM4eHune.
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JNlekuus 13. 3agava MutTar—Jledpbnepa

Ha Habop rnaBHbix YacTeii B NOAKOCAX €CTb ECTECTBEHHOE OrpPaHNYEHME.
[ns pannoii ronomopdHoi 1-popmbl w 1 gaHHO rnasHoli yactu f B Touke x € C onpegenex
BbIYET rNaBHON YacTn MepoMopdHoli 1-popmMbl fw B TOYKe X:

Res,fw

Kak ko3cduumeHT npu z~ 1 pasnoxenus 1-dopmbl fw B psa JlopaHa.
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JNlekuus 13. 3agava MutTar—Jledpbnepa

Ha Habop rnaBHbix YacTeii B NOAKOCAX €CTb ECTECTBEHHOE OrpPaHNYEHME.
[ns pannoii ronomopdHoi 1-popmbl w 1 gaHHO rnasHoli yactu f B Touke x € C onpegenex
BbIYET rNaBHON YacTn MepoMopdHoli 1-popmMbl fw B TOYKe X:

Res,fw

Kak koacbpuLmeHT npu z~1 paznoxenuns 1-popmbl fw B pan JlopaHa.
p P

Ecnn pgaunbiii Habop rnasHbix 4Yacteii fi, ..., f, B To4kax xq, ..., x, € C asaserca Habopom
rnaBHbiX YacTeii mepomopeproii pyrkuum f 1 C — CPY, He umeroweii gpyrux nonrocos, 1o

i Resy. fiw =0
i=1

415 110boii ronomopgHoii 1-¢gpopmel w Ha C.

JeiicteutensHo, B 3Tom cnyvae > -, Res, fiw = > 7, Res, fw = 0.
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Nekuus 13. 3apgadya Muttar-Jledppnepa

Theorem (Puman)

Habop rnashbix qacteii fy, ..., [, B To4kax x,...,x, € C asasercs HabopoMm r/1aBHbIX 4acTeil
mepomopcbroii pyrkuum f : C — CPY, He umeroweil apyrux nomtOCOB, eCAU U TONBKO €C/u
So" Resy.fiw = 0 gas moboii ronomopepHoii 1-cpopmbi w Ha C.
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Habop rnashbix qacteii fy, ..., [, B To4kax x,...,x, € C asasercs HabopoMm r/1aBHbIX 4acTeil
mepomopcbroii pyrkuum f : C — CPY, He umeroweil apyrux nomtOCOB, eCAU U TONBKO €C/u
So" Resy.fiw = 0 gas moboii ronomopepHoii 1-cpopmbi w Ha C.

Tem cambIM, Ansi NPOBEPKY PEANM3YeMOCTN MePOMOPHOIA hyHKUMeR aaHHOro Habopa
rnaBHbIX YacTen AOCTATOYHO NPOBEPUTL g PaBEHCTB HyJ'IIO CyMM BbIHETOB ANA Bbl6paHHOrO
Gasmnca wy, . .., Wy NPOCTPAHCTBA ronomopdHbix 1-copm Ha C.
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Tem cambim, [ NPOBEPKM Peann3yemocTu mepomopdHoli (pyHkumeid gaHHoro Habopa
rnaBHbIX YacTewn AOCTATOYHO NPOBEPUTL & PABEHCTB HYJHO CyMM BbIHETOB 41 Bb|6paHHOrO
Gasmnca wy, . .., Wy NPOCTPAHCTBA ronomopdHbix 1-copm Ha C.

[Ooka3arenbctBo. OrpaHnuuMcs cnydaem, KOrAa BCe NOtOCa UMEIOT NEpBbIi nopsaoK. s
guBmsopa D =1-x; +---+1-x, Teopema Pumana—Poxa paet /(D) =n— g+ 1+ i(D).
1-dbopmbl, obpaluatomecs B Hylb B TOUKAX X;, HE HAK/Ia[bIBAlOT OrPaHUYEHMNIA HA rNaBHble
4acTW; PasMEepPHOCTb X NPOCTPaHCTBa paBHa i(D), a 3Ha4NT PasmMepHOCTL NPOCTPaHCTBA
orpaHuyeHnii Ha BbiveTbl paBHa g — /(D). PaamepHocTb NpocTpaHCTBa rnaBHbIX YacTei
paBHa N, MO3TOMY HUKAKNX APYrMX OrpaHUYEHNii HeT.

