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I'1ABA 1

Mepa JleGera

§1.1. OcHoBHBIE 32Ja4H TEOPUH MepPBbI

BonbmHCTBO Teopuii MHTErpajga B TOM WA MHOM BHJIE UMEIOT JIEJO C
Teopueil Mepsl. Bo MHOTHX 3a1a4ax COBEpIICHHO pa3HBIX obacTeil ObiBaeT
MOJIE3HO 3aJaBaTh MEPY MHOXKECTB. 3ajada OMpeNeiIeHHs JIUH, IUTOManei
1 00bEMOB BOCXOIUT K IIyOOKOH ApeBHOCTH. Bennkue ydeHble aHTHIHO-
CTH Janu OnecTsane oOpas3isl pErIeHHs 3TOM 3aJa4d B Pa3IUYHBIX YacT-
HBIX CITy4asX, PeUIeHHUs, KOTOPbIE OTHOCATCS K BEIMYAWIINM JIOCTHKESHUSAM
Hayku. OHaKo opMamu3amys caMoil TOCTaHOBKH 3TOW 3a[a4Ml TOSBHIIACh
HE TaK yX JaBHO, BO BTOopoi nosoBuHe XIX Beka, mpuyeM il KiIaccH-
gecknx mep. Kak MoxHO ompenenuts qmuHy mMuOXectBa F B [0, 1]? st
3JIEMEHTAPHOI'0 MHOXKECTBA, T.€. KOHEYHOTO OOBEIMHEHHS IAU3BIOHKTHBIX
MIPOMEKYTKOB, €CTECTBEHHO Ha3BaTh JIIMHON CYMMY JJTUH 3TUX MPOMEKYT-
KOB (CUMTas1, YTO YK€ JOTOBOPUIHCH, UTO ATO O3HAYAET).

Kak ObITH ¢ HedmeMeHTapHBIMH MHOXecTBaMu? KorcTpykius Ileano —
Kopmana Onm3ka aHTHYHOMY MOAXOAY W COCTOMT B TOM, YTO paccMar-
pHUBAIOTCS BIHCAaHHBIE B F 3leMEHTapHbIE MHOKECTBA U OEpETCsl TOYHAS
BEPXHsIS TPaHb MX JUTHH (3TO JaeT BHyTpeHH0K Mepy JKopmana mes; (E)),
a TaKkKe coAepKaiiue F sjIeMeHTapHble MHOXKECTBA U TOYHAS HUKHSIS TPAHb
ux Mep (310 gaer BHemrHIO0 Mepy JKoprana mes, (E)).

Ecnu mes;(F) = mes.(E), To MHOKECTBO Ha3bIBACTCSI H3MEPUMBIM 10
“Kopnany, a nomydenHoe obmiee 3HadeHNE 00bsIBIIsieTCS ero Mepoit JXKopaa-
Ha. MOXXHO NMPOBEPHUTH, YTO 3TO PAaBHOCHIFHO HHTETPHPYEMOCTH Mo Puma-
Hy uHIMKaropa Ip MHOxecTBa F. Hanpumep, B MHOXeCTBO () panoHab-
HbIX gucen B [0, 1] MOXXHO BIHCAaTh JHIIb KOHEYHbIE JIEMEHTapHBIC MHO-
JKECTBa, [IOATOMY €ro BHYTpeHHsa Mepa JKopaana paBHa Hymio. Besikoe ke
dIIeMEHTapHOe MHOXKECTBO, COJepIKallee BCe palliOHANbHBIE YUCIIa, MOKET
OBITH JIUIIH BCEM OTPE3KOM 0€3 KOHEUHOTO YHCIIa HPPAIMOHAIBHBIX TOYCK.
3naunTt, BHeUHssI Mepa JKopmana MHOXecTBa () paBHa 1 (TIpH 3TOM OHO
OUYEBUIHBIM 00Pa30M MMEET JIEOETOBCKYIO MEPY HYIB!).
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Takum 00pazom, Kilacc u3MepuMbIx 1o JKopiaHy MHOKECTB UMEET He-
JIOCTaTKH, TIOXOXKHE Ha HeloCcTaTKu nHTerpana Pumana. B xonne XIX Beka
MPEeINPUHUMAINCEH TTONBITKH YCOBEPIICHCTBOBATh OINPEACICHHE MEPHI, HO
JUIIH B caMoM Havasile XX Beka ONTyTHMEIH Mporpecc ObUT JOCTUTHYT MO-
noxeiM (paHIry3ckuM MaremaTnkoM AHpu Jleberom.

1.1.1. Onpenenenne. Buewnss mepa Jlebeza mnoocecmsa F 6 ompes-
Ke onpedensiemcs popmynotl

N (E) = inf{i AU, Ec U} (1.1.1)
i=1 =1

20e inf bepemcsa no eécem cuemmviM unU KOHEUHLIM NOKPLIMUAM UHMED-
sanamu U;, \N(U;) — obviunas onuna. Anano2uuno onpeoensiemcs 6HeuiHsis

mepa \*(E) = Niy(E) mnoocecmea E 6 kybe 6 RY, 6 kauecmse U; Gepymes
omkpuvimule Kyovl ¢ pebpamu, napanienbHulMu KOOPOUHAMHBIM OCSM.

Scuno, uto 0 < A*(E) < A(I). s Besikoro otpeska .J mosydaem
A*(J) = A(J), nbo cymMma JUIMH IIOKPBIBAIOIIMX HHTEPBAJIOB HE MOXET
CTaTh MEHbIIIE [UIMHBI OTpe3ka J (CUeTHOE MOKPHITHE NMEET KOHEUHOE MO~
MOKPBITHE, IOITOMY 3/1€Ch BCE CBOIUTCSA K KOHEYHBIM ITOKPBITHSM).

BremHO10 Mepy Ompenenrii Ha BCEX MHOXKECTBaX, HO B OOJBITHH-
CTBE MPUJIOKCHHUH MONE3HO UMETh JIeJI0 CO CUCTHO-aAJUTUBHBIMUA MEPaMH,
NpUYeM Ha OOJACTSIX OIpPEACTCHUs, JOMYCKAIOIIUX CYETHBIC TEOPETHUKO-
MHOKECTBEHHBIE ornepanuy. Emie aHTHYHbIE MaTeMaTHKU BBIYUCIISUIA 00b-
€MBI CJIOXKHBIX T€J METOIOM, KOTOPBI B COBPEMEHHBIX TEPMUHAX MOXKHO
Ha3BaTh CUCTHBIM Pa30MEHUEM Ha dJIEMEHTApHBIC MHOKECTBA.

Takum 00pa3oM, ecTecTBEHHOE TpeOoBaHUE K OOIACTH OIpeAeIeHus
MepBI COCTOUT B TOM, YTOOBI OHa ObLIa 3aMKHYTa OTHOCHTEIILHO CYCTHBIX
00beIMHEeHNH, IepeceyeHni 1 B3STUS AOMOTHEHUS. DTO TO, UTO B CIEAYIO-
meM maparpade OymeT Ha3zBaHO curMa-anreopoit. OT caMoi e MEephI XOTAT
CUETHYIO aJIMNTHBHOCTH, T.€. YTOOBI 3HAYECHHE MEpPhl HA CYETHOM OOBEIU-
HEHUU JN3BIOHKTHBIX YacTel n3 00JIacTu OIpeAesIeHus OblJI0 PaBHO CyMMe
psna Mep 3tux vacteid. KoHewHass alIUTHBHOCTh — TaKO€ PaBEHCTBO JUIS
KOHEYHBIX 00bEANHEHUII.

Bot ¢ mepoii XKopmana nmpoGnema kKak pa3 B HE3aMKHYTOCTH 00JacTu
OTIpeZIeTICHNs] OTHOCUTEJIBHO CUETHBIX oObequHeHni. KoneuHo, kiaccuue-
cKasl mpobieMa CIIOKHA JIOTONHHUTELHBIM YCIOBHEM: Ha HEKUX MHOXe-
CTBax Mepa yXe MpeInucana, Mo3ToMy pedb HIET He O MepeonpeaeIeHuH,
a 0 npopopkeHuu. Ecin 3a0bITh 00 yKe N3MEPEHHBIX MHOXKECTBaX, TO HU-
KaKuX MpoOJieM HeT: MOXKHO HYyJIEM BCE CIelaTh, a €CJIM XKeJaTh MOITyYUTh
BEPOATHOCTHBIE MEPHI (HEOTPHLATENbHBIE CO 3HadeHHEM 1 Ha BCEM IIPo-
CTpaHCTBE), TO MOXKHO B3siTh Mepy [lupaka §, B Kakoi-1nbo TOYKE a, T.C.
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da(A) =1, eciu a € A, 0,(A) =0, ecitrt a ¢ A, 1160 TOXOKHM 00pazoM
YCTPOGHHYIO MEpy CO CUYETHBIM HOCHTENEeM, CIOKHB Mephl /lupaka J,, B
TOYKax G, C BecaMu c, > 0 u3 cxofsmerocs psana. Takue Mepsl HaXOAAT
MHOI'0 TIPHUMEHEHUH, HO HE COINIaCyIOTCS C NMPEINUCAaHHBIMU 3HAYCHUSIMHU
KJlaccu4eckux oO0bemMoB. HakoHer], B KITaCCHYECKON CUTyalluu IMPOIOJIKE-
HUSI NIPEJIHMCAHHBIX OOBEMOB €Ile OWH HIOAHC BO3HHMKAET: Ha HCXOIHBIX
3NIEMEHTAPHBIX MHOXKECTBAX IUIOMIAAb U 00beM MHBAPHAHTHBI OTHOCHTEINb-
HO HEKOTOPBIX MPeo0pa30BaHUi THUIAa CABUIOB MJIM IOBOPOTOB, HO HAJIO JIH
¥ MO>KHO JTH TPeOOBaTh ATO K€ OT IPOTOIDKEHMH?

Kakue xe 0TBETHI yaeTcs MOMy4yUuTh Ha 3T BOIPOCHI?

e J[nuny, iomans, 00beM MOXKHO PONOIDKUTH 10 CUCTHO-aAIUTUBHBIX
Mep Ha CHrMa-ajreOpax, coIep KalllHX HCXOIHBIE dIIEMEHTapHbIE MHOXe-
ctBa. [Ipu 3TOM NponoKEeHNs Ha HAMMEHBIINE TAaKUe CUTMa-anreOpsl eArH-
CTBEHHHI U natotcst popmyroit Jlebera (1.1.1).

e Ham He naHo 3Hath, 3amaet u Gopmyna Jlebera cueTHO-aAIUTHBHYIO
(YHKIMIO Ha BceX MHOXKecTBaxX. Ecii MpHHATH akcnoMy BBIOOpaA, TO OTBET
OTPHILATENBHBINA (HO MOXKET OBITh MOJOKUTENBHBIM ITPU MHBIX aKCHOMAaX).

e Ham Taxxe He JaHO 3HAaTh, MOXKHO JIM AJIMHY NPONODKUTH CUETHO-
aJIMTUBHO Ha BCE MHOXECTBA KAKMM-JINOO MHBIM CIIOCOOOM, OTIINYHBIM OT
dopmyinsl Jlebera. OnHako U 34€Ch IPU HEKUX JONOIHUTEIBHBIX TEOPETHKO-
MHOXECTBEHHBIX aKCHOMax (HO HEe aKCHOME BBIOOpA) OTBET OTPHUIIATENb-
HbI. [loxoka cuTyanys ¢ HHBApUAHTHBIMU MTPOIOIKCHUSIMH.

e Ecni ocTaBUTH B CTOPOHE MEPHI C MPEANNCAHHBIMA 3HAYEHHSIMHA Ha
9NIEMEHTAPHBIX MHOKECTBAaX M OOPAaTHTHCSA K OOIMIMM HEHYJIEBBIM CUETHO-
aJTMTHBHBIM MepaM, TO MOXHO 3()()eKTHUBHO CTPOUTH BEPOATHOCTHBIE Me-
pBl YKa3aHHOTO BBINIE JUPAKOBCKOTO THIIA Ha BCEX MHOXKECTBAX, OIHAKO
0€e3 IOMOJHUTENBHBIX TEOPETUKO-MHOKECTBEHHBIX MPEAIIOIOKCHUN Hellb-
351 y3HaTbh, €CTh JIU CYETHO-aIUTUBHBIE MEpHI Ha KJIacce BCEX MHOXKECTB,
oOpararomuecs B HyJIb Ha BCEX TOUKax (MX HET IIPU HEKUX aKCHOMax).

e He ciemyer mbITarbcss CTPOUTH MEPHI Ha BCEX MHOXKECTBAX, a HAJO
YAOBOJIBCTBOBATHCSl HAMMEHBIINMU CHIMa-ajireOpaMu, CopepKaiiuMu de-
MEHTapHble MHOXECTBa, T.e. OOpeneBCcKMMH curMa-anreOpamu. bopenes-
CKH€ MHOXECTBAa HE MMEIOT SABHOTO OINMCAHMs, 1a U BPA] JH MOXKHO IO-
HSTb, YTO 3TO TAKOE, HO K HUM MOXXHO NPHUBBIKHYTb, KAK Mbl IPUBBIKAEM
K TeneoHaM W KOMITBIOTEpPaM, HE BIOJIHE 3Has UX yCTpoiicTBo. HemHoro
NPUBBIKHYB K HIM, MO)KHO YCIIELIIHO 00paIlaThes ¢ 00IMUMHU O0pEIeBCKUMH
Mepamu. OHU He CBSA3aHBI C KjaccH4deckoil Mepoit Jlebera, HO yaMBHTENb-
HBIM 00pa3oM MOJIYdYaloTCs U3 Hee U3MEPUMBIMU NPeoOpa30BaHUSAMHU.

Z[anee OTH TC3UCHI HAIIOJHAKOTCA HEKOTOPBIMU TCXHUYCCKUMU ACTAJIA-
MHU.
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§1.2. Anredpsl u o-aaredpbl

1.2.1. Onpenenenne. Knacc noomnoscecme A muooxcecmsea X Hazvl-
saemcs aneebpoi, eciu o codepocum éce X u oonyckaem @3simue 0ONoi-
HeHUsl, KOHEYH020 00beOUHEHUs U NepeceyeHUsl.

Knacc noomnoocecme A mnoocecmsea X nasvigaemcs o-aneedpoui (cue-
Ma-aneebpoil), eciu o codepocum ece X u 0onyckaem 3simue 0ONOIHeHUs,
CuemH020 00beOUHEHUs U CHEMHO20 nepeceyeHusl.

VcnoBue ¢ MEPECCUCHUEM BKIIIOUYCHO JIsI CUMMETPUU U HAITIAAHOCTH,
HO TCXHUYCCKU OHO BBITCKACT M3 IICPBLIX ABYX, 6o

ﬁl A, =X\ Ejl(X\An).

ScHo, uTo o-anredpa ecTh aareopa, 3aMKHYTast OTHOCUTEIBLHO CUETHBIX
00BEeqMHEHHU.

