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íàçûâàåòñÿ ïðèìèòèâíûì, åñëè

µ(p) = 1⊗ p + p ⊗ 1.
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Ïðèìèòèâíûå ýëåìåíòû îáðàçóþò âåêòîðíîå ïîäïðîñòðàíñòâî â àëãåáðå Õîïôà H.
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Ãðàô K1 � ïðîñòîé ãðàô ñ îäíîé âåðøèíîé � â àëãåáðå Õîïôà ãðàôîâ G ÿâëÿåòñÿ
ïðèìèòèâíûì, µ(K1) = 1⊗ K1 + K1 ⊗ 1.

Êàêèå åùå ãðàôû ÿâëÿþòñÿ ïðèìèòèâíûìè? Áîëüøå òàêèõ ãðàôîâ íåò. Îäíàêî
ïðèìèòèâíûìè ÿâëÿþòñÿ íåêîòîðûå ëèíåéíûå êîìáèíàöèè ãðàôîâ.

Çàäà÷à. Ïðèâåäèòå ïðèìåð ïðèìèòèâíîé ëèíåéíîé êîìáèíàöèè ãðàôîâ à) â G2; á) â G3.

Theorem (Ìèëíîð�Ìóð, 1979)

Ïóñòü H � ãðàäóèðîâàííàÿ êîììóòàòèâíàÿ êîêîììóòàòèâíàÿ ñâÿçíàÿ àëãåáðà Õîïôà,

H = H0 ⊕H1 ⊕H2 ⊕ . . . .

Òîãäà H èçîìîðôíà ïîëèíîìèàëüíîé àëãåáðå Õîïôà îò ñâîèõ ïðèìèòèâíûõ ýëåìåíòîâ.

Ýòà òåîðåìà îçíà÷àåò, ÷òî âûáðàâ â êàæäîì îäíîðîäíîì ïðîñòðàíñòâå ïðèìèòèâíûõ
ýëåìåíòîâ P(Hi ) ⊂ Hi , i = 0, 1, 2, . . . áàçèñ, ìû ìîæåì åäèíñòâåííûì îáðàçîì
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ëèíåéíûå êîìáèíàöèè ïåðåìåííûõ. Ïîýòîìó â ãðàäóèðîâàííîé àëãåáðå Õîïôà
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Â êàæäîì îäíîðîäíîì ïîäïðîñòðàíñòâå Hk ñâÿçíîé ãðàäóèðîâàííîé êîììóòàòèâíîé
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Ëåêöèÿ 8. Ïðîåêöèÿ íà ïðèìèòèâíûå â àëãåáðå Õîïôà ãðàôîâ

Çàäà÷à. Îïèøèòå ïîäïðîñòðàíñòâî ðàçëîæèìûõ ýëåìåíòîâ D(Gk) â îäíîðîäíîì
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Theorem

Ïðîåêöèÿ πk : Gk D(Gk )
−→ P(Gk) çàäàåòñÿ ôîðìóëîé

π(G ) = G−1!
∑

I1tI2=V (G)
I1,I2 6=∅

G |I1G |I2+2!
∑

I1tI2tI3=V (G)
I1,I2,I3 6=∅

G |I1G |I2G |I3−3!
∑

I1tI2tI3tI4=V (G)
I1,I2,I3,I4 6=∅

G |I1G |I2G |I3G |I4+. . .

Example

π(K2) = K2 − K 2
1 ; π(A3) = A3 − 2K2K1 − K 3

1 + 2!K 3
1 = A3 − 2K2K1 + K 3

1 ,

π(K3) = K3 − 3K1K2 + 2K 3
1 .