C. K. Nlanpo BeeaeHne B puMaHOBBI NOBEPXHOCTN



Nekuus 13. 3apgadya Muttar-Jledppnepa

Theorem (Puman)

Habop rnashbix qacteii fy, ..., [, B To4kax x,...,x, € C asasercs HabopoMm r/1aBHbIX 4acTeil
mepomopcbroii pyrkuum f : C — CPY, He umeroweil apyrux nomtOCOB, eCAU U TONBKO €C/u
So" Resy.fiw = 0 gas moboii ronomopepHoii 1-cpopmbi w Ha C.

Tem cambim, [ NPOBEPKM Peann3yemocTu mepomopdHoli (pyHkumeid gaHHoro Habopa
rnaBHbIX YacTewn AOCTATOYHO NPOBEPUTL & PABEHCTB HYJHO CyMM BbIHETOB 41 Bb|6paHHOrO
Gasmnca wy, . .., Wy NPOCTPAHCTBA ronomopdHbix 1-copm Ha C.

[Ooka3arenbctBo. OrpaHnuuMcs cnydaem, KOrAa BCe NOtOCa UMEIOT NEpBbIi nopsaoK. s
guBmsopa D =1-x; +---+1-x, Teopema Pumana—Poxa paet /(D) =n— g+ 1+ i(D).
1-dbopmbl, obpaluatomecs B Hylb B TOUKAX X;, HE HAK/Ia[bIBAlOT OrPaHUYEHMNIA HA rNaBHble
4acTW; PasMEepPHOCTb X NPOCTPaHCTBa paBHa i(D), a 3Ha4NT PasmMepHOCTL NPOCTPaHCTBA
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Habop rnaBHbix yacTeii B nontocax onpefensier hyHKLMIO OAHO3HAYHO C TOHHOCTBIO A0
afAVTUBHO KOHCTaHTBI.
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Jlekunst 13. Boiyncnenune Pumata

Teopema Pumana—Poxa nossonsieT nogcunTaTh pa3MepHOCTb NPOCTPAHCTBA KOMMIEKCHbIX
KPUMBbIX AaHHOrO poaa g. Kak mbl 3Haem, npu g = 0 Takasi KpuBasi ogHa (pa3MepHOCTb
npocTpaHcTBa KpuBbix paBHa 0). PasmepHocTb npocTpaHcTBa snnunTuyeckux kpusbix (g = 1)
paeHa 1 (Kaxgas Takasi KpUBasi OGHO3HAYHO, C TOYHOCTbIO A0 AelcTeus rpynnbl SL(2,7Z),
OnpegensieTcsl BEKTOPOM T B BEPXHEN MOAYNAOCKOCTH).
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PasmepHocTb npocTpaHcTea dyHKUNMI cTeneHn d Ha KpuBbIX poaa g onpeaenuTs npocTo. o
dopmyne Pumana—l'ypsnua obwas takas pyHkums umeet 2d + 2g — 2 TOHEK NPOCTOro
BETBJIEHNS, 1, KaK Mbl 3HAaeM, 3Ha4YeHNsi (PYHKLMUN B TOYKAX BETBJIEHNS MOXKHO MEHSTb
MPOWN3BOJIbHO, T.€. OHM 0BPa3yIOT CUCTEMY JIOKaIbHbIX KOOPANHAT Ha NPOCTPaHCTBE DYHKLMI.
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PasmepHocTb npocTpaHcTBa hyHKUMi cTeneHn d Ha KpuBbIX poga g onpegenutb npocto. Mo
dopmyne Pumana—l'ypsnua obwas takas pyHkums umeet 2d + 2g — 2 TOHEK NPOCTOro
BETBJIEHNS, 1, KAK Mbl 3HAEM, 3Ha4YeHUs1 (PYHKLUNIN B TOHYKAX BETBJIEHNS] MOXXHO MEHSITb
MPOM3BOJILHO, T.€. OHU ODPa3ylOT CUCTEMY JIOKA/IbHbIX KOOPAMHAT HA NPOCTPAHCTBE (DYHKLMIA.
Mpn d > 2g pa3smepHOCTb NPOCTpaHCTBa MepPOMOPMHbIX pyHKUM cTeneHn d ¢ noatocamu
NepBOro Nopsiika Ha AaHHOW KpuBOW poga g paeHa 2d — g + 1: npocTpaHcTBo gueusopos D
MOJIOCOB TaKUX (PYHKUMIA NMEET pa3MepHOCTb d, 1 1S KOHKPETHOrO AMNBU30pa
D=1-x31+--+1-xy Teopema Pumana—Poxa paet