1.2.2. IIpumep. (i) Haumenpias o-anredpa B X COCTOHUT U3 ITyCTOTO
MHOXeCTBa & U Bcero X, HamOombluas — Kiace 2% BceX MOIMHOKECTB
B X.

(i) Kimacc BesIKMX KOHEYHBIX OOBEIMHEHHN MPOMEXYTKOB BHIA (a,b),
[a,b], [a,b), (a,b] B duKCHpOBaHHOM OTpe3Ke ecThb anrebpa, HO HE O-
anrebOpa.

(iii) Kimacc Bcex KOHEYHBIX MOAMHOXKECTB X M HMX JIONOJHCHHHA €CTh
anrebpa, HO He o-anredpa s OeckoHeTHOTo X .

(iv) Knacc Bcex He Ooiee yeM CUETHBIX MOAMHOXKECTB X M UX JIOMOJ-
HEHHIA ecTb o-airedpa.

1.2.3. Onpenenenne. /[is scaxoeo knacca F noomnoocecms X ecmo
HaumeHvwas o-aneeopa, codepxcawas F. Ouna 0b6o3nHauaemcs cuMe0iOM
o(F) u 3a0aemces popmynoi

o(F) = nepeceuenue ecex o-anzebp, cooeprcauux.

Oma o-aneebpa nasvieaemcs nopoxcoennou kiaccom F.

FBopenescroii o-ancebpoti B(X) mononocuueckozo npocmpancmea X
Hazvieaemcst o-aneebpa, NOPONCOeHHAsT BCeMU OMKPLIMBIMU MHONCECMEA-
mu. Muodscecmsa uz Hee HasviarOmM 6OPeNEGCKUMU.

Koneuno, cnemyer npoBepuTh, YTO yKasaHHas Gopmyaa B caMOM Jieie
IaeT o-anreopy.

Ota Qopmyna JHIIb KaKETCS SBHOM, HO HUYETO KOHCTPYKTHBHOTO B
Hell HeT. Kak mpaBuiio, ¢ ee OMOIIBIO HE YIaeTCs MPOBEPUTD MPUHAIIEK-
HocTh K 0 (X ). CkaxeM, mpakTHYecKasi POBEPKa MpoBepKa 6OpeneBoCTH
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MHOECTBa 3aKIIFOYaeTCs B TOM, YTO YJAeTCs yKa3aTh CYCTHYIO TIOCIICI0BA-
TETBHOCTD IIar0B MOJYYEHHS 3TOTO MHOXECTBA CYETHBIMU OTIEPAIHSIMH.

Hanpumep, 3aMKHYTBIe MHOXeCTBa OOpeNeBbl Kak JOMOTHEHUS OTKPHI-
ThIX. CdeTHBIe 00bEeAMHEHNS 3aMKHYTHIX (CKa)KeM, MHOXKECTBO PaIlOHAb-
HBIX YHcel) OOpeNeBbl, XOTS MOTYT HE OBITh OTKPHITHIMU HITH 3aMKHYTBIMH.

BosHukaet UCKyIIeHne CTPOUThH OOPENIeBCKUE MHOXKECTBA MHIYKTHBHO!
Hayarh ¢ Kiacca By OTKPBITHIX MHOXKECTB, Kiacc B, 1 nonydars u3 B,
MPUCOCTUHEHNUEM JIOTIOIHEHH, CYETHBIX OOBEAWHEHHH U CUYETHBIX Iepe-
ceueHuit MHOKeCTB U3 B,,. MoxHO MoKa3arh (3TO JAOBOJIBHO HEMPOCTO:
HEJIETKO MPEIbSBUTH MPUMEpP Jlake MHOXKeCTBAa M3 kiacca Bs, HE BXOIs-
niero B By), uto Bee knaccsl B, pasauyHbI U HE SBJISIOTCS o-airebpamu,
MpUYeM Jaxe ux o0beaTuHEeHne He o-anredpal

Taxum 00pa3oM, HET SIBHOTO OMHCaHUsI OOpeTeBCKIX MHOXecTB. [IpaB-
J1a, IPEIBIAYIIYIO TIOMBITKY MOXKHO JIOBECTH JI0 YCII€Xa, €CIIN HCITIOIb30BaTh
TpaHC(PUHUTHYIO WHIYKIIMIO U CYETHBIC OPIUHAIBI, HO HUYETO SIBHOTO 3TO
TOXe He AacT. XOTsS ceifuac yKe MPHUBBIKIN K 3TOMY OOCTOSTEIHCTBY, HO
CTO JIET Ha3aJl OHO CYMTAJIOCh 0OJIBLION nMpobiemoli. B momeiTke ee pemuTsb
ctyneHT MockoBckoro yHuBepcuTeTa Muxamn CyciuH BBeJl Tak HasbIBae-
Mmyio oneparuio CycnuHa (A-oneparuio). OHa 3amaerca Tak. IIpenmoro-
UM, 9TO JIISI K&KIOTO YIOPSJ0YSHHOTO KOHEYHOTO HAO0Opa HaTypallbHBIX
9HCEeN N1, . . . , N 33J1aH UHTEPBAN Iy, . 5, . Torma ropopsr, uTo 3a1ana Tabd-
mua Cycimuna {1, . n, }. Pesynsrar ucnonnenus onepamun CyciuHa Haj
3TOI TaOIULEH eCTh MHOXECTBO

S{Iny,.i } = U(ni) m:ozl Iny,...ny

rae oObearHEeHue OepeTcs Mo BCeM OECKOHEYHBIM IT0CIIE0BaTEIHHOCTIM
HATypalbHBIX 4ucen (n;), T.e. OObEAUHEHHE KOHTHHYaJ bHO. MHOKeCTBa
3TOTO BHJA Ha3bIBAIOTCS CYyCIMHCKUMU. OKa3bIBa€TCs, YTO BCE OOPEIICBCKHE
MHOX€ECTBa KOAMPYIOTCS TaKUMH TaOMUIIaMH (3TO OBLTO OCHOBHOM IIEJIBIO
CycnuHa — JaTh KOHCTPYKTHBHOE 3afiaHue OOpeseBCKHMX MHoxecTB). Ha
TIEPBBII B3I, 3TO HE OYEHb YAWBHUTEIHHO M3-32 KOHTHHYAJIBHOCTH 00b-
€IMHCHUS, Bellb IToueMy Obl He BCeM BOOOIIe MHOKECTBAM UMETh TaKHE KO-
mupoBKu? OIHAKO HETPYAHO COOOPA3UTh, YTO TAOIUI] KOHTUHYYM, TIO3TOMY
3aBEJIOMO CYCIMHCKHX MHO)KECTB TO)K€ KOHTHHYYM, T.€. FOPa30 MEHBIIIE,
yeM Bcex MHOKecTB. CyclMH ycTaHOBHJ (KCTaTH, B AUIUIOMHOI pabore),
4YTO OBIBAIOT HEOOPEIEBCKUE CYCIMHCKHE MHOXECTBA. JTO BBINISIEIO KakK
OTpHLATENIbHBIN pe3yNbTaT, HO Ha CaMOM JIelie IPUBENO K YPe3BbIYAiHO
Ba)XHOMY OOBEKTY COBPEMEHHOTO aHaJIH3a.

Bopenesckue o-anreOpbl — caMble THIIMYHBIE O0JACTH ONpeeseHUs
CYETHO-aIJUTHBHBIX Mep.
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BbananpHOE HaOrONEHKE: OOpeNieBCKas o-anredpa MopokKaaeTcs He TO-
JBKO OTKPBITBIMH, HO W 3aMKHYTHIMH MHO)KecTBamu. Ha mpsiMoii oHa mo-
pOXXIaeTcsl MHTEpBaIaMU ¢ pallMOHAIEHBIME KOHIIaMU. BMecTo HHTepBaIoB
MOXHO OpaTh OTPEe3KH WX TONYHHTEPBAIBI (W JIYYH C PAlOHATHLHBIMHU
KOHIIAMH), HO HEJOCTATOYHO OpaTh TONBKO TOUYKHU (JOKaKUTE!).

B IR™ Gopenesckas o-anredpa MOPOXKAACTCS OTKPBITHIMH KyOamH C
pebpamu, mapaiensHBIMH ocsiM. MOXKHO OpaTh M 3aMKHYThIE KyOBI WIIH
miapsl (okaxxkute!), HO HEAOCTATOYHO Oparh TOJBKO MIAPHI C IEHTPOM B
HYyJIE.

B cemapaGenbHOM METPHYECKOM MPOCTPAaHCTBE (BCE JIM MOMHST, YTO
9TO Takoe?) bopeseBcKas o-anredpa ToXe IMOPOKIAETCS OTKPBHITBIMU IIapa-
MH, CKa)KeM, PallMOHAJIBLHOTO pajinyca ¢ HEHTPaMH U3 TOYEK CYETHOTO BCIO-
Iy TUIOTHOTO MHOXecTBa (mokaxkute!). B HecemapabenmsHOM METpHYECKOM
MIPOCTPAHCTBE 3TO MOXKET OBITH HeBepHO. CKa)keM, eCIM Ha MPsIMON B3ATh
JIUCKPETHYI0 METPUKY (BCE HEHYJEBBIE PACCTOSIHUS PAaBHBI 1), TO IIaphl —
OTIeNbHBIE TOYKU U BCE MpocTpaHcTBo. [lopokaaemas mmu o-anrebpa co-
CTOUT W3 CUCTHBIX MHOXKECTB U MX JIOTIOJIHCHHIA, a OOpereBcKas U3 BCEX
MHOXECTB, 00O TOYKH 3TOTO CTPAaHHOTO MPOCTPAHCTBA OKAa3hIBAIOTCS OT-
KPBITBIMA MHOXECTBaMU, 3HAYHUT, TAKOBBI U UX MPOU3BOJILHBIC 00BEIUHE-
HUSL.

§ 1.3. AnTuTHBHBIE U CYETHO-A/IUTUBHbIE (PYHKIIMN MHOKECTBA

1.3.1. Onpenenenne. Yucnosasn gpynkyus | na anreeope A naszvieaemcs
CYUEemHO-a0OUMUBHOI, eciu

N( Ejl An) = iﬂ(An)
n= n=1

0Jis1 8cex MaKux Habopos NONAPHO Henepecekarwuxcs MmHodicecms A, € A,
o0
umo | J7__ | A, € A.
bonee craboe ceoticmeo, ko20a paseHcmeo 8epHO auub OJisl KOHEUHBIX
00beOUHeHUL NONAPHO HENepecekaruuxcsi MHOJICECME, HA3bI8AIOM KOHe-
HOU a0OUMUBHOCbIO.

Pazymeercs, KOHEUHYIO aJZINTUBHOCTD JOCTATOYHO MPOBEPSTH IS Hap
mHOxecTB. Ecnu A sBisiercst o-anreOpol, To yKa3aHHOE PaBEHCTBO JOJK-
HO BBIMIONMHATHCA ISl BCEX HAOOPOB IOMApHO HEMEPEeCEKArONIUXCs MHO-
xkectB A, € A, nbo ux cuerHoe 00bEIMHEHHWE ABTOMATHYECKH BXOIUT
B A. B cinyuae anre6pel or A,, 00beIUHCHHE KOTOPHIX HE JCKUT B A,
HUYero He TpeOyercs.
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Ha o-anreGpax cymiecTBylOT KOHEYHO-aJIUTHBHBIC (DYHKLIUH MHOXE-
CTBa, HE SBIIAIONINECS CUETHO-aIUTUBHBIMI, HO KOHCTPYKTHBHBIX IPHMeE-
pPOB HeT (MCHONB3yeTcs akcuoMa BbIOOpa). JIerko mpuBecTH KOHCTPYKTHB-
HBII IpuMep Ha anreope.

1.3.2. llpumep. Ha ancebpe xoneunvix muoscecms ¢ IN u ux oononte-
nuu 6eedem Gynxyuio m max: m(A) = 0, m(IN\A) = 1 ona koneunwvix A.
Tozoa m addumusHa, HO He CYemHO-a00UMUBHA.

1.3.3. 3ameuanue. Ecnu dynkius 4 agaurtueHa Ha A, TO ee cueTHas
aJTUTHBHOCTh PABHOCHJIbHA TOMY, YTO JUIS BCSIKOW MOCIEAOBATENHLHOCTH
MHOXecTB By, € A ¢ B, C By, (T.e. Bo3pacratonieil) 1 00beIMHCHUEM
B u3 A mbI umeem cootrowenue p(By) — u(B). NHade roBopsi:

B, 1B = u(B) — u(B).

Jliist aTOTO TS MU3BIOHKTHBIX A, B kKagectBe B, Oepem A1 U - -- U A,,.

D70 e PaBHOCUIBHO TOMY, YTO TSI BCAKOM MTOCIEIOBATEIEHOCTH MHO-
wectB Cp € A ¢ Cry1 C Cp uN,C, = &, T.€. yOBIBAOIICH K TyCTOMY
MHOXeCTBY, MbI iMeeM (i(C),) — 0. DTO Ha3bIBaeTCS «HEMPEPHIBHOCTHIO B
Hyne». Hadue roBopsi:

Cn | 2= p(C,) — 0.

I[eﬁCTBHTeHBHO, B OTOM ClIyda€ MHOXXCCTBa Bn = Cl\Cn BO3pacTaroT
K 01.

SIBHBIX PUMEPOB CUETHO-aIIUTHBHBIX MEp Ha CUIMa-ajareOpax Malo.
Bot 1Ba OCHOBHBIX (B MaTeMaTHKe MHOTO — KOT/Ia OOJIbIIe JBYX).

1.3.4. pumep. (i) ITycts p, > 0, >, p, = 1. Ha BcikoM MHOXeECTBE

A C IN nonoxum
p(A) =" pa.

neA
Jlokaxkute, 4TO MOJydeHa CUETHO-aIATUBHAS Mepa. AHAJIOTHYHO CTPOSTCS
MepbI Ha JIFOOBIX CUETHBIX MHOXXECTBAX.
(i1)) Ha o-anre6pe A BceX MOAMHOXKECTB HECUSTHOIO MHOXECTBA X,
KOTOpbIE 100 CUSTHBI, JINOO JOMOJHUTEIBHBI K CYCTHBIM, TTOJIOKHM

u(A) =0, wp(X\A)=1 nmnscuerHsix A.

Toraa Mepa 4 cueTHO-aaIUTUBHA. B camom nene, eciim MHOXecTBa A, € A
HOMApHO HENEPEeCceKaroTCs, TO CPEAM HUX HE MOXET OBbITh 0oJiee OJHOrO
MHOJKECTBA CO CUETHBIM fomonHeHneM. Ecmu takoBo A, 10 u(A;) = 1,
((Ap) = 0 ans ocranbHbIX, prdeM gononHenue k | J, A, Toxe cueTHo,
tak uto pu(|J,, An) = 1. Ecin ke Bce A, CYCTHBI, TO TAKOBO M UX 0OBE/IH-
HEHHUE.
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[MockonbKy OBIBAIOT aJAMTHUBHBIE HE CUCTHO-aJUTHUBHBIC (YHKIHH,
BO3HHUKAET BOIIPOC O MPOBEPKE CUETHOW aJJUTHBHOCTH HE IO OIpEnene-
HUIO (MM TpenpIaylieMy 3aMeuannio). Baxkunelmmii npakTuiecku crnocoo
TaKOB.

