SET OF PROBLEMS 5
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1. Give an example of a (homogeneous) Markov chain which does not have a stationary
state.

2. Is it true that any Markov chain with a finite number of states which has a unique
stationary state is ergodic? If yes, prove this; otherwise give a counterexample.

3. Consider a random walk on the state space {1,...,L}, given by the transition
probabilities p;; 1 =pand p;;_y =1—plor2<i< L —1,ps =a, p;1 =1—a and
pr—1 = b, prp =1 —0b, for some 0 < p <1 and 0 < a,b < 1, while p;; = 0 for all
other 7, 7.

a) Prove that the corresponding transition probability matrix is mixing if and only
ifa<lorb<l.

b) Find all pairs 0 < a,b < 1, for which the random walk is ergodic for every
0<p<l

c¢) Find the stationary state for any a, b, p satisfying 0 < a,b <land 0 < p < 1.1
Is it unique? Are there a, b, p for which the stationary state is unique but the chain
is not ergodic?

4. Let us consider the Ehrenfest model. Namely, we take N balls enumerated from 1
to N and two boxes, some of the balls are in the first box while the other are in the
second. We randomly choose a number from 1 to N (with equal probabilities) and
move the ball with the chosen number from the box where it is to another one. We
are interested in the number of balls in each box. Of course, it is enough to know
the number of balls in the first box; there are N + 1 possibilities, from 0 to V.

(1) Prove that the Ehrenfest model defines a Markov chain with N+ 1 state (a state
is the number of balls in the first box). Calculate the transition probabilities.

(2) Find the steady state for the Ehrenfest model. ? Is it unique?
(3) Is the transition probability matrix mixing in the Ehrenfest model?

(4) Is the Markov chain associated with the Ehrenfest model ergodic?

The following problem gives an example of an ergodic chain whose transition probability
matriz is not mixing. Take L = 2, draw the corresponding graph and remember it
as the simplest example of such situation.

5. Consider a (homogeneous) Markov chain &g, &1, . . . with a finite state space {1,..., L},
L > 2, such that p;; = 1. Suppose that for each state 2 < i < L there exists k; > 1
such that pglfi) > 0, i.e. the probability of going from state i to state 1 in k; steps is
positive.

!The answer should not be beautiful.
2Here the answer is beautiful, as is often the case for problems coming from physics.



a) Show that the transition probability matrix of such Markov chain cannot be
mixing.

b) Prove that the sequence (pz(»;n))mzo does not decrease.

c) Show that P({,x # 1) < (1 — )™ for any m > 1, where k¥ = max; k; and
d = minipl(’fi) > 0.

Now let us discuss the conclusions:

d) Show that P(3k > 0: &, = 1Vn > k) =1 (i.e. with probability one we arrive at
state 1 and stay there forever.)

e) Show that the considered Markov chain is ergodic and 7 = (1,0,...,0) is the
unique stationary state.

6. Optional problem (complementing the previous one). Consider the Markov chain
o0,&1, - .., with the state space {1,...,L}, L > 2, such that p;; = 1 and pyy = 1.
Assume that for each state 3 < ¢ < L there exists k; > 1 such that at least one of
the probabilities pgfi) or pz(-l;) is positive. Show that such Markov chain cannot be

ergodic. Prove that
PEk>0: & =1Vn>kor &, =2Vn>k)=1
(i.e., depending on the starting point, we arrive either to state 1 or to state 2)

On the Ehrenfest model (in Russian, sorry for that).

Moesib DpendecToB — U3BeCTHas PAHHSS CTOXACTHIECKas MOJIC/Ib B CTATUCTUICCKOM
Mmexanuke. Crarucruyeckas MeXaHUKa (—CTaTucTudeckas (pU3MKa) CTABUT CBOEH IEJIBIO
OOBSICHUTD TTOBEJIEHNE MAKPOCKOIUYECKUX CHCTEM C TOYKH 3DEHUS MHKPOCKOIUYIECKO
JMHAMUKN JacTull. Hanpumep, TuHaAMUKY ra3a ¢ TOYKH 3pEHUST JTUHAMUKU MOJIEKYL.