I(D)=d—-g+1+i(D)=d—-g+1

(i((D) = 0, nockonbKy CymMapHasi KpaTHOCTb Hysell ronomMopdHoii 1-popmbl paBHa 2g — 2).
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NepBOro Nopsiika Ha AaHHOW KpuBOW poga g paeHa 2d — g + 1: npocTpaHcTBo gueusopos D
MOJIOCOB TaKUX (PYHKUMIA NMEET pa3MepHOCTb d, 1 1S KOHKPETHOrO AMNBU30pa
D=1-x31+--+1-xy Teopema Pumana—Poxa paet

I(D)=d—-g+1+i(D)=d—-g+1

(i((D) = 0, nockonbKy CymMapHasi KpaTHOCTb Hysell ronomMopdHoii 1-popmbl paBHa 2g — 2).
Takum 0b6pa3om, pa3sMepHOCTb NPOCTPAHCTBA KPMBbIX pofa g paBHa

(2d+2¢g—-2)—(2d —g+1)=3g-3.



Jlekunst 13. Boiyncnenne Pumana: oTmedeHHble TOYKN

3HayveHue 3g — 3 pns pa3MepHOCTN NPOCTPAHCTBA KPUBbIX POfa g HE COrnacyeTcs ¢
BbIYUCNIEHHBIMU HAMU paHee pasmepHocTsmMun 0 m 1 ana kpuebix poga g =0ung=1
COOTBETCTBEHHO.
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3HayveHue 3g — 3 pns pa3MepHOCTN NPOCTPAHCTBA KPUBbIX POfa g HE COrnacyeTcs ¢
BbIYUCNIEHHBIMU HAMU paHee pasmepHocTsmMun 0 m 1 ana kpuebix poga g =0ung=1
COOTBETCTBEHHO.

MpuynHa 3TOro HeCOOTBETCTBMS — Hanm4me y KpuBbix poga 0 u y kpuebix poga 1
HenpepbIBHbIX aBTOMOPKN3MOB (rpynna aBToMopdu3mMoB Kpueoii poga 0 umeer
pa3MepHOCTb 3, KpuBbIx poga 1 — pasmepHocTb 1). Kpuebie poga g = 2 1 Bbllue He UMET
HenpepbIBHbIX aBToMopdu3mos, n dopmyna 3g — 3 Ans pa3sMepHOCTU NMPOCTPAHCTBA TaKnX
KpuBbIX paboTaerT.
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3HayveHue 3g — 3 pns pa3MepHOCTN NPOCTPAHCTBA KPUBbIX POfa g HE COrnacyeTcs ¢
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HenpepbIBHbIX aBTOMOPKN3MOB (rpynna aBToMopdu3mMoB Kpueoii poga 0 umeer
pa3MepHOCTb 3, KpuBbIx poga 1 — pasmepHocTb 1). Kpuebie poga g = 2 1 Bbllue He UMET
HenpepbIBHbIX aBToMopdu3mos, n dopmyna 3g — 3 Ans pa3sMepHOCTU NMPOCTPAHCTBA TaKnX
KpuBbIX paboTaerT.

Y7006 cienath opmMyny Ansi pa3sMEPHOCTU YHUBEPCAIbHOW, MOXHO A00aBUTL HA KPUBYIO
OTMeYeHHble TOYKU; C/IN OTMEYEHHbIX TOYEK AOCTaTOYHO MHOrO, TO rpynna aBToMOpcU3MoB
KPUBOI, COXPAHSIIOLLNX OTMEYEHHbIE TOYKU, CTAHOBUTCS KOHEYHOW HE3aBUCMMO OT €e poja.

Pa3mepHOCTb NpOCTPaHCTBA KPUBBIX POZA & C N OTMEYEHHBIMU TOYKaMmu pasHa 3g — 3+ n gas
Bcex g u n, Takux, 410 2 — 2g — n < 0.
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Jlekums 13. Kpusble poaa 3

Bcsikas rnagkas kpusas poga g crenenu 2g — 2 8 CP8™1, ne conepxauyjascs Hu B Kakoii
rUNEPNIOCKOCTU, SIBJISETCSI KAHOHUYECKOIA.
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Jlekums 13. Kpusble poaa 3

Bcsikas rnagkas kpusas poga g crenenu 2g — 2 8 CP8™1, ne conepxauyjascs Hu B Kakoii
rUNEPNIOCKOCTU, SIBJISETCSI KAHOHUYECKOIA.