1.3.5. Onpenenenne. Kracc K noomnoosicecme abcmpakmmnozeo npo-

cmpancmea X HA3b16aemMCcsi KOMNAKMHBIM, eCu Ol 6CAKOU NOCIe008d-
o0

menvnocmu muodxcecms K, € X ¢ ﬂnzl K, = @ ecmb maxoe N, umo

N
mn=1 Kn =49

OCHOBHOI1 TpEMep — MPOU3BOJIBHBIN HaOOp KOMIIAKTOB B JAHHOM IIPO-
ctpancTBe (mpoBepbTe!). i1 TeoprH Mephl 3TO HY>KHO BOT 3a4€M.

1.3.6. Teopema. [lycmsb |1 — HeompuyamenvbHas a0OUMUBHAL QyHKYUA
MHodcecmea Ha Hekomopou aneedope muoxcecme A 6 npocmpancmee X,
npuvem ecmv komnakmuwii kaiacc X C A, npubnusicaiowuii mepy 6 cie-
oyiowem cmvicie: 0as gcsakoeo A € A u ecakozo € > 0 naiidemcs maxoe
K. € X, umo K. C A u u(A\K.) < e. Toeoa u cuemno-adoumusna
na A.

JIOKA3ATEJILCTBO. IIpoBepuM HENpEPHIBHOCTH MEPHI B HyJe. IIycTh
mHoxecTBa A,, € A yObIBalOT U HUX nepecedyeHue mycro. [lokaxem, 4To
w(A,) — 0. Iycte € > 0. Bo3bmem Takue K, € X, uro K,, C A, u
w(AN\K,) < €27 Seno, uto () K, C [\~ A, = @. Io ycnosuio

v m
Haiinercs takoe m, uro [ |, K, = @. Takum oGpasom,

m m m
Am = Ap\ ﬂ Ky, = U (Am\Kn) C U (An\Kn),
n=1 n=1 n=1
OTKy/Ia
m m
1(Am) < ZN(An\Kn) < 252—” <e.
n=1 n=1
Urak, j1(A,) — 0, 94TO BICYET CUETHYIO aTUTHBHOCTH [i. O

C TmOMOMIBIO ATOTO YTBEP)KACHUS MBI IMPOBEPUM CUETHYIO aIIUTHB-
HocTh Mephl Jlebera Ha anreOpe, MOPOXKIECHHOM HMPOMEXYTKAMH WM Ky-
O0amn. OnmHAKO ATO emle HE MOJHOCTHIO pemiaeT MmpoOieMy: Beab Hy)KHBI
Mepbl Ha curma-aiaredpax. JTOMY IMOCBSIICH CICAYIONUI maparpad, HO
ceifuac Mbpl yOequMcsl B TOM, YTO IAHHOE BBIIIEC yCIOBHE CUETHOW aiju-
TUBHOCTH BEChbMa YHUBEPCAJIbHO, TAK YTO BEChbMa HENPOCTO HAHTHU CUETHO-
AAJUTUBHYIO MEpy, HE 00IaaouyIo MPpHOIMKAOIMM KOMIIAKTHBIM KJIac-
COM (XOTSI TaKH€ €CTh).
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1.3.7. Teopema. [lycmo |1 — HeompuyamenvbHas C4emHO-a0OUMUBHAS
mepa na 6openesckoi o-anreeope B(IR"™) npocmpancmea R, Toeoa ons
6csikozo bopenescrkoeo muoocecmea B C IR™ u ecarkoco € > 0 naiioymes
maxue omkpvimoe mroocecmeo Uz u komnakm K., umo K. C B C U; u
PUN\K:) <e.

JIOKA3ATEJILCTBO. Ilokaxem, 4to njist Bcakoro £ > () HaiaeTcsa Ta-
KOe 3aMKHyTOe MHOXecTBO F, C B, uto u(B\F;) < ¢/2. Torna B cuiy
CUYCTHO# aUIMTUBHOCTH L caMO F, MOXHO MPHOIH3UTh U3HYTPH C TOYHO-
cTeio 110 £/2 xommaktoM F. N U, tne U — 3aMKHYTBIA IIap JOCTATOYHO
Gomsmioro pamguyca (mepecedennst F. N {x: || < k} Bospacraror x F,
MO3TOMY MX MEpHI CTpeMATcs K mepe [).

O6o3naunm uepe3 A wiace Bcex Takux MHokecTB A € B(IR"), uro
ISt Besikoro € > () HalyTcst 3aMKHYTOe MHOXKECTBO F. M OTKpBhITOE MHO-
xectBO Uy, mist kotopeix Fr C A C Uz u p(U\Fy) < €.

3ameTHM, YTO BCSKOE 3aMKHyTOe MHOXecTBO A Bxomut B A, 160 B
kayectBe F. MOXHO GOparh camo A, a B kauecTBe U, MOKHO B3STh HEKOTO-
PYIO OTKpHITYIO J-0KpecTHOCTh A% MHOMecTBa A, T.e. 00beIMHEHHE BCEX
OTKPBITBHIX HIAPOB paauyca d C IEHTpaMH B Toukax W3 A (mpu crpemie-
HUM O K HYJTIO OTKPBIThIe MHOecTBa A° yObIBAIOT K A, MO3TOMY MX Mepbl
cTpemMsTcs K Mepe A B CHITy CIETaHHOTO BBIIIE 3aMEUaHMU).

IMokaskem, uro A — o-anrebpa. Eciu 910 caenano, To TeopeMa qoKasa-
Ha, TaK KaK 3aMKHYThIE MHOXXECTBA MTOPOXKIAIOT OOPEIEBCKYIO 0 -anredpy.

Mo noctpoenuio kinace A 3aMKHYT OTHOCHTEIIBHO OTEPAIIMH JIOMOHE-
Hust. [103TOMy OCTaeTcs MPOBEPUTh 3aMKHYTOCTh A OTHOCHTEIBHO CYET-
HpIX 00benuHenuil. Ilycte A; € A u ¢ > 0. Torna cymecTByloT Takue
3aMKHYTBIe MHOXecTBa Fj n oTkphIThIe MHOXecTBa Uj, uto F; C Aj C Uj

u (U;\F;) < €277, j € IN. Muoxkectso U = U;); Uj OTKpBITO, @ MHO-
k
JKECTBO L), = U =1 F}; samxnyTo mist Besikoro k& € IN. OcTaercs 3aMETHTh,

uto Zp C U;’;l Aj C U n npu pocraroyHo OombmoM k nMeeT MecTo
orenka p(U\Zy) < e. JleiCTBUTENBHO,

Jj=1

00 o0 00

M(U (Uj\Fj)> <Y e2’=c u lim u(Z) =M<U Fg)
4 j=1 e J=1

B CHJIy CYETHOW aJIAMTUBHOCTH. U
OTO Xe BEepHO AJIS BCAKOM CUETHO-aIUTUBHONW Mephl Ha OopeneBcKoit

a—anre6pe IMPOU3BOJIBHOI'O ITOJHOTO cenapa6enLHoro MCTPHYCCKOTO IIPO-
CTpaHCTBA. I[OKa?:aTeJH)CTBO AHAJIOTUYHO, HO CHa4YaJla Ha/l0 IPOBCPUTH, YTO
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ectb kommakT K ¢ (X \K) < e. Bollie B kKauecTBe TaKOBOro Opajicst Iap,
HO B O0IIEM CiIydae Iapbl HEKOMIIAKTHBI.

§ 1.4. BHemiHsisa Mepa U MPOAOJIAKEHUS] Mep

ITockonbKy OQHOM U3 NEPBUYHBIX LIEIEH SBISIETCS IOCTPOCHHUE CYETHO-
aJTMTUBHBIX MEp Ha CHTMa-anreOpax, a COBCEM SBHO OHH MOTYT OBITh TO-
CTPOCHEI B HEMHOTHX CITy4Yasix, BOSHUKACT IUTAH CTPOUTH MEPHI Ha anredpax
U TpOAOIDKaTh UX. DPPEKTUBHOE M BBHINOIHSIONICECS BO BCEX IMPHIIOKE-
HUSX YCIIOBHE CUCTHOHN aJJIMTUBHOCTH aIANTHBHON (PYHKIIMA MHOXKECTBA
PacCMOTPEHO BBIIIE: KOMIIAKTHBIC MpHOIIKaomue kiaccel. Ho BOT ecTh
XopoIlasi Mepa Ha anredpe, CKakeM, JIeOETOBCKas, MOXXHO JIH €€ IPOIOII-
JKUTh Ha curma-anredpy? BooOie roBopsi, Jake eCiiu CYeTHO-aJAUTHBHAS
Mepa yXKe 3aJjaHa Ha CUTMa-airedpe, TO He BCerJa €€ MOXKHO MPOIOIDKUTh
Ha JTAaHHYI0 0oJiee MHIPOKYI0 CUTMa-anreopy.

1.4.1. Ilpumep. B GopeneBckoii o-anredpe mpsAMold BO3BMEM IOA-O-
anreOpy MHOXECTB MEPBOM KaTeropuu U MX JAOMOJHEHUH, a TaKkKe Mepy (i
n3 npumepa 1.3.4(ii), paBayro 0 Ha MHOXKECTBaxX IMEPBON KaTeropuu U 1 Ha
UX JOMONHEHUSX. DTy Mepy Helb3sd MPOJOKUTH A0 CUETHO-aATUTHBHOMN
Mepsl Ha OopeneBckoi o-anredpe. JeficTBUTENBHO, €CIM ¥ — TaKoe IPo-
nomkenne, 10 v(Q) = 0. o Teopeme 1.3.7 MHOKECTBO HPPAIIHOHATBHBIX
qpCeI TOIKHO cozepkarh koMnakT K ¢ v(K') > 0. OgHako Takoi KOMIaKT
HUTZE HE TUIOTEH, MO3TOMY €CTh MHOXKECTBO NIEPBOM KaTeropuy, 3HaYCHHE
Ha KOTOPOM I/ COBIIAJIACT C HYJIEBBIM 3HAUCHHEM HCXOTHOMH MEpHI [i.

TeM He MeHee 3aMeuaTeTbHBIM 00pa30M OKa3bIBACTCS, YTO BCSIKAs CUCT-
HO-aINTHBHAs Mepa L Ha anreOpe A TpomonKaeTcss 0 CYSTHO-aIIu-
TUBHOW Mephl Ha MUHMMAJIBHOM curMa-anredpe, coaeprkalie JaHHyIo al-
re0Opy (MpeasIayuid TpuMep dTOMY He MpoTuBopednT). bojee Toro, mpo-
JOJDKEHHE OCYIECTBIAETCS ABHOM (hopMyIoif (BIpodeM, cTeneHb SBHOCTH
3TOH (pOpMYITBI HE CTOUT TIEPEOLIEHUBATE ), KOTOPAs 3a]aeT TaK Ha3bIBAEMYIO
snewnioio mepy Ha BCEX MHOXecTBax:

W (E) = inf{z n(A): Aje A, EC Aj}.
j=1 j=1

DTO B TOYHOCTHU aHAJIOT BHENTHEH Mepsl Jlebera murst KITaCH9eCKOH JTHHEIL.

Byner nu BHemHsis Mepa XOTS Obl aJINTUBHA HAa BCEX MHOXECTBax?
OTBeT 3aBUCUT OT TEOPETUKO-MHOKECTBEHHBIX YCTAHOBOK. ECIU MpUHATH
aKCUOMY BbIOOpa, TO OTBET OTPULATEIbHBIN. AKCHOMA BBIOOpA pa3peliaeT
00pa3zoBaTh MHOXECTBO, COAEpKAIIEe POBHO TI0 OAHOMY JIEMEHTY M3 JaH-
HOTO Ha0Opa HEMyCTHIX TU3BIOHKTHBIX MHOXKECTB. TOUHEE TOBOPS, IMEETCSI
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IIKaJla akCHOM BbIOOpa ISl Pa3HBIX MOIIHOCTEH HAO0OpoB MHOXkecTB. Ca-
Mas cinabas — cdeTHbIe HAOOpHI CUETHBIX MHOXKECTB. Takas cueTHast Qop-
Ma aKCHOMBI BbIOOpa HEOOXOoIUMa JaKe YIS TOr0, YTOOBI MEHSATh MOPSIOK
CYMMHUPOBAHHS B ABOHHOM psiJie.

1.4.2. Ilpumep. (Ilpumep Buramm) Touku z u y npsAMoil 0ObIBUM 3K-
BHBAJICHTBIMH, €CJIM & — Y PALMOHATIBHO. 3HAMOIINE, YTO TAKOE OTHOILICHHE
SKBUBAJICHTHOCTH, JOJDKHBI OBICTPO MPOBEPHUTH, YTO TAKOE OTHOIICHHE T10-
JTydeHo. AKcHoMa BbIOOpa MO3BOIISIET B3Th MHOXKECTBO V' (MHOXeCcTBO Bu-
TaJM), COEPIKaIlee POBHO MO OJHOMY IMPEICTABUTEIIIO M3 KAKIOTO Kiacca
9KBUBAJICHTHOCTH (BCAKHH KIIACC €CTh HEKHil MPEICTABUTENb U BCE OTIH-
YAIONIMECS HA HETO PAlMOHAIBHBIME CIBUraMu). MOXHO B3sTh NpecTa-
Buteneil u3 [0, 1]. C TakuM MHOXXeCTBOM BHeIHss Mepa JleGera He MoXeT
OBITh aJIUTHBHA.

B camom mene, eciu A*(V) = 0, o \*(V 4+ r) = 0 mis Besikoro
paIMOHAIBHOTO 7. JIerko mpoBepuTh (HIIKE 3TO CACNAHO B 00IIEM ciiydae),
4TO TOrma OOBEIMHEHHE CYETHOTO YKCIa MHOXKECTB V + 7 TOXEe HMeer
HYJICBYIO BHEIIIHIOIO MEPY, YTO HEBO3MOXHO, OO 3T0 Besi mpsiMast. OcraeTcst
ciayqait \* (V') = o > 0. 3gecs Toxe nporuBopedne: sicHo, 4to \*(V+4r) =
A*(V') mpu Beex 7, HO TipH pasHbIX p, ¢ € Q muokectBa V +pu V + ¢ He
nepeceKaroTcs, H0o eciu vy + p = vz + ¢, TO U1 U U2 IKBHBAJIEHTHBI, a B V/
JIUIIb 110 OJHOMY HPEACTABUTEII0. 3HAYUT, P panroHadbHbIX 7 € [0, 1]
Bce V + 7 MU3BIOHKTHBI U JiexkaT B [0, 2], OprYeM UMEIOT PaBHbIC BHEILIHIE
mepsl. Ecin Obl BHemmHsisi Mepa Obita ajnutiBHA, To Ha [0, 2] Obuta ObI
OecKkoHevHa.

