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1 Èíòåãðàëû òèïà Êîøè è èõ ãðàíè÷íûå çíà÷åíèÿ.

Ôîðìóëû Ñîõîöêîãî-Ïëåìåëÿ

2 Îáîáùåííûå ôóíêöèè

3 Ãàðìîíè÷åñêèå ôóíêöèè è êðàåâûå çàäà÷è

4 Òåîðèÿ ïîòåíöèàëà

5 Öèëèíäðè÷åñêèå è ñôåðè÷åñêèå ôóíêöèè

6 Óðàâíåíèå òåïëîïðîâîäíîñòè

7 Íåêîòîðûå çàäà÷è ñïåêòðàëüíîé ãåîìåòðèè

8 Âîëíîâîå óðàâíåíèå

9 Óðàâíåíèå Êîðòåâåãà-äå Ôðèçà è åãî ñîëèòîííûå

ðåøåíèÿ

10 Àñèìïòîòè÷åñêèå ìåòîäû

Â çàêëþ÷åíèå ðàññìîòðèì íåñêîëüêî ïðîñòåéøèõ ïðèìåðîâ àñèìïòîòè÷åñêîãî âû-
÷èñëåíèÿ íåêîòîðûõ ÷àñòî âñòðå÷àþùèõñÿ èíòåãðàëîâ è ñóìì. Áîëåå ïîäðîáíî ñ
àñèìïòîòè÷åñêèìè ìåòîäàìè ìîæíî ïîçíàêîìèòüñÿ ïî êíèãå [14].

1



Ìåòîä Ëàïëàñà. Ðàññìîòðèì èíòåãðàë âèäà

F (λ) =
∫ b

a
f(x)eλS(x)dx

è íàéäåì ãëàâíûé ÷ëåí åãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî ïàðàìåòðó λ ïðè λ →
+∞. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ S(x) èìååò åäèíñòâåííûé ìàêñèìóì íà îòðåçêå
[a, b] â íåêîòîðîé òî÷êå x0 ∈ (a, b), ïðè ýòîì S ′(x0) = 0, S ′′(x0) < 0. Ïóñòü òàêæå
f(x0) ̸= 0. Ïðè λ ≫ 1 ïîäûíòåãðàëüíàÿ ôóíêöèÿ èìååò ðåçêèé ìàêñèìóì â òî÷êå
x0 è èíòåãðàë ïðèáëèæåííî (ñ òî÷íîñòüþ äî ýêñïîíåíöèàëüíî ìàëûõ ÷ëåíîâ) ðàâåí
èíòåãðàëó ïî ìàëîé îêðåñòíîñòè òî÷êè x0:

F (λ) ∼=
∫ x0+δ

x0−δ
f(x)eλS(x)dx.

Íà îòðåçêå [x0 − δ, x0 + δ] çàìåíèì ïðèáëèæåííî

f(x) = f(x0) +O(x− x0),

S(x) = S(x0)− 1
2
|S ′′(x0)|(x− x0)

2 +O((x− x0)
3),

è òîãäà

F (λ) = f(x0)e
λS(x0)

∫ x0+δ

x0−δ
e−

1
2
λ|S′′(x0)|(x−x0)2(1 +O(x− x0))dx.

Ñäåëàâ çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ t =
√
λ|S ′′(x0)| (x− x0), ïîëó÷èì:

F (λ) =
f(x0)e

λS(x0)√
λ|S ′′(x0)|

δ
√

λ|S′′(x0)|∫
−δ
√

λ|S′′(x0)|

e−t2/2dt+O
(
λ−3/2eλS(x0)

)
.

Ïðè λ → +∞ ïðåäåëû èíòåãðèðîâàíèÿ ñòðåìÿòñÿ ê ±∞, è ìû èìååì ñòàíäàðòíûé
ãàóññîâ èíòåãðàë ∫ ∞

−∞
e−t2/2dt =

√
2π.

Îêîí÷àòåëüíûé ðåçóëüòàò òàêîâ:

F (λ) =

√
2π

λ|S ′′(x0)|
f(x0)e

λS(x0)
(
1 +O(λ−1)

)
.

