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℘-ôóíêöèÿ Âåéåðøòðàññà ñ ïåðèîäàìè 2ω1, 2ω2 (Imω2/ω1 > 0):

℘(z) =
1

z2
+

∑
s ̸=0

( 1

(z − s)2
− 1

s2

)
, s = 2ω1n1 + 2ω2n2, n1,2 ∈ Z.

Ðàçëîæåíèå â îêðåñòíîñòè z = 0:

℘(z) =
1

z2
+

g2
20

z2 +
g3
28

z4 +O(z6), g2 = 60
∑
s ̸=0

s−4, g3 = 140
∑
s ̸=0

s−6.

ζ- è σ-ôóíêöèè Âåéåðøòðàññà: ζ ′(z) = −℘(z), σ′(z)/σ(z) = ζ(z),

ζ(z) =
1

z
−
∫ z

0

(
℘(x)− 1

x2

)
dx, log(σ(z)/z) =

∫ z

0

(
ζ(x)− 1

x

)
dx.
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+

1

s
+

z
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)
, σ(z) = z

∏
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1− z

s

)
e

z
s
+ z2

2s2 .

ζ(z + 2ωα) = ζ(z) + 2ηα, σ(z + 2ωα) = −e2ηα(z+ωα)σ(z), ηα = ζ(ωα).
Âûðàæåíèå σ-ôóíêöèè ÷åðåç òýòà-ôóíêöèþ:

σ(z) = 2ω1e
η1z2/(2ω1) θ1(z/(2ω1))

θ′1(0)
.

Ôóíêöèè sn, cn è dn:
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) .
1. Äîêàæèòå, ÷òî ôóíêöèÿ ℘(z) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó

óðàâíåíèþ

(℘′(z))2 = 4℘3(z)− g2℘(z)− g3.

2. Äîêàæèòå òîæäåñòâî ℘′′′(z) = 12℘(z)℘′(z).

3. Äîêàæèòå ñîîòíîøåíèå 2η1ω2 − 2η2ω1 = πi.

4. Äîêàæèòå, ÷òî ïðè x+ y + z = 0 ñïðàâåäëèâî òîæäåñòâî∣∣∣∣∣∣
1 ℘(x) ℘′(x)
1 ℘(y) ℘′(y)
1 ℘(z) ℘′(z)

∣∣∣∣∣∣ = 0.



5. Âûðàçèòå

∣∣∣∣∣∣
1 ℘(x) ℘′(x)
1 ℘(y) ℘′(y)
1 ℘(z) ℘′(z)

∣∣∣∣∣∣ ïðè ïðîèçâîëüíûõ x, y, z ∈ C ÷åðåç

σ-ôóíêöèè.

6. Äîêàæèòå, ÷òî ïðè x+ y + z = 0 ñïðàâåäëèâî òîæäåñòâî(
ζ(x) + ζ(y) + ζ(z)

)2
= ℘(x) + ℘(y) + ℘(z).

7. Äîêàæèòå òîæäåñòâî

ζ(x− a1)− ζ(x− a2) + ζ(a1 − a2) = −1

2

℘′(x− a1) + ℘′(x− a2)

℘(x− a1)− ℘(x− a2)
.

8. Äîêàæèòå òîæäåñòâà

sn2 u+ cn2 u = 1, k2sn2 u+ dn2 u = 1,

ãäå k2 = θ42(0)/θ
4
3(0).