B nanHOM mpumepe 6e3 akcHOMBI BBIOOpa HEe 000WTHCH, HO BOT COBCEM
MIPOCTOM TIpUMEP.

1.4.3. lIpumep. Ilycte X cocrout m3 nByx Touek 0 m 1, o-anrebpa
tpuBnanbHa U cocrout w3 @ u X, pu(X) = 1, u(@) = 0. Toraa p*(0) =
w*(1) = 1, anauTuBHOCTH [1* HET.

OpHako Ui peaiabHBIX 3a7ad OOJbINEe HEYAOOCTB JOCTABISAET MPUMED
Buranu.

Ecte nBa mmyTH GOpOTHCSI ¢ ATON TpoOIEMOoii: 1) 3ampeTHTh aKCHOMY
BEIOOpA, 2) YMEHBIIUTH 00IAaCTh ONpEIeNiCHHs BHENTHeW Mepbl. Jleber, XoTs
Y HE IMMOBEPIIT B MHOXKECTBO BHTau, MoIel mo BTopoMy IIyTH U BBEN TaKOE
ompezeneHue.

1.4.4. Onpenenenune. Mroocecmso E nazvieaemcs uzmepumvim OmHo-
CUMENbHO GHEWHel Mepbl [1*, ROPONCOCHHOU CYEeMHO-A0OUMUBHOU MePOli
W Ha aneeope A, ecau

w(E) 4+ p*(X\E) = p(X).
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Knacc uzmepumvix munoscecms obosnauum uepes A,,.

Takum 00pa3zoM, yCIOBHE M3MEPUMOCTH — MHUHHMYM TOTO, YTO HAJO
clesaTh AU aJANTUBHOCTH (1% XOTs Obl Ha mape MHOXecTB E u X'\ E.

B kagecTBe 3amaum mpeyIaraeTcsl JoKa3arh, YTO PAaBHOCHIBHOE OIpe-
JeJIeHHe U3MEPUMOCTH F TakoBO: /I BCSIKOTO € > () HAleTcst Takoe MHO-
xecTBO A u3 anreopsr A, 4To

W(E DA <.

WNHuade roBops, MHOKeCTBa F IpHOIMKaeTCs 3JIeMEHTAPHBIMH 110 BHEIITHEH
Mepe, HO HpI/I6JII/I)KeHI/I$I «KOCBIC», H€O6SI33TCHI>HO BIIMCAHHBIC UJIN OITMCAaH-
HbIE, Kak ObuTo y XKopmaHa.

Knaccukam Bcerga Be3eT: OKaszajaoch, YTO BBeAeHHEINH JleOberom kiacc
ecTh o-anrebpa, comepxamas A, mpuueM Ha HEeW BHEIIHSS Mepa CYEeTHO-
aIIUTUBHA.

Ceﬁqac 9TO JOKa>XEM, HO Hy)KHI)I JABC TEXHHUYCCKHUEC JICMMBI, lITO6E)I pa3—
TPY3UTH JTOKA3aTEIHCTBO OCHOBHOM TEOPEMEL.

1.4.5. Jemma. (i) p*(2) = 0, (ii) pu*(A) < p*(B) npu A C B (mo-
nomonnocmy), (iii) p* (Uzozl n) < Yool 1wW(Ep) ona ecex E, C X
(cuemnas noryadoumugHocmn).

JAOKA3ATEJILCTBO. IlepBrle nBa cBoiicTBa o4eBUAHBI. JlI1 JOKa3a-
TenbeTBa (iil) Bo3pMeM € > () ¥ IS KaKI0To N MMOKpoeM F,, MHOXecTBaMu
Ayj € A tak, uro

S i Ang) < 1 (Bn) + 27
j=1

DTO MOXHO, €CIM NOMHHMTB, uTo Takoe inf. Torma £ = |J,, F, mokpsito
BceMU A,; U

00 00
WHE) <Y i (Ang) S YW (E) +e27) = ) i (Ea) + <,
n,J n=1 n=1
YTO JA€T HYKHYI0 OLEHKY Ipu € — 0. U

1.4.6. CaencrBue. Eciu E € A, mo p*(E) = p(E) u E € Ay

JIOKA3ATEJIBCTBO. flcHo, uto p*(E) < pu(E), nbo E camo cebds mo-
kpbiBaer u Bxoaut B A. Ilycts £ C |, An, An € A. Bamenus A, Ha
EnNnA, € A, moxHo cunrars, uto A, C E. Eciau 061 A,, ObLIM IU3BIOHKT-
HbI, TO nomy4uan Obl paBeHcTBO L(E) cymme psima u3 mep A,. Ho oHn
MOTYT TT€pPeCeKaThCs, OITOMY B OOIIEM CiTyduae OIeHKa, KOTOpas CIEayeT
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M3 TOTO, YTO ,u(Ufl\[:1 An) — p(E) (CBOWCTBO CYSTHOI aUTHBHOCTH),

IpUIeM /,L(Ug;l An) < Zivzl w(Ay,) u3-3a KOHEYHOU AaXJUTHBHOCTH U
HEOTPHULIATEIBLHOCTH (OUEBUAHO U3 apobieHus Aq, ..., Ay Ha JTUIBIOHKT-
uele Kyckn). Urak, ((E) < > p(Ay), Tak uro menbiue ;i(E) cnenars He

MHOJIYYUTCS, T.€. u*(E) = M(E) DTO e BEpHO U JJIsI JOTOJHEHHUs, OTKyIa
EcA, O

MoXHO 3aMETHThL, YTO B CaMOM JEMME HE HCIIOJL30Bajiach CUYCTHAs
aJITNTUBHOCTS (i, & B CIICICTBUU OHA ObLIa BaXKHA.

1.4.7. Jlemma. Umerom mecmo coommnoutenus

pr(A) = lim p(A,), ecu A, €A A, C A, A=, An
W (AUB)+ p (AN B) < w*(A) 4+ p*(B) ons ecex A, B.

JIOKA3ATEJILCTBO. fcHo, uto pu(A,) < p*(A). Iyers € > 0. Haii-
JIeM Takue BO3pAcTaroliue Homepa ny, 4o Ay, ) > lim p(A,) —e27F.
n—oo

Torma p(An,,, \An,) < £27F, npuuem muOKecTBa A, Ap,\An, ¥ T
nokpeiBatorT A. TToatomy

pH(A) < p(Any) + p(An\Apy) -+ < p(Any) + e < limp(An) + e,

YTO BBU/LY MPOM3BOJILHOCTH £ €T HY)KHOE PaBEHCTBO.

Jlns mokazarenbcTBa OCTABIICHCS OIICHKH BO3bMEM € > (0 W Haijem
muoxectea U u V Buma U = |, U,, V = U, Vo, Tne Uy, V,, € A,
Un C Upt1, Voo C Viy1, ans xotopeix p*(A) > p*(U) — e, p*(B) >
w* (V') — €. DT0 MOXKHO CZENaTh 110 ONPEIESIICHHIO BHEIIHEH MEpHhI: TOKPHIB
U muoxectsamu I; € A c p*(U) = 32, pu(l;) —ewnssa U, = UJj_, I; u
anajoruuno s V. Torma AUB CU UV, ANB C U NV, 3nauur,

p(AUB)+ p* (ANB) <p (UUV) 4+ (UNV).
ITo nokazanHOMY,
pr(UUV)= lim p(U,UV,), p(UNV)= lim puU,NV,).
n—oo

n—oo

B cuny anaurtuBHOCTH Mephl Ha A uMeeM
1(Up U Vo) + (U N Vo) < p(Un) + (Vi)

Tax xak u(Uy) — p*(U), (V) — p*(V), monygaem
prUUV)+p*(UnNV)<p* (U)+p" (V) < p*(A) +e+p*(B) +e.
Bcenomunast, 9to sieBa yactp He MeHbie p*(AUB)+u*(ANB), npue — 0

MOJTy4aeM HY>KHYIO OLICHKY.
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1.4.8. Teopema. Knacc A, sensemca o-aneebpoii, cooepacum A, no-
omomy u o(A), enewnss mepa |1* cuemno-aooumusna na A, u npooon-
acaem |i.

JOKA3ATEJILCTBO. Yxke 3HaeM, uto A C A, u u* npoaomKaer u.
Ecnu 651 3Hath, uto A, — anrebpa, a ;1* aaUTUBHA, TO BCE OBICTPO MPO-
Bepsiercs: ecn A, € A, nu3pronkTHEL, TOo st A = | J,, A, npu Bcex N
MBI OB IMEITH

N N o0
>out (A = u (U 4n) < u7(4) < P w(4n),
n=1 n=1 n=1

otkyma p*(A) = Y 7, p*(An). Kpome toro, X\A C X\ Uﬁ;l A, s
BCAKOTO /N, TIO3TOMY MBI OBl UMEJH TaK¥Ke

0 N o0
A+ (XNA) Y (An)+(X) =Y (An) =p(X)+)_ 1 (An),
n=1 n=1 N+1
gro mpu N — oo maer ouenky u*(A4) + p*(X\A) < p(X). o mem-
M€ €CTh U MPOTHBOIOJIOKHAS OIIEHKA. JTO 03HAYaeT U3MEPUMOCTDh A, T.e.
3aMKHYTOCTb A, OTHOCHTEIBHO U CUCTHBIX OOBEIUHCHHUIA.
IIposepum, uto A, U BIPAMB ecThb anredpa. J{OnoIHeH s MOXHO OpaTh
no onpenenenuo. I[lycts A, B € A,,. Hano nokasars, 4o
WH(AUB) + 1 (X\(AU B)) < ju(X),
TaK Kak 00paTHOE BEPHO MO JieMMe. MBI IMeeM PaBEeHCTBO
W (A) + 1 (X\A) + 1 (B) + " (X\B) = 2u(X),
a TaK)Ke HEPaBEHCTBA M3 MOCIICIHEH JTEMMBI
W (AU B) + (AN B) < i (4) + " (B),
w(X\(AU B)) 4+ p*(X\(AN B)) < p*(X\A) + p*(X\B),
IJie BO BTOPOH OIIEHKE MCIOJIb30BaHbI TOKICCTBA
X\(AUB) = (X\4) N (X\B), X\(AN B) = (X\A) U(X\B).

CyMmMa JIeBBIX 9acTel MOCIeAHNX IByX HepaBeHCTB paBHa 24i(X ), 4To BO3-
MOKHO TOJIBKO B TOM Clly4ae, KOIJa 3TH HEepaBeHCTBa OOpallaroTcs B pa-
BeHcTBa, n6o 1*(A U B) + p*(X\(AU B)) > u(X) n ananorudso ms
nepecedyenus. Urak, A, anredpa. Octaercs npoBepuTs, uto 1 (AU B) =
p*(A) + p*(B) nans om3wlorkTEBIX A, B € A,. DT0 BHUIHO U3 BTOPOTO
U3 MPEABIIYIINX PABEHCTB (B KOTOPBIC NMPEBPATHIIMCh HEPABEHCTBA), HOO
st mamepumblx A, B ono mpunumaer Bug pf(X\(A U B)) + pu(X) =
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2u(X) — p*(A) — p*(B), toe ciesa ¢ yderom nsmepumoct A U B umeem
2u(X) — p*(AU B). O

COITTALHIEHME: oanree cuemno-adoumuenas mepa p* na o-aieebpe
A, obosnauaemcs npejicHum CUMBOLIOM [, KAK UCXOOHAS Mepd. 3HAYOK
Ww* coxpansiemes 0na 3HAUeHUll HA NOMEHYUATLHO HEUIMEPUMBIX MHOICE-
cmeax.

OTMeTHM, YTO MOMYTHO Mepa /i MPOO/DKEHA Ha MOPOKACHHYI0 CUIMa-
anrebpy o(A). Otdero Obl cpa3y He HCIONB30BATh SBHYIO HOpMYITy s
npojokeHns Tonbko Ha o(A) u 3adem sta Mopoka ¢ A,? ITonpoOyiite
TaK c7eaTh U PACCKAXKHTE, CCITH TONYYHTCS.

1.4.9. CnencrBue. Onucannoe sviue npoooIdceHue — eOUHCMBEHHO
B03MOJICHO HEOMPUYAMENbHOE CHeMHO-A00UMUBHOE NPOOOINCEHUE MePbL |1
Ha nopodicoennyto cuema-anceopy o(A), a makdice eduHcmeenHoe makoe
npooondicenue na A,

JOKA3ATEJILCTBO. IlycTh ¥ — HEOTpULATEIBHOE CUETHO-aJAUTUBHOE
npoznoskenue Mepsl 1 Ha o (A). Ilycts A € o(A) ne > 0. Bo3pmeM Takue
A, e A,uto AC U, Ap u p*(A) = >, 1(An) —e. Iyets B = |, An.
Torma

v(A) <v(B) <Y v(An) = u(Ay) < p*(A) +e.

Buaunt, v(A) < p*(A). Touno tak xe v(X\A) < p*(X\A). Ognako

I (04 = v4) £ (X\4) = (X, noorony v(4) < (4)
Tydaii A, aHaIOTHYCH.

1.4.10. 3ameuyanue. KopoTkuii KOMMEHTapHuil PO MEPBYIO BO3MOXK-
HOCTb OOPBOBI C HEM3MEPUMBIMH MHOXXECTBaMH: 3aIllpeT aKCHOMBI BBIOOpA.
Kak yxe ckazaHo, HEXOpPOIIO COBCEM €€ 3alpeTUTh, HAO XOTS OBl CUeT-
HYI0 (OpMy OCTaBHTh, MHA4de Jake PSAAOB HE OyaeT (BIpodYeM, KOMY-TO
3TO HE MOKaxeTcs yxkacHeIM). Kpome Toro, 4ro-To 3ampeTuB, HaJO XOTb
YTO-TO pa3pelluTh B3aMEH. Y aKCHOMBI BBIOOpa €CThb KOHKYPEHT: aKCHO-
Ma aerepMHHUpoBaHHOCTH (D). BaxxHO mpum 3TOM, 4TO €€ MOXKHO BBECTH
MpHU CYETHOM akcrome BbIOOpa. Akcuoma (D) takoBa. JlBa cTymeHTa Mmart-
(haka OJITO UTPaOT B CIEAYIOLIYIO UTPY (He mpedepaHc): AaHO HemycToe
MHOXXECTBO A Ha MpsIMOiA, TOYKH KOTOPOH MPEACTABICHBI B JIBOMYHOM pa3-
JIO)KCHUHU, MOKHO CUUTATh, YTO pedb HAeT 0 MHOXkecTBax B [0, 1]. Mrpoku
o ouepeay nuuryT O wnn 1, 3Hasg pe3ynbTaThl NPeabIIyIUX XonoB. Eciu
B KOHIIE Mapbl MOJy4YeHHass OMHApHas MOCIe0BaTeIbHOCTh JTAeT YHCIIO0 U3
A, TO BBIMTpAJ IEpBbHIA, a eciu He u3 A, To Bropas. ['oBopsT, 4TO IS
A OIIVIH W3 UTPAIOLIMX HMEET BBIMTPBIBAIOIIYIO CTPATETHIO, €CIIH OH MOXKET
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JieT1aTh XOJIbl, NPUBOJSIIME K To0ene. Hanpumep, eciin A cocTouT 3 OHOIM
TOYKH a = (a;), TO BTOPOIl MIPAIOMINI BBIUTPHIBACT, IPOCTO 3aMEHUB 2.
SIcHo, 4TO Tak ke MOXKHO JEHCTBOBATh JUIsl KOHEYHBIX MHOXKECTB. 1lepBblit
K€ MOXKET BBINTPATh aHAJIOTUYHO, e€cli A eCTh JTOTOIHEHNE OJHON TOUYKH.
MHoxecTBO A Ha3bIBaeTCsl JCTCPMHUHUPOBAHHBIM, €CIIM OJUH U3 HIParo-
IIMX MMEET BBIMTPBIBAIOLIYIO cTparteruio. Akcuoma (D): Ha mardaxe Bce
MHOXXECTBa JIETepMUHHPOBAaHBl. MOXXHO JJOKa3aTh, YTO TOTAa Ha Mardake
BCE MHOXecTBa M3MepuMsl 1o JleGery. BrpodueM, Bo3MOXeH MHOM B3I
Ha BEILU: MOXXHO CUMTATh, YTO MPU3HAIOTCS 32 MHOXKECTBA JIMIIb JETEPMU-
HUPOBAaHHBIE MHOXKECTBA. TyT HEBO3MOXKHO CIIOPUThH, BEJlb HEU3BECTHO, YTO
TaKo€ MHOYKECTBO.