Åñëè òî÷êà x0 ñîâïàäàåò ñ îäíèì èç êîíöîâ îòðåçêà [a, b] (ñêàæåì, x0 = a), òå æå
ñàìûå ðàññóæäåíèÿ ïðèâîäÿò ê ôîðìóëå

F (λ) =
1

2

√
2π

λ|S ′′(a)|
f(a)eλS(a)

(
1 +O(λ−1)

)
,

êîòîðàÿ îòëè÷àåòñÿ îò ïðåäûäóùåãî ðåçóëüòàòà òîëüêî ìíîæèòåëåì 1
2
.

Íàêîíåö, ðàññìîòðèì ñëó÷àé, êîãäà S ′(x) ̸= 0 íà âñåì îòðåçêå [a, b]. Ïóñòü äëÿ
îïðåäåëåííîñòè S ′(x) < 0 ïðè x ∈ [a, b], òàê ÷òî ìàêñèìóì ôóíêöèè S(x) äîñòèãàåòñÿ
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â òî÷êå a. Â ýòîì ñëó÷àå ëèäèðóþùèé ÷ëåí àñèìïòîòèêè ëåãêî íàõîäèòñÿ èíòåãðè-
ðîâàíèåì ïî ÷àñòÿì. Îáîçíà÷èì ÷åðåç G(λ, x) ïåðâîîáðàçíóþ ôóíêöèè eλS(x); ëåãêî
óáåäèòüñÿ, ÷òî

G(λ, x) =
eλS(x)

λS ′(x)
+O

(
λ−2eλS(x)

)
, λ → ∞.

Òîãäà, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì:

F (λ) = f(x)G(λ, x)
∣∣∣b
a
−
∫ b

a
f ′(x)G(λ, x)dx

= −
(

f(a)

λS ′(a)
+O(λ−2)

)
eλS(a).

Ìû âèäèì, ÷òî â ýòîì ñëó÷àå ëèäèðóþùèé ÷ëåí âåäåò ñåáÿ êàê O(λ−1eλS), à íå
O(λ−1/2eλS), êàê â ñëó÷àå, êîãäà ìàêñèìóì äîñòèãàåòñÿ âî âíóòðåííåé òî÷êå.

Ïðèìåð: ãàììà-ôóíêöèÿ. Íàéäåì ìåòîäîì Ëàïëàñà àñèìïòîòèêó ãàììà-ôóíêöèè
Γ(x) ïðè x → +∞, ïîëüçóÿñü èíòåãðàëüíûì ïðåäñòàâëåíèåì

Γ(x+ 1) =
∫ ∞

0
txe−tdt = xx+1

∫ ∞

0
ex(log t−t)dt.

Â ýòîì ñëó÷àå ôóíêöèÿ S(t) = log t − t èìååò òî÷êó ìàêñèìóìà t0 = 1, ïðè÷åì
S ′′(t0) = −1. Ïîëó÷åííàÿ âûøå àñèìïòîòè÷åñêàÿ ôîðìóëà äàåò

Γ(x+ 1) =
√
2πx xxe−x

(
1 +O(x−1)

)
, x → +∞.

Ýòà ôîðìóëà íàçûâàåòñÿ ôîðìóëîé Ñòèðëèíãà.