Çàäà÷à. ×åìó ðàâíà ðàçìåðíîñòü ïðîñòðàíñòâà ïðèìèòèâíûõ ýëåìåíòîâ P(Gk) â àëãåáðå
Õîïôà ãðàôîâ?
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Ëåêöèÿ 8. Ãîìîìîðôèçìû â àëãåáðó Õîïôà ìíîãî÷ëåíîâ

×òîáû îïðåäåëèòü ãîìîìîðôèçì ñâÿçíûõ ãðàäóèðîâàííûõ àëãåáð Õîïôà, åãî äîñòàòî÷íî
çàäàòü íà ïðèìèòèâíûõ ýëåìåíòàõ. Â ÷àñòíîñòè, ãîìîìîðôèçì G → P àëãåáðû Õîïôà
ãðàôîâ äîñòàòî÷íî çàäàòü íà ïðîåêöèè π(G ) âñÿêîãî ãðàôà G íà ïðîñòðàíñòâî
ïðèìèòèâíûõ. Òàêîå îòîáðàæåíèå ïåðåâîäèò G â ìîíîì p|V (G)| ñ íåêîòîðûì
êîýôôèöèåíòîì. Íàáîð ýòèõ êîýôôèöèåíòîâ ïîëíîñòüþ çàäàåò ãîìîìîðôèçì.

Example

Ñèììåòðèçîâàííûé õðîìàòè÷åñêèé ìíîãî÷ëåí Ñòåíëè ìîæíî çàäàòü, äëÿ ëþáîãî
ãðàôà G ïîëîæèâ Sπ(G) = sGp|V (G)|, ãäå

sG = −
∑

E′⊂E(G)
G|E′ ñâÿçåí

(−1)b1(G |E′ ).

Ñ. Ê. Ëàíäî Èíâàðèàíòû ãðàôîâ, óçëîâ è âëîæåííûõ ãðàôîâ
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Ëåêöèÿ 8. Ìíîãî÷ëåí Àáåëÿ

Ãðàäóèðîâàíííûå ãîìîìîðôèçìû G → P àëãåáðû Õîïôà ãðàôîâ G â àëãåáðó Õîïôà
ìíîãî÷ëåíîâ P = C[p1, p2, . . . ] íàçûâàþòñÿ òåíåâûìè èíâàðèàíòàìè.

Âîò åùå îäèí ïðèìåð òåíåâîãî èíâàðèàíòà.

De�nition

Ìíîãî÷ëåí Àáåëÿ AG (p1, p2, . . . ) ãðàôà G ýòî òåíåâîé èíâàðèàíò, äëÿ êîòîðîãî
êîýôôèöèåíò aG ïðè p|V (G)| çàäàåòñÿ ðàâåíñòâîì

aπ(G) = ÷èñëî êîðíåâûõ îñòîâíûõ äåðåâüåâ â G

= |V (G )| · ÷èñëî îñòîâíûõ äåðåâüåâ â G

Example

Äëÿ ëþáîãî äåðåâà Tn íà n âåðøèíàõ êîýôôèöèåíò aTn ðàâåí n.
Äëÿ öèêëà Cn íà n âåðøèíàõ êîýôôèöèåíò aCn ðàâåí n2.
Äëÿ ïîëíîãî ãðàôà Kn íà n âåðøèíàõ êîýôôèöèåíò aKn ðàâåí nn−1.

Ñ. Ê. Ëàíäî Èíâàðèàíòû ãðàôîâ, óçëîâ è âëîæåííûõ ãðàôîâ
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Äëÿ ïîëíîãî ãðàôà Kn íà n âåðøèíàõ êîýôôèöèåíò aKn ðàâåí nn−1.
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Ëåêöèÿ 8. Ìíîãî÷ëåí Àáåëÿ
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Ëåêöèÿ 8. Ìíîãî÷ëåí Àáåëÿ ãðàôîâ

Theorem

Ïóñòü E ′ ⊂ E (G ) � îñòîâíûé ëåñ â ãðàôå G . Ñîïîñòàâèì åìó ìîíîì

αE ′ =
∏

äåðåâüÿ ti â G |E′

|V (ti )|p|V (ti )|.

Òîãäà

AG (p1, p2, . . . ) =
∑
E′⊂E

E′ îñòîâíûé ëåñ â G

αE ′ .