§ 1.5. IlononHeHue Mep U KIaccuyeckas Mepa JleGera

Beime y)xe roBopuiIoChk, UTo CHenuanbHas o-anredpa A, BOSHUKIIAS
u3 anrebpst A, MOXeT OBITH [IMpe HaUMeHbLIeH o-anredpst o(A), comep-
xameir A. Ckaxewm, s mepsl Jupaka B Hysie Ha o-anrebpe B [0, 1], co-
crosieil U3 Hys, ITyCTOrO MHOXECTBA M BCEro OTpe3Ka, o-anredpa A,
€CTh KJIACC BCEX MHOXKECTB B O0Tpe3ke. Ho ckonb Benrka pa3HHIA B CMBICIIE
Mepbl? OTBET OUY€Hb TPOCTOMH.

1.5.1. Mpexnoxenne. [lycmv [ — cuemHo-a0OumMueHdas mepa Ha o-
aneeope A. Toeoa A, ecmv xknacc muodcecms euoa AU Z, 20e A € A
u p*(Z) = 0, me. k A nHado 00basumo 8ce603MONCHBIE NOOMHONCECTBA
MHodcecme mepol Hyab uz A.

JOKA3ATEJILCTBO. fIcHO, 4TO yKa3aHHBIE MHOXECTBa JeKar B A,
ITycts Teneps E € A,,. Jlna Besxoro k Haiinercs mHoxecTBo Ay € A ¢
E C Ap u p(Ag) < p*(E) + 1/k. D10 sicHO U3 OnpeeNneHusi BHENIHEH
mepsl. Torna A = (|, Ay € A, E C A, W(E) = p*(E) = p(A). Anano-
rugao st X\ E naxomum B € A ¢ X\E C B u p(X\FE) = p(B). dusa
D = X\B nonysaem D € A, D C E C A,

n(D) = (X) — w(B) = w(E) = p(A).
Urax, Z = E\D C AA\D € A, E=DUZ, u(A\D) = 0. O

Beeznennoe Boitiie MHOKeCTBO A € A ams E cyiecTByer sl BCIKO-
ro MHOXecTBa F, naxe Henamepumoro. OHO Ha3bIBaeTCsl U3MEPUMOIT 000-
noukoit F. Takoe MHOXXECTBO HE O[HO, HO BCE OHU MMEIOT PaBHYIO MEpy
w*(F), npuueM MHHUMAIbHBI B TOM CMBICIIE, YTO MeX1y £ u A HET MHO-
)kecTB U3 A MOJ0KHUTEIBHON MEpBI.
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Mepa j Ha A, TonHa B TOM cMbIcne, 4To B A, BXOAAT W BCe IOA-
MHOXXE€CTBa MHOXECTB MEpbl HYyllb, YETO MOIJIO HE OBITh Ha UCXOIHOW o-
anrebpe. ITosTomy A, Ha3bpIBalOT Takxke JeOETOBCKMM mononHeHueMm A
OTHOCHUTEJIBHO MEpHI [i.

W3 nokazaHHOTO CIieyeT, 4TO €ClId MPUMEHATh TEOpPEMY O MPOIOIIKe-
umn K A = A, To pacimpenus He npousoiizer, T.e. (A,), = A,. Onnako
9TO OTHIOAb HE O3HAYaeT, YTO HeJb3s MPOJOJDKHUTE (4 Ha elle OoJiee mupo-
Kyto o-anredpy. Hanpumep, eciiu mepy Jlebery paccmoTrpers Ha o-anredpe
B [0, 1] U3 MHOXECTB Mepbl Hy/Ib U HX JOIOJHEHHIl, TO Cpa3y MOIYIHTCS
MOJTHasE Mepa, HO €€ MOXKHO HPOJODKUTH Ha BCIO 0-alre0py U3MEPUMBIX
MHOXXECTB, XOTSl U HE C TIOMOIIbIO BHEITHEH MEpBI.

B xauecTBe 3a7a4yM MOJNE3HO JOKa3aTh, YTO €CJIM JAHO MHOXECTBO F
He U3 o-anreOpbl, Ha KOTOPOH 3a/iaHa Mepa fi, TO 3Ty MEPY MOXHO MPOJIOI-
JKHUTh Ha -anredpy, NopokaeHHYI0 A 1 JOTOIHUTETEHBIM MHOKECTBOM F .

Kiaccuueckas mepa Jlebera Ha orpeske mpsimoil min Ha kyoe B IR”
3a7aeTcsl KaK pe3yibTaT NPUMEHEHHs MPeABIIyIIX MOCTPOCHUH K 0ObIY-
HOMY 00beMy Ha anredpe A KOHEUHBIX 0ObSTUHCHHUI MPOU3BEACHUN TIPO-
MexyTkoB P = J; X --- X J, B [0,1]", rme J; — npomexytku u3 [0, 1].
@Oyukuust A\, (P) := A(J1) x - x A\(J,,), 3aaaHHast HA TAKUX TPOU3BEICHHUAX
W TPOJIOJDKEHHAS M0 aJUIUTHBHOCTU HA WX JM3BIOHKTHBIC KOHEYHBIC 00b-
SINHECHUS, CYCTHO-aJIIUTUBHA, MO0 00JagaeT MPUOMMKAIOMINM KOMIIaKT-
HBIM KJIAaCCOM M3 KOMITAKTHBIX MHOXKECTB. Teopema O MpOJOIDKEHHH Ja-
eT CYCTHO-aJUTUBHYIO Mepy A, Ha o-amreope L, ([0,1]") u3mepumsix
o Jlebery MHOXKECTB B KyOe. DTa ¢-anredpa BKIIOYaeT OOpPEICBCKYIO O-
anrebpy kyba. OmmcaHHOe TPOJODKEHHWE HasbiBaeTcs Mepoit Jlebera Ha
KyOe.

W3 cka3aHHOTO BBILIE SIBCTBYET, YTO JJISI BCAKOTO M3Mepumoro mo Jle-
Oery MHOXecTBa A BEpHO paBEHCTBO

w(A) = sup{u(K): K — xomnakr B A.}

Ecnn cnagana xak-to 3agath Mepy Jlebera Ha KOMIakTax, TO B IIPUHIIUIIE
TaK MOXXHO OIPEAEIIATh ee Jajblle.

AHayornyHo BBOATCS n3Mepumble 1o Jlebery mHoXxkecTBa 1 Mepa Jle-
Oera Ha BesikoM Kybe [— N, N|™. Teneps MoxHO BBecTH o-anrebpy L, Bcex
u3MepumbIx 1o Jlebery muoxectB B IR", cocTosIlyt0 U3 MHOXECTB, Iepe-
CEUCHHUSI KOTOPBIX C KyOaMH H3MEPUMBI.

YroObl BBecTH emie u Mepy Jlebera Ha L, 3aMeTUM, YTO TOYHO TaK XKe,
KaK JUIs YMCIIOBBIX (DYHKIUH, MOKHO BBECTH IOHATHE CYCTHO-aITUTUBHON
Mepsl co 3HadeHUsAMH B [0, +00], momaras, 4T0 cymMMa ¢ OECKOHESYHOCTBIO
ecTb OeckoHeqHOCTh. Takue Mephl OyJeT Ha3bIBaTh UMEHHO MEpaMH CO 3Ha-
geHusMH B [0, +00], a TEPMUH «Mepa» COXPAHUM ISl KOHCYHBIX Mep.
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CueTHO-aIMTHBHAS B 3TOM cMbiciie Mepa Jlebera A\, Ha L, 3amaercs
dhopmyroin

oo
An(A) =) A(ANK)),
j=1

rne K — LeIOouKCIIeHHbIe CIBUIM €JMHMYHOIO Ky0Oa [0,1]™. Dt caBuru
MOTYT TIePeCeKaThbcs, HO MePeCcEeUeHIsI MMEIOT HYJIeBYyI0 Mepy. B kadectse
YHpaXHEHUs HaJl0 YOSAUTHCS, YTO U TPaB/ia MoJy4YeHa CUeTHO-aIITUTUBHAS
Mepa Ha o-aireope.

W3 ompenenenusi 04eBUIHO, YTO Mepa Jlebera MHBapUaHTHA MPH C/IBH-

rax: CABUT' ©3BMCPHUMOI'0 MHOXKXCCTBA A Ha BCKTOP h HU3MCPUM U
An(A+ h) = Ap(A).

OTUM CBOHCTBOM MEpa JleGera 3a4aC€TCd OAHO3HAYHO C TOYHOCTBIO 10 MHO-
JKHUTCIIA.

1.5.2. Jlemma. Ecau 6openesckas mepa p na I = [0,1]™ makosa, umo
w(B) = pu(B+ h) ons 6cex makux B € B(I) u h, umo B C I, B+h C I,
mo [L = C\y,, NpU HEKOMOpPOM C.

JOKA3ATEJILCTBO. U3 cueTHON ajANTUBHOCTU U HHBAPUAHTHOCTH SIC-
HO, YTO TpaHu KyOOB UMEIOT HYJIEBYIO [i-MepY (KyO COmepKUT OECKOHEUHOE
4ucio caBuroB rpanu). [lostomy 3naueHue ¢ = p(I) OOHO3HAYHO Ompe-
JensieT 3HaueHHus Mepbl i Ha Ky6ax Buma 27 F"I + h w3 I, momydeHHbIX
KaK IIPOU3BEACHUS IIPOMEKYTKOB JINHBI 2=% nocne JeICHUSI [O, 1] Ha 2k
MIPOMEKYTKOB PaBHOM JUTUHBI (TIPOMEKYTKH MOTYT OBITH 3aMKHYTBIMH, OT-
KPBITBIMU, TIOTYOTKPBITEIMU, IIO3TOMY KyOBI MOTYT OBITH O6€3 UacTu TpaHeil,
pebep miu BepimrH). TeM caMbIM Mepa L COBIIQZaeT ¢ MEpOH cA, Ha ai-
redpe KOHEUHBIX 00beANHEeHHH KyOOB yKa3aHHOTO BHa. Torjma paBeHCTBO
oCTaeTcsl B CHJIE M Ha MOPOXKACHHOW 3TOM anrebpoii o-airedpe, a 3to 60-
peneBckas o-anrebpa. O

1.5.3. CaeacrBue. Mepa Jlebeca — eOuncmeeHHas ¢ MOYHOCMbIO 00
MHOICUMEIISL CHEMHO-A00UmueHas mepa co snavenusmu 6 [0, +0o| na bope-
nesckotl o-aneebpe 6 IR"™, uneapuanmunas npu cosueax u koneunas na [0, 1]™.

U3 3TOTO BBITEKAET, YTO CAMHCTBEHHOCTh HMEET MecTOo U Ha L.

B kadectBe 3amaun (mpearaBmieiicst B CBOe BpeMs Ha NMUTEPCKON ro-
POZCKOH onmuMmuazae Al LIKOJIbHUKOB) MpesiaraeTcs A0Ka3aTh Takod HMH-
TEPECHBIN (axT.

1.5.4. Teopema. /[na 6csaxoco € > 0 naiidemcss makoe KOHeYHOE YUCTO
ousvionkmuwix wapos 6 [0, 11", umo ux cymmapnoiii 06wvem 6onvue 1 — ¢.
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1.5.5. CanencrBue. Bcsxoe nenycmoe omkpvimoe mHodycecmeo ¢ IR
C MOYHOCMbIO 00 MHOJICECMBA MePbl HYb echib 00beduHeHue Nociedo6a-
MENbHOCHU OUZLIOHKMHBIX UWAPO8.

[lapbr B 3TOM yTBEpKIESHHUH MOKHO OpaTh OTKPBITHIC WM 3aMKHYTHIC.
B kadectBe 3amaun qokaxurte, 4to IR Henb3s mpencTaBUuTh B BUIEC TOUHO-
T0 00bEeIUHEHHS 3aMKHYTHIX IIAPOB C HEHYJAEBBIMH PaIdyCcaMH U MOMapHO
He MepeceKaloNMMICI BHYTPEHHOCTAMH (Takas 3ajjada Ipeiaraiach K-
pu Ha omHOM U3 mocneaHux crynendeckux omummuan CCCP, roe ypoBeHb
YYacTHHKOB, cpenn kotopwix Obul I. Tlepenbman, 1mo3Bomsil HajesThCS Ha
MONTyYeHUE PEIICHHUS).

W3 npuBesieHHOTO (haKTa BBITEKAET, YTO B ONPECIICHINH BHEIIHEH Mephl
Jlebera BMeCTO MOKPHITHN KyOaMU MOXXHO HCIIONH30BAaTh TOKPHITHS IIapa-
MU. JleficTBUTENbHO, KaXKABI KyO M3 MOKPBITHS MOXKHO MOKPBITH KOHEY-
HBIM HaOOpPOM IIIapOB ¢ CyMMOH 00BEMOB, CKOJIb YTOIHO ONM3KOH K 00BeMy
KyOa.

OTMETUM CJICIYIONIHI TPOCTOM M MOJIC3HBIN (DaKT.

1.5.6. Jlemma. Ilycmo A C IR"™ uzmepumo no Jlebeey. Tocda ons ecs-
K020 unuiuyego2o ¢ nocmosinnou L omobpacenuss F mnoocecmso F(A)
usMepuMo u

A (F(A)) < L'\, (A4).