Craructunyeckas MeXaHWKa 3aJiaeT, HaIpuMep, Takue Borpochl. [lodemy raz, m3na-
YaJIbHO COOPAHHBIA B OJHOI MOJIOBHHE KOMHATBI, PACIIPOCTPAHUTCA IO BCEH KOMHATE U
y2Ke HUKOTJ[a He BEPHETCS B TY IOJIOBUHY, I'/le OH ObLI m3HadabHO? Beb coracHo Teo-
peme Ilyankape o BOZBpAICHAN ° 3TO JIOJZKHO MPOU30iiTH (HO TyT OTBET HPOCTOl: Bpe-
MsI, KOTOPO€ TPHUJIETCS KJIaTh, 9TOOBI 9TO MTPOU3OILIO, OOJIbIIIE BPDEMEHU CYIEeCTBOBAHNUSI
BCeJIEHHOM ). A BOT ropaszio 6oJiee CJIOKHBINA, do cux nop omrpumuili éonpoc (Tpybo ro-
BODsi, 9TO HasbIBaeTcs "sprojuyueckas ruroresa’ ): moyeMy ra3 paBHOMEDHO 3aIOJHUT 00e
[TOJIOBUHBI KOMHATBI, U €CJI TEeMIIEpATypa ra3a B HAYAJIbHBI MOMEHT BpeMeHU OblLTa pac-
1pejiesieHa HeOJHOPO/IHO, TO CO BPEMEHEM OHA BBIPOBHSAETCS?

Mogens DperdecToB — MpocTelinas MOAeIb, IYTO0ObI U3yYaTh "PABHOMEPHOE 3aIl0JI-
HeHre razoM KoMmHaThl". KcraTn roBopsi, Kak HaBepHOE BbI YBHJNUTE M3 PACCMOTPEHHBIX
3a/1a4, 9Ta MOJIC/Ih He OYeHb XOPOIa: OHa He 00J1a/1aeT CBOMCTBOM CXOJIMMOCTH K DABHOBE-
CUIO (3PrOJIUIHOCTH), TaK ITO "PABHOMEDPHOrO 3alo/THEeHUsT KOMHATHI'U "BbIpABHUBAHWA
remreparypet" He npoucxout (xors "mouru" npoucxoaut). Bosee mogapodbHo HA HOCTYII-
HOM $13bIKe O Mojiesin dpeHdectoB MoxkHO nountarth B Kaure M.Kar, "Beposgrnocts u

3Cwm. Buxunemmo, a syume, K npumepy, B.M. Apuonnn, "MaTtemaTudeckne MeTOIbI KJIACCHYECKOM
MexaHuku'".



cMekHBIe Bonpockl B ¢pusuke". Peub 0 ToM, modemy BooOIIe BEpOATHOCTHBIE MOJIETN TI0-
SIBJIAIOTCA B (PU3HMKE U TI0OYEeMy OHH XOPOoIu. B mepBoM NpHOJIMAKEHUH TYT TAKOE ITPABUIIO:
1eM OOJIbITe B MOJIETN CTOXACTUKH, TEM TIPOIIE OHA JIJIsi CTPOrOro aHAJIN3a, HO TEM JTasIbIlle
OHa OT KU3HU (peasibHble MOJIEKYJIbI He MPBIFAIOT CIy9IaliHO U3 OJHOf TT0JIOBUHBI KOMHA~
ThI B pyry0). OJHAKO, COIJIACHO COBPEMEHHOMY IIOHUMAHWIO CTATHCTUIECKON (DU3HKH,
KaKyl0-TO CJIy9ailHOCTb B CHCTEMY BCE DPABHO HYKHO BBOJWTD, MHAde (&) HE MOJIYIUTCHA
[POBECTH HUKAKOIO CTPOroro anajusa (6) ee moBejieHIe JTaJeKo He Beera Oy1eT cOOTBeT-
CTBOBATL HAIMMM (DUBHUECKUM OXKUIAHUAM. *

Tem, KOMy WHTepecHO, OYeHb MOPEKOMEH/IYIO HayJHO-TONy/sdpHyo KHUTy JI.Prosmsb,
"Cily4aifHOCTh M Xa0C— CPABHUTEIHLHO KOPOTKO M KJIACCHO O TOM K€, Ha IOIYJIIPHOM
S3bIKE, OT OJIHOTO W3 U3BECTHEHIUX CTATUCTUYeCKNX (hu3nukos 20-ro u 21-10 BEKOB.

4HackoJIbKO & 3HAIO, KOTJIA, JEJACTCA IIPOIHO3 TIOTOIE], B YPABHEHHA METCOPOIOIHH JOOABIISCTCS CIIy-
YalHBII NIyM: TaK PE3yJIbTaT OKAa3bIBACTCA JIy4YIIIe.