Example

Âû÷èñëèì ìíîãî÷ëåí Àáåëÿ äëÿ íåêîòîðûõ ãðàôîâ:

AA2 = p21 + 2p2;

AA3 = p31 + 4p1p2 + 3p3;

AK3 = p31 + 6p1p2 + 9p3;

AC4 = p41 + 8p21p2 + 8p22 + 12p1p3 + 16p4.
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Ëåêöèÿ 8. Ìíîãî÷ëåí Àáåëÿ ãðàôîâ

Ïî÷åìó ìíîãî÷ëåí Àáåëÿ òàê íàçûâàåòñÿ? Îí ÿâëÿåòñÿ îáîáùåíèåì íà ñëó÷àé ãðàôîâ
ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ Àáåëÿ îò îäíîé ïåðåìåííîé

An(x) = x(x + n)n−1, n = 0, 1, 2, 3, . . . .

Ïðè ïîäñòàíîâêå p1 = p2 = · · · = x ìíîãî÷ëåíû Àáåëÿ ïîëíûõ ãðàôîâ ñòàíîâÿòñÿ
ìíîãî÷ëåíàìè Àáåëÿ îò îäíîé ïåðåìåííîé, AKn(x , x , x , . . . ) = An(x). Â ÷àñòíîñòè,
êîýôôèöèåíò ïðè xk â ìíîãî÷ëåíå Àáåëÿ An(x) ðàâåí êîëè÷åñòâó êîðíåâûõ ëåñîâ èç k
äåðåâüåâ â ïîëíîì ãðàôå Kn íà n âåðøèíàõ.
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Ëåêöèÿ 8. Ìíîãî÷ëåí Àáåëÿ ãðàôîâ

Theorem

Äëÿ ìíîãî÷ëåíà Àáåëÿ ãðàôîâ ñïðàâåäëèâà ôîðìóëà

AG (p1, p2, . . . ) =
∑
E′⊂E

E′ îñòîâíûé ëåñ â G

αE ′ .

Äîêàçàòåëüñòâî.

Ëèíåéíûé ÷ëåí â îïðåäåëÿåìîì ôîðìóëîé òåîðåìû ìíîãî÷ëåíå ñîâïàäàåò ñ
îïðåäåëåíèåì ìîíîìà Aπ(G). Êðîìå òîãî, î÷åâèäíî, ÷òî îïðåäåëÿåìûé ôîðìóëîé
ìíîãî÷ëåí ìóëüòèïëèêàòèâåí. Ïîýòîìó äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî îí
ÿâëÿåòñÿ ãîìîìîðôèçìîì êîàëãåáð, ò.å. îáëàäàåò ñâîéñòâîì áèíîìèàëüíîñòè

AG (x1 + y1, x2 + y2, . . . ) =
∑

UtW=V (G)

AG |U (x1, x2, . . . )AG |W (y1, y2, . . . ).

Ýòî ñâîéñòâî: ðàçáèåíèå äåðåâüåâ âñÿêîãî îñòîâíîãî ëåñà íà äâà ïîäìíîæåñòâà
îïðåäåëÿåò ðàçáèåíèå ìíîæåñòâà V (G ) íà äâà ïîäìíîæåñòâà.

Ñ. Ê. Ëàíäî Èíâàðèàíòû ãðàôîâ, óçëîâ è âëîæåííûõ ãðàôîâ
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Ñåìèíàðû 8. Çàäà÷è

Âû÷èñëèòå ìíîãî÷ëåí Àáåëÿ äëÿ à) öåïî÷êè íà n âåðøèíàõ An; á) çâåçäû íà n
âåðøèíàõ Sn; â) öèêëà íà n âåðøèíàõ Cn.

Äîêàæèòå áèíîìèàëüíîñòü ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ Àáåëÿ îò îäíîé
ïåðåìåííîé:

An(x + y) =
n∑

k=0

(
n

k

)
Ak(x)An−k(y).
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