JIOKA3ATEJBCTBO. JlOCTaTO4YHO pacCMOTPETh OIPaHUYCHHBIC MHOXE-
cTBa. B CHIIy CKa3aHHOTO BBIIIE MHOXECTBO A €CTh 00beJWHEHHUE TMOCIe-
JIOBaTEIbHOCTH KOMITAKTOB M MHOXKECTBA Mephl Hyllb. O0pa3 KoMIIakTa Mpu
F' xoMmakreH, Mo3TOMY JOCTaTOYHO MMOKa3aTh, YTO F' MEpeBOAUT MHOXKe-
CTBa MepHI HyJb B MHOXeCTBa Mephl Hyib. Ilycth A\, (E) = 0 u ¢ > 0.
IToxpoem E kybamm B, ¢ pebpamu r; u Zj ri < e. Torma F(Bj) nexur
B IIape pajauyca He Oonee Ln1/27’j, T.c. B Kybe ¢ pedpom 2Ln1/27”j. Ot0
maer \,(F(E)) < 2"L"n" %, otkyma \,(F(E)) = 0. Urak, F(A) u3-
Mepumo. UToOBI J0Ka3aTh OLEHKY JJIsl Mep, HaJ0 IPUMEHUTH YIIOMSHYTYIO
BBILIE BO3MO)KHO BBIYMCIISATH BHELITHUE MEPHI 110 MOKPBITUAM LIapaMu, K00
JUIS LIapa 3Ta OLCHKA OYEBHU/IHA.

1.5.7. CnenacrBue. Ilycmo A C IR"™ usmepumo no Jlebezy. Toeda mno-
acecmea oA u U(A) 0na 6caKkux wucia o u 0Opmo2oHaibHO2O Onepamopa
U uzmepumsl, npuuem

An(ad) = lal"An(A4), A (U(A)) = An(A).
bonee moeo, ons écaxozo nunetinoco onepamopa 1" umeem

Aa(T(A)) = | det TIAq ().
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JOKA3ATEJBCTBO. IlepBrie nBa yTBEp)KACHUS CIEAYIOT U3 Pe3ylib-
TaTa 0 eIWHCTBEHHOCTH Mephl Jlebera, eciam 3aMeTHTh, YTO JIEBBIE YaCTH
PaBEHCTB 3aJal0T WHBapHaHTHBIE OOpeJeBCKHE Mephl (A1l STOro Hy>KHa
BBITEKAIOIIAsl U3 TIEPBOTO YTBEPXKICHHs JIeMMbI m3mepumoctb oA u U (A),
OIIEHKa U3 JJeMMa 37Iech He HyxHa). IlocnenHee yTBepxkIeHIe aHAaJIOTMYHO,
HO B HEM JJI51 HAaXOXKICHUSI MHOKUTEIISI IPOIIOPLMOHATIBLHOCTH €LIe TO0JIE3HO
3aMEeTHUTh, YTO HEBBIPOXKACHHBIA OIEPaTop €CTh KOMITO3UIHS OPTOTOHAb-
HBIX OIEPaTOPOB U PACTKEHUH 110 OCSM. g

1.5.8. 3ameuanue. OrpannueHHBIC OOPEIEBCKIE MEPHI HA TIPSIMON HEpe-
Ko HaspIBaroT mepamu JleOera— Cruntheca. Takas TEpMHHOJIOTHS CBs3aHA
C T€M, YTO MHTETrpalbl 10 HAM BBIPAXAIOTCA Yepe3 UX QyHKINH pacupene-
neHus (00 caenaHo 3amedaHue Hke). OyHKIMS pacnpenereHus OrpaHu-
YeHHOU OOpEeIeBCKONW MepHhI 4 Ha MPSAMOM 3amaeTcs HopMyIToi

Fu(t) = p((—o0,t), telR.

s HeoTpuuaTeNbHON Mepbl L (QYHKIMS paclpeelieHUs] BO3pacTacT u
OrpaHHUYCHA, tlim F,(t) = 0. Kpome Toro, oHa HENPEpHIBHA CIIEBA: €CIIN
——00

TOYKH ¢, BO3pACTAIOT K t, T0 F),(t,) — F},(t) BBUIY CUETHOI a/IMTHBHO-
CTH ft. Mepbl ¢ paBHBIME (DYHKIUSIMH PACIIPEICICHHS PABHBI, TAK KaK OHU
MMEIOT O/IMHAKOBbIC 3HAYCHUS Ha TOJyHHTEpBalax Bujaa [a,b), a UMEHHO
pasHoct F),(b) — F,(a), a Torna Ha oObeAMHEHHS TIOCIEI0BaTeNbHOCTEN
BO3PACTAOIIMX MOJYHHTEPBAaX, 4TO JaeT COBIAJCHHE HA BCEX MHTEPBa-
Jlax, a TOr/Ia M Ha BCEX OTKPBITBIX MHOXKECTBAX.

OGparHo, Bcsikash HEHpepbIBHAsI ClieBa OTPAaHHUYCHHAS BO3PACTAIOIIAs
HeoTpuuarenbHas QyHKIus F ¢ tlim F(t) = 0 cmyxur QyHKIHeH pac-

——00

npezeseHusl HEKOTOPOH HeoTpHLAaTeIbHOM OopeneBckoi Mephl. Takas Mepa

w crpourcst Tak. [Monoxum p([a, b)) = F(b) — F(a), tae B KauecTBe @ U b

JOIYCKAFOTCS TaK)Ke TOUKH —O0 M 00, 3HAYCHHS B KOTOPBIX F' moompere-

JIeTCS KaK Ipeel MOHOTOHHOH (yHKIMH. MOXKHO JOONPENSIUTh 3HaYe-

HUSL (0 M B OT/CIBHBIX TOYKAX, MOJOXKHUB fi(a) = ali%l+ Fula+¢)— Fu(a).
=

OTO MO3BOJAET 3a7aTh [ HA MPOMEXYTKax (B TOM YHCIE JIydax) ¢ JIOObIM
BKJIFOYEHHEM KOHIIOB. 3aTe€M [/ IPOLOJDKACTCS MO aAUTUBHOCTH Ha KOHEY-
Hble 00BbETMHEHUS AU3BIOHKTHBIX IIPOMEXKYTKOB TaKoro Buja. MIx coBoky-
HOCTh €CTh ajirebpa, Ha KOTOpo# 1 anauTuBHA. bonee Toro, ecth U cueTHas
aJIMTUBHOCTE. JTO clexyeT u3 TeopeMsl 1.3.6: B KauecTBe KOMITAKTHOTO
KJlacca 34ech FOIUTCs Kilace KOHEYHBIX 00bEeANHEHNH OTPE3KOB.



T'TTABA 2

HNurerpan Jlebera

§2.1. Onpenenenue naTerpaa Jledera

[lycts nana mepa p Ha mpoctpancTBe X ¢ o-anredpoit A, B kauecTBe
KOTOPOH MOeT ObITh B3sATa M A ;. 3a7laHue Mepbl HA MHOXKECTBAX I103BO-
JISIeT €CTECTBEHHBIM 00pa30M BBECTH MHTErpal Ha (PyHKIHAX ¢ KOHEUHBIM
YHCIIOM 3HAYCHWH, MPUHUMAaeMbIX Ha MHOXecTBax u3 A, T.e. QyHKUMAX
BUJA

f(@) = crla, () + - + cnla, (2),
e ¢; — uncna, A; € A, [4 — HHIUKaTOp MHOXECTBA A, T.e.

In(z)=1mpuz € A, Ia(z)=0mnpuzx ¢ A.

Takue (yHKIMU HA3bIBAIOT MPOCThIMU. KOHEYHO, OHM HE TakKue YK IMPo-
CThIE, TaK KaKk MHOkecTBa A; MOryT ObITh clioxHbIMU. He crenyer myrathb
3TH (PYHKIIUH CO CTYNEHYATHIMU HA OTPE3KU — TE €IIE MPOIIIE.

st mpocroit ¢pyHkmu f ee uaTerpan Jlebera 3agaercs hopMysion

[ saw= [ swua :—icmmn.

OyHKIHIO f MOXKHO pa3HBIMH CIIOCOOAaMH 3alKCcaTh B YKA3aHHOM BHJE, HO
JIETKO NIPOBEPUTH C NOMOIIBIO aJAUTHBHOCTH MEPBI, YTO YKA3aHHAS CyM-
Ma OT ATOro He 3aBUCHUT. [103TOMY MOXHO HCIONB30BaTh NMPEACTABICHUE,
B KOTOPOM BCE€ ¢; Pa3MUYHBI (T.€. 3TO BCE 3HAYCHHS, B3STHIE ONWH pas),
a MHOXeECTBa A; TU3BIOHKTHBI (3TO HE MPEATNONaraeTcst 3apaHee).

IIpocteie pyHKIMM — QYyHKIMK ¢ KOHEYHBIM YWCIIOM 3HAYCHHH C W3-
MEpPUMBIMH NIPoo0pa3aMy 3HaUeHUH. Yke Ha 3ToM dTarne uHrerpai Jlebera
MIPUITMCHIBAET HHTETPANl HEMHTETPUPYEMBIM 110 Pumany GyHKIUSM, HalpH-
Mep ¢yHkiuu Jupuxie (paBHOW 1 Ha MHOXKECTBE PAllMOHATIBHBIX YHCEN U
0 Ha wppannoHanbHBIX). Takas (yHKIMSA TmpocTa ¢ Touku 3peHus JleGera,
€€ MHTEerpajl paBeH HYIIIO.
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EcTecTBEHHOCTh Takoro BBEJACHMS MHTETpajia MpH 3aJaHHOW Mepe Co-
CTOHT B TOM, YTO JKEJIATEIBHO UMETh UHTETPAJI, THHEHHBINA 1O f W TArOIIUiA
MEpYy MHOXXECTBA Ha €e HHAUKaTope. TeM caMblM HMKaK MHA4e Ha IPOCTBIX
He 3agarh. Ho kak mpomoimkuTh MHTEOrpan Ha Oosee ciaokHble GyHKIuN?
3nech 04eHb BaKHOW OKA3bIBAETCS KOHLIEHIIHS M3MEepUMON (pyHKIHH.

2.1.1. Onpenenenne. Qyuxyus f na npocmpancmee X ¢ o-aneedpoii
A naswvisaemcs usmepumoui omuocumenvro A uru A-uzmepumotl, ecnu

{z: f(zx) <c} € A o0na ecex uucen c.

3mech OueHb BaXKEH KBAHTOP « s Bcex». MHOTMAa BMECTO 3TOro TOBO-
PAT «IUISL TFOO0TO» ¢, TIOCIIE Yero MHOTHE CHAIONTUE SK3aMEH TyMaroT, YTO
JIOCTATOYHO B3ATh KAaKOe-TO ¢, Kakoe MM J11000. Ho HeT, Hafo MMEHHO s
BCSKOTO!

OOpaTtuM BHUMaHHUE, 9TO B OMPEACIICHUH U3MEPUMOCTH HUKAKUX MEp
HET, TOJILKO MX MOTEHIMAIbHBIC 00JIACTH OIpeseneHus !

Hwske MbI IpoBEpHUM, YTO ISl K3MEPHUMOKN QYHKIUHU f €€ MOJ0KHUTEIb-
Has U OTpHIlaTeIbHAs YacTh

fT =max(f,0), f~ =max(—f,0)

TOXE U3MEPUMBI.
Teneps BBenmem muHTerpain Jlebera ams A-u3MepUMBIX (QYHKITHIH.

2.1.2. Onpenenenne. Jua A-usmepumoni pynxyuu f > 0 noroocum

/fduzsup/ pdpy,
X Y JX

20e sup bepemcsi no écem npocmoim Gynxyusim © < f. Qynxyusn f nasvi-
6aemcst uHmMezpupyemotl, eciy 3mMom SUp KOHeueH.

3uaxonepemennasn gynkyus f = f — f~ nasvleaemcs unmezpupye-
Mmoti, eciu makosvl [ u f~, a ee uumezpan ecmv paznocme ux unmezpa-

J1086.
/deuz/xf+du—/xf‘du-

Cpa3y oOpaTyM BHMMaHHE Ha TO, YTO B OTOM OIPEIEICHUU HET HH-
KaKUX «ECJIM YTO-TO OT YEro-TO HE 3aBHCUT»: 3lI€Ch CpPa3y HUKTO HU OT
KOTO HE 3aBHCHUT, UHTETPaJl HEOTPHUIATEIbHON (DyHKIMM BCErla ecTh, JIH-
00 OeCKOHEUHBIH, IN00 KOHEYHBIN (Kak CyMMa HEOTPHIIaTeIEHOTO psiia), B
MOCIIEIHEM cllydae (QYyHKIUS 00bsABIsICTCS MHTerpupyemoi. J{is 3Hakorme-
peMeHHOU (QYyHKIIMY OTAETHHO PacCMaTPHUBAIOTCA ABE (DYHKIIMU, TOXKE HET
HUKaKHX «yCIIOBHOCTED.
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Hakonen, caenaem ele oivH TEXHUYECKUH LIAT, B KOTOPOM B U3MEPH-
MOCTH BC€ K€ TOSIBIISIETCA Mepa.

Bynem roBopuTb, 4TO HEKOTOPOE CBOMCTBO TOYEK BBIIOJHEHO IOYTH
BCIOZTY OTHOCHUTEIIEHO MEPHI (4 HITH Li-T1.B., €CJTH MHOXKECTBO TOUEK O€3 3TOTO
cBoiicTBa BXOAUT B A, ¥ UMEET Mepy HyIb.

Hampumep, MOXHO cKa3aTh, 9TO (PYHKIHS MOYTH BCIOMY OIpeleiacHa
WJTU TIOYTH BCIOLY HEOTpHIlaTeNIbHA.

IMonmuokecTBO F C X MOXHO HaJIENUTh ClIe[I0BOM o-anrebpoit A|pg,
cocrosmeii u3 nepeceuenuit AN E, rne A € A. Tem cambim E npeBpaiia-
€TCsl TOXKE B U3MEPUMOE MTPOCTPAHCTBO.

2.1.3. Onpenenenue. byoem Hazvigamv L-UMEPUMOU makKue QyHK-
yuu f, umo f onpedenena éne nexomopoeo mHodcecmea Z Mepbl Hylb U
usmepuma 6 yrkasannom eviuie cmoicie na X \Z ommnocumenstio Ayl x\ 7.

CMBICIT 3TOTO IIara — pa3peinTb QYHKUUHN He ObITh ONpeaeICHHON Ha
MHOXXECTBE MEPbI HYJb, T.€. PACCMATPUBATH II.B. ONpPECICHHbIC (YHKIINH.
B m1aBHOM ompeneneHUH HUKaKUX Mep He Obuto, (YyHKUMs TOJDKHA Oblia
ObITH BCIOAY 3aaHa. Temeps 370 cierka ocnadunu. [Ipu sToMm He TpebyeTcs
KaK-TO NPUHYIUTEIHLHO TOONpPENeNsaTh He BCIOAY 3aJaHHYI0 (QYHKIHIO HIIH
HepeOnpeneNiTh, €CIH Y Hee IIe-TO ObUI0 OECKOHEYHOE 3HAYCHHE — TaKHe
3HAYEHUsS] HE CUMTACM 3HAYCHHUSMH, OHM BO3MOXKHO JIUIIb HA MHOXKECTBE
MepHI HyJ1b. TeM caMbIM BCIOLY paBHas OECKOHEUHOCTH (QYHKIHS y Hac He
canTaeTcs PyHKIUEH.