Dokasatenbctso. Mycte C C CP8~1 — kpusas popa g crenenn 2g —2 8 CPE~L,
06o3Haunm yepes D aneuzop runepnaockoro ceuenunst Ha C, Yepes K — KaHOHWYECKNI
puneusop. Torpa deg(K — D) =0, n /(K — D) =1, ecnu gnensop D nnHeiiHo 3KBMBaNEHTEH
ansusopy K u /(K — D) =0 B npotnsHom cny4vae. B nepsom cnyqae kpueas C —
KaHoHM4eckasi. Bo BTopom — no teopeme Pumana—Poxa — /(D) = g — 1, a 3Hauurt, C
COLEPXKXNTCA B HEKOTOPOIA MMMNepnaoCKOCTM.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Jlekums 13. Kpusble poaa 3

Bcsikasi rnagkasi niockasi keaptuka (Kpusasi ctenenu 4) siBasieTcsi KaHOHUHECKOW
HErnnepaINNTUHeCKo KprBoii poga 3.
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Jlekums 13. Kpusble poaa 3

Bcsikasi rnagkasi niockasi keaptuka (Kpusasi ctenenu 4) siBasieTcsi KaHOHUHECKOW
HErnnepaINNTUHeCKo KprBoii poga 3.

Ooka3zatenbcTBo. KaHoHuyeckoe oTobpaxkeHne HErmnepanannTuYecKoi KpMeoii poga g = 3
nepesoauT ee B kpusyto 8 CPE~1 = CP?, 1.e. B rnagkyto nnockyto kpusyto. Ctenenb 3Toik
KPMBOI paBHa 4 — mHaye pof KPUBON HE MOXET PaBHATLHCS 3 (a Takke MOTOMY, YTO CTENEHb
KOKaCaTeNbHOro paccioeHus paeHa 2g — 2 = 4). C gpyroii CTOpOHbI, NpefblayLias 1emMMa
03Ha4aeT, 4YTO BCSKAs MNajKas KpUBasi CTeneHn 4 — KaHOHMYecKasl.

C. K. Nlanpo BeeaeHne B puMaHOBbLI NOBEPXHOCTN



K. Nan, BeeaeHne B puMaHOBbI NOBEPXHOCT!



Cemunap 13.

o Pewwnte 3apadyy Muttar-Jledbnepa (mokaxute Teopemy Pumana) B obuwiem ciyvae — gns
Habopa rnaBHbIX YacTeil NPOU3BOJbHbBIX MOPSILKOB.

o [lpoBepbTe, 4TO pa3MepHOCTb MPOCTPAHCTBA runepaannntuyeckux (d = 2) dyHKunii Ha
KpMBbIX pofa g paBHa 2d + 2g — 2 = 2g + 2. BbiBeguTe oTClOAa, HTO NPOCTPAHCTBO
rMNepaiInNTUYECKNX KPUBbLIX POoga g umeer pasmepHocts 2g — 1. Bocnonb3osaswuck
3TNMWN CBEAEHUAMMN, 3aKJIKOHUTE, HTO HE BCAKAA KpuBasa poAda g — 3 rmnepanannTmnyeckas.

@ HaiignTte pazaMepHOCTb NPOCTPAHCTBA MJOCKUX KBAPTUK C TOYHOCTBIO A0 MPOEKTUBHOW
skBuBaneHTHOCTU. CpaBHUTE 3Ty Pa3MEPHOCTb C PAa3MEPHOCTLIO NMPOCTPAHCTBA KPUBLIX

poja g = 3.
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Cemunap 13.

o C nomolybo noacyeTa pa3mMepHOCTER JOKaXKMTe, YTO He BCsikasi KpuBasi poga 10
peanusyeTcsl Kak rnagkasi niaockasi Kpusas.

e Mycts C C CP? — rnapakas kpueas ctenenn 8, nnycte D =1-p; +---+1- py, roe
TOYKM Py, ..., Ppr € C NONapHO pasnnyHbl 1 NexXat Ha ogHoli npsimoii. Hagute /(D).
Bbisichnte, nmeet an nuHelinas cucrema \D| Ba3nCHbIE TOYKN.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



Cemunap 13.

o [lokaxnTe, 4TO TPAHCBEPCAJIbHOE NEPECEYEHMNE MNALKONA KBAAPUKN (FNNEPNIOBEPXHOCTY
cTenenn 2) u rnagkoii kybukm (runepnosepxroctu ctenenu 3) 8 CP3 sensetcs kpusoii
pogpa 4.

o Bocnonb30BaBLINCE KAHOHNYECKM BIOXKEHNEM, IOKAXKUTE, H4TO BCAKAs
HErnnepaaNnnNTUYECKast KPMBast poga 4 npeacTaBnsieTcs B BUAe TPaHCBEPCAIbHOrO
nepeceyeHns rMaakux Keaapukia n kybukn s CP3.

C. K. Nlanpo BeeaeHne B puMaHOBbI NOBEPXHOCTN



