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1. Äîêàæèòå òîæäåñòâî∑
n∈Z

e−πn2t =
1√
t

∑
n∈Z

e−πn2/t.

2. Íàéäèòå det′(−∂2
x) íà îòðåçêå [0, L] ñ ãðàíè÷íûìè óñëîâèÿìè Íåé-

ìàíà ∂xu
∣∣∣
x=0

= ∂xu
∣∣∣
x=L

= 0. (Øòðèõ ó äåòåðìèíàíòà îçíà÷àåò, ÷òî â

ïðîèçâåäåíèè ñîáñòâåííûõ çíà÷åíèé íàäî âûêèíóòü íóëåâîå ñîáñòâåííîå

çíà÷åíèå.)

3. Íàéäèòå det(−∆) äëÿ êðóãà ðàäèóñà R.

4. Äîêàæèòå, ÷òî âûðàæåíèå äëÿ äåòåðìèíàíòà îïåðàòîðà Ëàïëàñà

â îáëàñòè D

log det(−∆) = − 1

12π

∮
|w|=1

(ϕ∂nϕ+ 2ϕ)|dw|+ const

ñ òî÷íîñòüþ äî àääèòèâíîé êîíñòàíòû íå çàâèñèò îò íîðìèðîâêè êîí-

ôîðìíîãî îòîáðàæåíèÿ z(w) åäèíè÷íîãî êðóãà íà îáëàñòü D (ϕ(w) =
log |z′(w)|).

5. Äîêàæèòå, ÷òî ∮
|w|=1

ϕ(w)|dw| = 2π log r0,

ãäå ϕ(w) = log |z′(w)|, z(w) � êîíôîðìíîå îòîáðàæåíèå åäèíè÷íîãî äèñêà
íà îáëàñòü D òàêîå, ÷òî z(0) = 0 ∈ D è r0 = z′(0) > 0 � êîíôîðìíûé

ðàäèóñ îáëàñòè D.

6. Äîêàæèòå, ÷òî êðèâèçíà κ(z) êðèâîé Γ = ∂D â òî÷êå z ∈ Γ, ãäå D
� êîìïàêòíàÿ îäíîñâÿçíàÿ îáëàñòü â êîìïëåêñíîé ïëîñêîñòè, âûðàæà-

åòñÿ ÷åðåç êîíôîðìíîå îòîáðàæåíèå w(z) îáëàñòè D íà åäèíè÷íûé êðóã

ôîðìóëîé

κ(z) = ∂n log

∣∣∣∣ w(z)w′(z)

∣∣∣∣ , z ∈ Γ.

Íàïîìèíàíèå: êðèâèçíà, ïî îïðåäåëåíèþ, ðàâíà κ = dθ/ds, ãäå θ � óãîë, îáðà-

çîâàííûé êàñàòåëüíûì âåêòîðîì ê êðèâîé è âåùåñòâåííîé îñüþ, ds � äèôôå-

ðåíöèàë äóãè êðèâîé.

Óêàçàíèå: Ïîëó÷èòå ñíà÷àëà âûðàæåíèå äëÿ åäèíè÷íîãî êàñàòåëüíîãî âåêòîðà

ê êðèâîé â òåðìèíàõ w(z).