2.1.4. Onpenenenue. Ilpuyucium K unmezpupyemvim maxue [-uzme-
pumble QYHKYUU, KOMOPble KOMOpble UHMe2PUPYeMbl 8 YKA3AHHOM CMbICILE
Ha ceoell obracmu onpeoeneHusl.

B kadecTBe 3amade ciemyeT MPOBEPHTH, YTO [-U3MEpPHMAas (YHKIHS
craner A, -M3MEPUMOIi IOCIIE TOONPENENEHHS €€ MPOU3BOIBHBIMU YHCIIO-
BBIMH 3HAUCHHSIMHU (CKa)XeM, HyJeM) Ha MHO)KECTBE MeEpbhl HyJjb, T/ie OHa
He Obuta omperneneHa. Kak jgerko mpoBepuTh (3TO CIIeAyeT U3 HIDKECIeTy-
IOIIET0) 3HAYCHUSI UHTEerpalia U caM (akT ero CyIIeCTBOBaHHS OT STOTO HE
3aBHCAT.

§2.2. CpoiicTBa U3MepUMBIX (PyHKIMI

OtoT naparpad uMeeT TeXHHYECKHI XapaKTep — MPOBEPSIOTCS OCHOB-
HBIE CBOWCTBA M3MEpUMBIX (pyHKImiA. Jlaxke ecmu cuurars, 4To Bce (QyHK-
uu u3Mepumsl 1o JleGery, To Takas ImpoBepka HEOOXoauMa, MOCKOJIBKY
94acTO MPUXOAMUTCSA UMETH /IO C OOpesleBCKUMH (QYHKIUSMHU WIN (DyHKIIH-
SIMH, U3MEPHUMBIMH OTHOCHTEIIFHO WHBIX CUTMa-ajireop.
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2.2.1. Onpenenenne. Qyuryus f Ha MONOIOZULECKOM NPOCMPAHCIBE
X nasvieaemcs bopenesckou unu usmepumon no bopenio, ecmu ona usme-
puma omHocumenvro bopenescroil o-anzeopel B(X), m.e. naumenvuel o-
aneedpul, codepoicaujeli 6ce OMKpPbIMble MHONCECEA.

Hanpumep, HenipepeiBHas ¢yHkus f m3mepuma o bopenro, nb6o MHo-
xectBa {x: f(x) < ¢} OTKPBHITHL.

2.2.2. Jlemma. @ynxyus [ uzmepuma omnocumenvno o-aieebpor A 6
mounocmu mozoa, kozoa f~1(B) € A ona 6csikozo 6openeckozo MHOdNCe-
cmea B C IR.

JIOKA3ATEJILCTBO. Kitacc MHOXECTB
E={EcBMR): fYF)c A}

SBISIeTCA o-anreOpoi s kakod yromHo ¢ynkuumu. IIpoBepka — o0s3a-
TenbHOE ymnpaxueHne. Ecnu f m3mepuma, To € comepkuT Jydu, a TOraa
U HaMMEHBIIYI0 CHIMa-anreOpy, COAepiallylo JIyduH, a 3To OopeneBcKas
curma-anre6pa. 3Haunt, & = B(IR). O6parHOe 04EBUIHO. O

2.2.3. Teopema. (i) na eécaxoii A-uzmepumoii hynxyuu f komnoszuyus
g o f mooce A-usmepuma 05 8caxoil bopenesckou Qyukyuu g.

(1) Juneiinvie xomounayuu u npousgedenuss A-usmepumvix Qyuxyui
A-uzmepumbr.

(iii) Ecau f(x) = lim f,(x), ede fp, A-usmepumor, mo f moowce A-
usmepuma. e

JIOKA3ATEJILCTBO. (i) Umeem (g o f)~H(B) = f~1(g7}(B)) € A
JIs Beskoro Gopesiesckoro B, u6o g~ '(B) Toxke Gopenesckoe, MO3TOMY
MpUMEHUMA JIEMMa.

(i1) ocrarouHo IPOBEPHUTH, YTO cymMMa A-U3MEPUMBIX [ U g U3MEPH-
Ma. Jlerxo npoBepuTsh (IpoBepsTe!), UTO

{z: f(x)+g(z) <c} = U{x flz)<e—r, glx) <r}.
re@Q

B npaBoii yacTu CTOUT cueTHOE OObEOUHEHHE IEepeceUeHU MHOKECTB U3
A. Tenepb u3mMepuMocTh fg CiemyeT U3 paBeHCTBa

fa=((f+9?*—=f-9>/2,

Ie KBaJIpaTbl U3MEPUMBI B CHITY (i) ¢ y4eToM OOpesIeBOCTH HENpPEPbIBHOM
dynximu t — 2,
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(iil) AHanoruyHO mpenpiyneMy (CHOBa Hy)KHa IpoBepkal) nMeemM

{z: fz) <t =] U N {z: fule) <c—1/k},

k>1 N>1n>=N

7€ MHOXKECTBO B CKOOKax BxoauT B A. O

W13 1oka3aHHOTO BBITEKAET, YTO M YacTHOE f/g M3MepUMBIX (GyHKIHI
nuzMepumo, eciau g # 0. s 3Toro Hago MPOBEPUTH JIMIIE U3MEPHUMOCTD
1/g, 9T0 JErKo cenarh 10 ONpEeIeNeHHI0, HO MOXKHO U cociarkes Ha (i),
3ameTuB, 9to Qyukims ¢(t) = 1/t, ¢(0) = 0 Gopenesa.

Bor eme oqHO onucanue U3MEPUMBIX (QyHKIUH.

2.2.4. CnencrBue. Qynxyus f seraemcs A-uzmepumoni 8 moyHocmu
mozoa, K020a OHA eCimb NOMOYEYHbI NPedel NPOCMbIX QYHKYULL.

ITlpu smom 05 oepanuyeHHOU QyHKYUY MU APOCHble MOJICHO G35Mb
PABHOMEPHO CXOOAWUMUCA, A Ol HEOMPUYAMENbHOU NOMOYEUHO 803DAC-
marnwumu K Hell.

JIOKA3ATEJIBCTBO. IlpubnmkeHuss cTposTcs O0aHaIBLHO W SBHO (UTO
OYCHb BaXKHO /I MHTerpaia Jlebera: nemuM mpsMyro (MK OTPE30K, B KO-
TOPBIN MOMAIAI0T 3HAYCHHST) Ha MPOMEKYTKH Buaa (k27" k27" 4+27"), Te.
[0,27™) u T.0., ¥ 3a73eM f,, Tak:

fo(z) =k27" mpu f(x)e€ [k27", k27" +27").

Muoskectsa f1([k27" k27" 4+ 27")) Bxonar B A, Ha HUX f,, NOCTOSIHHA,
nostomy A-n3mepuma (a mouemy?). Hakower, |f(x) — fu(z)] < 27" ans
Bcex x. Jlist orpaHndYeHHON (GYHKIMK Cpasy MOTy4eHBI MPOCThIC GYHKINH,
a B o01IeM ciTydae BO3bMEM IIPOCTHIC ¢y, TaK: gn (x) = fr(x) mpu | fir(z)] <
2", gn(xz) = 0 nmpu |fp(x)| > 2". IlpoBepsre, 4TO MONYYUIOCH TO, YTO
HYKHO. O

B kadecTBe HECIOXKHBIX 33J1ad MpeAiaraeTcs J0Ka3arh CIEAyIoIee yT-
BepKIICHUE.

2.2.5. penaoxenue. [lycmo f, — A-usmepumvie ¢ynxkyuu. Eciu 6
Kadcoou mouke T nociedosamenvhocmo { fn(x)} oepanuvena, mo A-us-

Mepumbl QyHKyuu
inf fu(x),  sup fo().
n

Kpome mozco, MHOJMICeCmeo 6cex mouekx, 20e ecmb KOHe4Hblll npedejz uucei

fn(x), 6x00um ¢ A.

B TCOPHUH HUHTCrpajla O4CHb BAXKHBI JIBC CICAYIOIIHUEC MMCHHBIC TCOPC-
MBI.
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2.2.6. Teopema. (TEOPEMA [[.®. ETOPOBA) Ilycms p — xoHeuHas
mepa na A u f(x) = lim f,,(z) 013 kaxcooeo x, npuuem f, A-uzmepumo.
Tozoa ona ecaxozo € > 0 nauvoemcs maxoe muoxcecmeo X, € A, umo
w(X\X.) < € una X, cxooumocms pasnomepHa.

JIOKA3ATENLCTBO. Ilepeiins x f — f,, MOXHO cumrarh, yto f = 0.
Torma mns xkaxzaoro x u kaxmgoro k € IN Haifimercs Takoit Homep N, 9ro
|fn(2)] < 27 npu Becex n > N. MuoxecTpa

Xen ={z: |fulz)] < 27k v > N}

BxozAaT B A u Bospacrator k X. ITostomy (X n) — p(X), Te. Haiinercs
Ny ¢ w(X\ Xk n,) < £27F. Muoxectso

X = ﬂXk,Nk = X\(U(X\Xk,Nk)
k k

Bxoaut B A, pu(X\X:) < £ u cxomuMocTh Ha HEM paBHOMepHa. B camom
nene, Juist 3aauHoro § > 0 Haiizem Takoe k, uto 27F < §. Tak kak X C
XN, TO ipu 11 > Ny, umeem | f,(x)] < 275 O

SlcHO, WTO W3 MOKA3aHHOTO Cpa3y CIEAYyeT Takas Momupukamws: TO
JKE CaMoe BEPHO VISl [4-M3MEPUMBIX (PyHKLUH, KOTOPBIE CXOIATCS ((-TIOUTH
BCIOZLY.

3akoHYMM 3TOT maparpad cieayromei Baxaoi Teopemoit. Te, KTo eme
MMOMHUM, YTO TaKoe IOJTHOE cerapalelbHOe METPUIEeCKOe MPOCTPAHCTRBO,
MOT'YT CYHTaTh, 4YTO OHO (urypupyet Bmecto IR.

2.2.7. Teopema. (TEOPEMA H.H. JIV3UHA) [lycms |4 — KoueuHas
bopenesckas mepa Ha npamou. Oynxyus f A611emcs -usmepumoul 8 moy-
HOCmuU mo2oa, ko2oa 01s écsakoz2o € > 0 nailoemcs maxou komnakm K. ¢
w(R\K;) < g, umo cyscenue f na K. nenpepoisro. Ilpu smom natidemcs
nenpepuwignas ynkyus g na R, ons komopou p(z: f(x) # g(z)) < e.

JIOKA3ATEJILCTBO. SIcHO, 4TO OCTATOYHO J0KA3aTh 3TO JJIsl OPaHU-
YEeHHBIX (YHKIHH (B3sIB TOMEOMOP(H3M MEXIy NPSIMOH M HUHTEPBAIOM).
Kpome Toro, pocrarouno paccmarpuBath f W o Ha oTpeske [a,b] (cpasy
B3sIB OTPE30K C Mepoii, Omu3koi k Mepe mpsmoit). [lycts [ A-usmepuma.
Joomnpeaenum f HyJIeM Ha MHOXECTBE MEPhI HYIIb, TII¢ OHA MOTJIa ObITh HE
ompezencHa. Kak mokasaHo BbIIlie, €CTh PABHOMEPHO cXojsmascs K f 1mo-
CJIEI0BATENBLHOCTD MPOCTHIX QyHKIHK f,. Kaxkmas pyHknus f,, mocrosHHa
Ha HEKHX [IM3BIOHKTHBIX M3MEPHMBIX MHOXeCTBaX A, C [a,b], k < N,
Brmmurem B A, ;, kommakt K, i, Tak, 4T0 p-Mepa pasHoctu | J, Ay, k= [a, b]
u S, = U, Kni craner menpme €2 ". Ha xommnaxre S, ¢QyHkuus f,
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HeTpephIBHA. 3HAYHT, HA UX TIePeCceUeHH S HEMPEPBIBHBI Cpasy Bce PyHK-
UM fp, 9TO JaeT W HENpPEephIBHOCTh MX paBHOMepHoro mpexaena f. Ilpu
atoM p([a, b]\S) < >, 27" = ¢. HakoHel, MOXHO MPOROIKUTH f ¢ .S
Ha IR 10 HempepsIBHOW GYHKINHU (3TO OOBIYHO OTKY/Ia-TO 3HAIOT, TO JIH U3
aHaJi3a, TO JIM M3 TOTOJIOTHH, a KTO HE 3HAET, JIOJDKEH CeaTh B KauecTBe
YIOPOKHEHUS).

Teneps Hazo emie qokazark obparHoe. [louemy f uaMeprnma, eciiu ecTh
Takue KOMMakThi? B 9TOM ciiydyae mpsiMasi HCUepIbIBACTCS MOCTIEI0BATEIb-
HOCTBIO TaKUX KOMIIAKTOB K, C TOYHOCTBHIO IO MHOXKECTBA MEpBI HYIb.
Tormza muOXectBO {z: f(z) < ¢} NUIIB MHOXXECTBOM MepHI HYIb MOXET
OTJIMYATBCS OT CYETHOro oObemuHeHust MHOXecTB {v € K,,: f(x) < c},
KOTOpbIe W3-32 HempepblBHOCTH f Ha K, MpeicTaBisiioT cooil mepece-
yeHust K, C OTKPBITBIMA MHOXECTBaMH (OTKPBITBHIE MOJMHOMXECTBA IMPO-
cTpaHcTBa K, €CTh €ro ImepecedeHusl ¢ OTKPBITBIMH Ha TPSMOii), T.e. 3TO
OGopeneBcKue MHOXKECTBA. U

§2.3. CgoiicTBa unrerpaja Jledera

W3 onpenenenus unterpana Jlebera ciemyer, 4To ABE MOYTH BCIOAY
paBHbIE (PYHKIMHU JHOO OXHOBPEMEHHO MHTEIPHPYEMBI, JINOO HET, MpHIeM
WX WHTErpajbl COBMAJAIOT B CIIydyae MHTETPHUPYEMOCTH. DTO JOCTATOYHO
MPOBEPUTH [T HEOTPULATENbHBIX (DYHKIHH, KOTJa Hy’KHOE PaBEHCTBO Clie-
IIyeT U3 TOTO, YTO €CIH (Y U 1) — MPOCThIe PYHKINHU U ¢ < ) TIOYTH BCIOLY,
TO MHTETPal OT ¢ He OONbLIe HHTErpana oT 1.