Ìåòîä ñòàöèîíàðíîé ôàçû. Ðàññìîòðèì èíòåãðàë âèäà

Φ(λ) =
∫ b

a
f(x)eiλS(x)dx

è íàéäåì ãëàâíûé ÷ëåí åãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî λ ïðè λ → +∞. Ïðåä-
ïîëîæèì, ÷òî ôóíêöèÿ S(x) èìååò åäèíñòâåííûé ýêñòðåìóì íà îòðåçêå [a, b] â íåêî-
òîðîé òî÷êå x0 ∈ (a, b), ïðè ýòîì S ′(x0) = 0, S ′′(x0) ̸= 0. Ïóñòü òàêæå f(x0) ̸= 0. Ïðè
λ ≫ 1 ïîäûíòåãðàëüíàÿ ôóíêöèÿ áûñòðî îñöèëëèðóåò, ñîñåäíèå ïîëóâîëíû ïî÷òè
ïîëíîñòüþ ãàñÿò äðóã äðóãà, è èíòåãðàë íàáèðàåòñÿ â ìàëîé îêðåñòíîñòè [x0−δ, x0+δ]
òî÷êè x0, ãäå îñöèëëÿöèè çàìåäëÿþòñÿ. Â ýòîé îêðåñòíîñòè ìû ìîæåì ïðèáëèæåííî
çàìåíèòü

f(x) = f(x0) +O(x− x0),

S(x) = S(x0) +
1
2
S ′′(x0)(x− x0)

2 +O((x− x0)
3),

è òîãäà

Φ(λ) = f(x0)e
iλS(x0)

∫ x0+δ

x0−δ
e

i
2
λS′′(x0)(x−x0)2(1 + O(x− x0))dx.
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Ñäåëàâ çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ t =
√
λ|S ′′(x0)| (x− x0), ïîëó÷èì:

Φ(λ) =
f(x0)e

iλS(x0)√
λ|S ′′(x0)|

δ
√

λ|S′′(x0)|∫
−δ
√

λ|S′′(x0)|

ei sign(S
′′(x0))t2/2dt+O(λ−3/2).

Ïðè λ → +∞ ïðåäåëû èíòåãðèðîâàíèÿ ñòðåìÿòñÿ ê ±∞, è ìû èìååì èíòåãðàë
Ôðåíåëÿ ∫ ∞

−∞
e±it2/2dt =

√
2π e±

iπ
4 .

Îêîí÷àòåëüíûé ðåçóëüòàò òàêîâ:

Φ(λ) =

√
2π

λ|S ′′(x0)|
f(x0)e

iλS(x0)+
iπ
4

signS′′(x0)
(
1 +O(λ−1)

)
.

Åñëè íà îòðåçêå [a, b] èìååòñÿ íåñêîëüêî òî÷åê ýêñòðåìóìà xj òàêèõ, ÷òî S(xj) =
0, S ′′(xj) ̸= 0, ëèäèðóþùàÿ àñèìïòîòèêà íàõîäèòñÿ êàê ñóììà ïî âñåì ýòèì òî÷êàì:

Φ(λ) =
∑
j

√
2π

λ|S ′′(xj)|
f(xj)e

iλS(xj)+
iπ
4

signS′′(xj)
(
1 +O(λ−1)

)
.

Åñëè æå S ′(x) ̸= 0 íà âñåì îòðåçêå [a, b], èíòåãðèðîâàíèåì ïî ÷àñòÿì ïîëó÷àåì ôîð-
ìóëó

Φ(λ) =
f(x)

iλS ′(x)
eiλS(x)

∣∣∣∣∣
b

a

+O(λ−2).

Ïðèìåð: ôóíêöèè Áåññåëÿ. Íàéäåì ìåòîäîì ñòàöèîíàðíîé ôàçû àñèìïòîòèêó
ôóíêöèè Áåññåëÿ Jn(x) äëÿ öåëûõ n ïðè x → +∞, ïîëüçóÿñü èíòåãðàëüíûì ïðåä-
ñòàâëåíèåì

Jn(x) =
1

2π

∫ π

−π
e−inφeix sinφdφ.

Â ýòîì ñëó÷àå f(φ) = e−inφ, S(φ) = sinφ, è èìåþòñÿ äâå òî÷êè ýêñòðåìóìà φ± =
±π/2, â êîòîðûõ S(φ±) = ±1, S ′′(φ±) = ∓1. Ïîëó÷åííàÿ âûøå àñèìïòîòè÷åñêàÿ
ôîðìóëà äàåò

Jn(x) =
1

2π

√2π

x
e−

inπ
2 eix−

iπ
4 +

√
2π

x
e

inπ
2 e−ix+ iπ

4

+O(x−3/2)

=

√
2

πx
cos
(
x− πn

2
− π

4

)
+O(x−3/2).

Ôîðìóëà Ýéëåðà-Ìàêëîðåíà. Ðàññìîòðèì ñóììó

F (N) =
N∑
k=1

f(k)
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è íàéäåì äëÿ íåå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïðè N → ∞. Íàøè ðàññóæäåíèÿ
áóäóò íåñòðîãèìè, íî èíòóèòèâíî ïîíÿòíûìè. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ f(x)
îïðåäåëåíà ïðè âñåõ âåùåñòâåííûõ ïîëîæèòåëüíûõ çíà÷åíèÿõ x, à íå òîëüêî ïðè
öåëûõ. Ìû èìååì ðàçíîñòíîå óðàâíåíèå:

F (x)− F (x− 1) = f(x).

Ïîëüçóÿñü òåì, ÷òî

F (x− 1) =
∞∑

m=0

(−1)m

m!
∂m
x F (x) = e−∂xF (x),

åãî ìîæíî çàïèñàòü â âèäå (
1− e−∂x

)
F (x) = f(x),

îòêóäà

F (x) =
1

1− e−∂x
f(x) = ∂−1

x

∂x
1− e−∂x

f(x).

Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ÷èñåë Áåðíóëëè

z

1− e−z
= 1 +

z

2
−

∞∑
k=1

(−1)k
Bk

(2k)!
z2k

(îòìåòèì, ÷òî B1 =
1
6
), çàïèøåì ýòó ôîðìóëó â âèäå

F ′(x) = f(x) +
1

2
f ′(x) +

1

12
f ′′(x)−

∞∑
k=2

(−1)k
Bk

(2k)!
f (2k)(x).

Èíòåãðèðóÿ, ïîëó÷àåì:

F (x) =
∫ x

0
f(t)dt+ C +

1

2
f(x) +

1

12
f ′(x)−

∞∑
k=2

(−1)k
Bk

(2k)!
f (2k−1)(x),

ãäå C � íåêîòîðàÿ êîíñòàíòà, êîòîðóþ íåëüçÿ íàéòè ýòèì ìåòîäîì.

Ïðèâåäåì äâà ïðèìåðà. Åñëè f(x) = log x, èìååì F (N) = logN !. Ôîðìóëà Ýéëåðà-
Ìàêëîðåíà äàåò

logN ! =
∫ N

0
log t dt+ C +

1

2
logN +

1

12N
+O(N−2)

= N logN −N +
1

2
logN + C +

1

12N
+O(N−2).

Èç íàéäåííîé âûøå àñèìïòîòèêè ãàììà-ôóíêöèè íàõîäèì, ÷òî êîíñòàíòà C â ýòîì
ñëó÷àå ðàâíà C = log

√
2π, òàê ÷òî

log Γ(x) = x log x− x− 1

2
log x+ log

√
2π +

1

12x
+O(x−2), x → +∞.

Âòîðîé ïðèìåð � àñèìïòîòèêà ôóíêöèè Áàðíñà G(x), êîòîðàÿ îïðåäåëÿåòñÿ ôóíê-
öèîíàëüíûì ñîîòíîøåíèåì

G(x+ 1) = Γ(x)G(x).
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Ïðè öåëûõ ïîëîæèòåëüíûõ x = N èìååì

G(N + 1) =
N−1∏
j=0

j! =
N∏
j=1

Γ(j),

òàê ÷òî â ýòîì ñëó÷àå ìîæíî âîñïîëüçîâàòüñÿ ôîðìóëîé Ýéëåðà-Ìàêëîðåíà ïðè
f(x) = log Γ(x). Ìû ïîëó÷èì:

logG(N + 1) =
∫ N

1

(
x log x− x− 1

2
log x+ log

√
2π +

1

12x

)
dx

+
1

2

(
N logN −N − 1

2
logN

)
+

1

12
logN +O(1)

=
1

2
N2 logN − 3

4
N2 +N log

√
2π − 1

12
logN +O(1).
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