U3 onpenenenus cpasy clienyeT, 4To ecinud f ¥ ¢g HHTErpUpyeMbl U

f(z) < g(x), 0
/deu</xgdu-

Bornee toro, eciu 0 < f(z) < g(x), tne f u g U3MEPUMBI U g HHTETPUPYE-
Ma, TO OIpeJeIIeHHE BIICYeT U HHTErpupyeMocTh f. M3 HepaBeHCTBA BbIIIE
BBITEKAET OIICHKA JUISl OTPAHUYCHHBIX (YHKIIHIL:

’/xfd“‘ < sup |f (@)] p(X).

Kpome Toro, u3 3T0r0 K€ BBHITEKAET OJJHO M3 BaXKHEHIIMX HEPABEHCTB
TEOpUU UHTErpaja:
HEPABEHCTBO YEBBILIEBA: eciii f uHTErpupyema, To

e |f<x>|>R><;/X\f|du, R>0.



30 I'n. 2. UnTerpan JleGera

B camom nene, Ru(x: |f(x)| > R) ecTs UHTErpan OT NpocToi (yHKUUH
g, paBHoil R na muoxectse {z: |f(z)| > R} u 0 Bue ero. [Ipu stom
g <|fl.

Eme ormerum, 4to ecian f > 0 uMeeT HyneBoi uHTerpain, To f(x) = 0
noutH Bcroxy. B camom nene, muoxkectBo ({f > 1/n}) = 0, Tak kak f He
MEHBIIIE TIPOCTON (PYHKIIUH n_1]f>1/n ¢ uarerpanom n L u({f = 1/n}) >
0. Hpu stom { f > 0} = |J,,{f > 1/n}. Koneuno, ckazaHHOe cliefyeT 1 U3
HepaBeHCTBa UeObIIERa.

OJIHAaKO TIpU HANIEM OMPE/IEICHHH MHTErpaia HeOUEBHIHA er0 JINHEH-
HOCTh 10 (pyHKIMH (HUKE TPHUBEICHBI PABHOCHIIBHBIC OIMPEACIICHHUS, TIPU
KOTOPBIX JINHEHHOCTH 00JIee OYEBH/IHA, & TAKKE IPYTHUE, PU KOTOPHIX €IIe
MeHee oueBHIHA). JIMHEHHOCTh OyleT MoiydeHa U3 CIEAYIONIEH JIEMMBI,
KOTOpast MOJIe3Ha TE€M, YTO TPH BBIYMCIICHUH WHTETpaja MO3BOJSET Iepe-
Ouparh He BCe MPOCThIe (DYHKIMH MEHBINE JAHHOW HEOTPHIATEIbHOM, a
B3ATh KaKy0-JIH0OO BO3PACTAIONIYIO K HEH IOCICI0BATEIBHOCTb.

2.3.1. Jlemma. Ilycmo f > 0 unmeepupyema u f, — npocmoie, npu-
uem fn(x) 603pacmaem k f(x) noumu 6ciody. Toeoa unmezpar om f ecmo
npeoen unmezpanog om fy,.

JIOKA3ATEJILCTBO. IlepeomnpenennB Ha MHOXXECTBE MEpPbI HYIIb, CUH-
TaeM, 4TO CXOAUMOCTB €CTh BCIOMY. VIHTEerpassl OT f, BO3pacTaioT K HEKO-
topomy uuciy I He Gombuie unterpana [(f) or f. IlpoBepum, uto I =
I(f). B mpotuBHOM citydae Haiiaercst mpoctast GyHKIus ¢ < f, 11 KOTO-
poii uHTerpan paBeH I + & ¢ HeKoTopeiM € > (. 3ameTuM, 4TO (QYHKIHH
¢©n, = min( f,, ©) SBISIOTCS MPOCTHIMH U BO3PACTAOT K (0, HOO UISI TeX I,
e ¢(x) < f(x), npu Bcex AOCTATOYHO OOJBIINX 1 UMEEM () = ().
Haiinercst Takoe M > 0, uto |¢,| < M, |p| < M. Ilycrs € > 0. ITo Teo-
peme Eroposa Haiinercs Takoe m3mepumoe MHOXKeCTBO X, ¢ u(X\X.) <
€/(4M), Ha KOTOPOM CXOAMMOCTb paBHOMEpHa, T.e. |p(x) — ¢n(z)| <
e/(2+2u(X) mpu n > N mns Hexkoroporo N. Jlust mpoCTeIX GyHKIHIA
JMHEHHOCTh WHTETpaia OYEeBHIHA, MOITOMY MHTErpai mo X ecTb cymMma
unterpaioB mo X, u X \X.. Unrerpanst ot ¢, u ¢ mo X\X. He 6oib-
we £/4. Narerpansl mo X, OTIMYAIOTCS MEHEe, 9eM Ha Ha €/2, 4To Jaer
HPOTHBOPEUHE.

2.3.2. Caencreue. Eciu f u g unmezpupyemvl u HeOmpuyamesivhbl, mo
f + g unmezpupyema u

/X(f+9)d/t=/xfdu+/xgdﬂ-
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JOKA3ATEJILCTBO. Brime 0but0 OKa3aHo, 9TO f M ¢ €CTh MPEeaesbl
BO3paCTalONINX MOCIEA0BATEILHOCTEN MPOCTHIX GYHKIMH f;, M ¢p, COOTBET-
CTBEHHO, Toraa f 4 g ecTh npenein f, + gp, IpUUeM TaKHe e COOTHOIICHUS
BEPHBI U I HHTETPAJIOB. g

Teneps MOXXHO JOKa3aTh JTMHEHHOCTh HHTETPaia B MOJTHOM O0OBEME.

2.3.3. Ipeanoxenue. Ecau f u g unmeepupyemot, mo o f + Bg unme-
epupyema 05 6cex o, 3 € IR u

/X(aerﬁg)du:a/dequﬁ/ngu.

JIOKA3ATENLCTBO. Eciu g = 0, To yrBepxkaenue cBoautrcs k f > 0
U JOKa3bIBAETCS TakK kK€, KaK CIeACTBUE BbIIe. [103TOMy MOXHO CUUTATH,
yto o = B = 1. Takkak f = f* — f,g=9g"  —g ,10 f+9g =
ff+9gt—(f"+g). Mma f* +g" m f~ + g~ Bce yke nokasaHo,
MO3TOMY OCTaeTcs pazoOparh ciydaid, korga f > 0, g < 0, Te. ciyyaii
pa3HOCTH HEOTPHUATENbHBIX (PyHKIMHA. JTa QYHKIUS WHTETpUpyema, nbo
|f—g| < f+g. HamaoxkectBe Y := {x: f(z) > g(z)} umeem (f —g)+ =
Jogu(f—g) =01 X\Y mmeem (f—g)" =g fu(f—g)" =0.

3Ha4uT,

Jr—aran= [ -opan= [ i [ grvan

noounaY mmeem f = f —g+gu f—g > 0,9 > 0. AHajgorn4no
/(f—g)_dﬂz/(g—f)IX\YdM:/ QIX\YdM—/ T x\y dp.
X X X X

ITo noxasaHHOMY

[ ran= [ srvaus [ sraydn

/ gduz/ gly du+/ 9Ix\y dp.
X X X
W3 3THX COOTHOILIECHUI BBITEKAET HY>KHOE PABEHCTBO. U

JInist BCAKUX M3MEPUMOro MHOXecTBa A W MHTerpupyeMoi GyHKiuu f

IIOJIOKUM
/fdu:/ FLadp.
A X

W3 noka3aHHOTO CIEAYET, YTO 3TO TO XK€ camoe, 4TO MHTerpail oT f mo
CaMOCTOSITEIFHOMY TPOCTPAHCTBY A ¢ OrpaHHYEHHOI Ha HETO MEPOH.
3aKOHYUM 3TOT pa3ziesl BaXKHON TEOpEeMOil.
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2.3.4. Teopema. (ABCOJIIOTHAS HENIPEPBIBHOCTDH UHTEIPAJIA JIE-
BETA) [lycmo ¢ynkyus f unmeepupyema no mepe (. Toeoa onsi 6csikozo
€ > 0 natioemces maxoe § > 0, umo

/ ldn<e mpup(A) <o.
A

JIOKA3BATEJBCTBO. Haiinem Takyro mpocTyo QyHKIHIO o, 9yTo 0 <
¢ < | f| moutn Bcromy u

/){wdu>/)<\f|du—€/2-

BosbmeMm § = ¢/(2M + 2), M = max, ¢(z). lIpu p(A) < § umeem

/A|f|du=/Asadu+/A<\f|—so)dmMu<A>+/X<|f|—so>du<s,
6o Mpu(A) < Mé < e/2. O

§2.4. IlpenennHslii nepexon B nHTerpaje Jlebera

[Tycts nnTerpupyemslie GpyHKIHUN [y, CXOIATCS MMOYTH BCIORY K QYHKIMK
f. Korna f uHTerpupyema u Korna ee HHTerpaji paBeH Mpeiely HHTerpajioB
ot f,?

ScHo, uTo O3 MOTOTHUTEIBHBIX YCIOBHHA 3TOW HEBEPHO: BCSKas U3Me-
puMasi QYHKLUS €CTh Ipenesl MPOCThIX, HO JaXKe €CIM OHa MHTErpUpyeMa,
TO €e WHTerpajl MOXKEeT OTIMYAThCS OT TpeJielia HHTETPAIoB f, U B TOM
cllydae, Korjja OH €CThb, a BEIb €r0 MOXKET U He ObITh. CkaxeM, MpOCThIe
dynxumu f, = nlg /) Ha [0, 1] cxomaTes K HyTIO U UMEIOT HHTETPAIbI
1 mo mepe Jlebera. UtoObl MCHIPaBUTH [1€JI0, HY)KHBIE KakKHe-TO OLCHKH.
Crenytomue Tpu 0a30BBIC TEOPEMBI PA3TUIAIOTCS THMH OIICHKAMH.

BO BCEX TPEX ECTb OBIIEE YCJIOBHUE:

fn(x) — f(x) moutw Berony, f,, HHTETPUPYEMBIL.

2.4.1. Teopema. (TEOPEMA JIEBETA O MAXOPUPYEMOM CXOIMMO-
CTn) Ilycmo ecmov unmezpupyemas Y (obwas masxcopanma), 0usi KOmopou
071 Kaxcooeo n

|fn($)’ < q)(x) n.e..

Tocoa f unmespupyema, npuvem

[ rdu=tim [ fode i [ 17 gilde=o.
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2.4.2. Teopema. (TEOPEMA BEIIO JIEBU O MOHOTOHHOM CXO/U-
MOCTH) ITycmb fr(x) < frny1(x) n.6. 01s kasxcoozo n. Ecau

sup / Jndp < o0,
n JX
MO 8epHO 3aKat0ueHue npeovbioyuleli meopemoi.

2.4.3. Teopema. (TEOPEMA DATY) Ilycmo fr(x) > 0 n.6. dns kaogrc-
0oeo n. Eciu

sup/ Jndp < oo,
n X

mo f unmezpupyema u

/ fdu < liminf/ fndu,
X n—oo Jx

HO pasencmea mMooakcem He Obimp.

3aMeTHM, YTO B YCIOBHHM HET PA3HHUIBI BEPHO JIM HEYTO ITOYTH BCIOMY
JUIST KQKJIOTO OTAEIBHOTO N WM cpasy Ui BceX N, W00 cdeTHoe o0henu-
HEHME MHOKECTB MEpPbI HYIIb TOXKE HMEET MEPY HYJIb.

B kadecTBe yIpaKHEHHS MOJIE3HO BBIBECTU KXY U3 3THX TEOPEM U3
K0 apyroit. Mel gokaxeM Teopemy Jlebera, a u3 Hee BBIBOJ OCTATBHBIX
TpuBHaJieH. Bripouem, u cama Teopema Jlebera Jierko J0Ka3bIBaeTCA.

JJOKA3ATEJIbLCTBO TEOPEMBI JIEBETA. Molyiab pa3HOCTU HHTErpa-
JIOB He OOJbllle MHTErpana OT Pa3HOCTU MOAYJEH, IMO3TOMY JOCTaTOYHO
MPOBEPHTH BTOpOW yTBepxkaeHue. OHo cBomutTcs K cinydato f = 0 mepe-
xonoM K f, — f (g Hux Maxopanta 29). Kpome TOro, MOXHO CUUTATH,
uro p(X) = 1. Iycts € > 0. AGONIOTHAsT HEMPEPBIBHOCTH MHTETPAJIA TACT
Takoe § > 0, uTo

/<I>d,u<€ npu p(A) < 0.
A

Teopema EropoBa gaer muoxectBo X5 ¢ pu(X\Xs5) < d, Ha kotopom
CXOOMMOCTh PaBHOMEpHA. 3Ha4HT, ecTh Takoe N, uTo |fy,(z)|e mpu Bcex
x € Xsun > N. Ilpu takux n uHTerpai or | f,| He Gospiue

[onddns [ Ao [ oduse
Xs X\ X5 X\Xs

YTO IIOKa3BIBACT HYXHYIO CXOOAUMOCTD. O

JIOKA3BATEJIBCTBO TEOPEMBI BENNO JIEBU. Ilepeiins k f, — f1, MbI
MOXKEM cuuTarh, uto f, = 0. Torma f, < f. [lokaxewm, 4to f mMHTETrpUpY-
ema, Torja oHa OyJeT MaxxopanToi u3 Teopemsl Jlebera. HTerpassl ot fj,
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He Oonbine HekoToporo M. IlpoBepum, uro uHTerpan ot f He Goibme M.
ITycts ¢ — mpocrast, 0 < ¢ < f. Torma dynkuun min( f,,, ¢) Bo3pacraror
K (0, T.€. ( OKa3aJlaCh MX UHTEIPUPYEMON MaKOPAHTHOMW, 3HAYUT, 110 TEOpe-
Me Jlebera WX MHTETPAIIBI CTPEMATCS K HHTETPAJy OT (. DTH HHTETPAIBl He
0oJbIlle UHTErPAJIOB OT fj,, IO3TOMY OHHU He Oonbine M, a Torma WHTEerpas
 He O6onbme M. Ilo onpenenennto naTerpan ot f He Oonbire M. O

JOKA3ATEJILCTBO TEOPEMBI DATY. ®Oyukuuu g, = infy>, f, us3-
MEpUMBI U Bo3pacTaroT mouTtu Bctopy K f. [lpu atom g, < fp, 3HA4HT,
HUHTErpaji OT g, He 0oJjblie MHTErpana ot f,. [To TeopeMe 0 MOHOTOHHOM
CXOIUMOCTH f WMHTErpupyema, MpHyeM ee MHTETpajl paBeH mpeneny MHTe-
IpajioB OT g,. [locnenuuii He Gombine lim inf wHTErpanos ot fi,. O

2.4.4. 3ameuanue. [[okaxuTe B Ka4eCTBE 33/1a491 HEOOJIBIIOE YCUIICHNE
TeopeMsl bermo JIeBu: mycTh HHTErpUpYyEeMBIE f,, MOYTH BCIOLY BO3PACTaIOT
(BO3MOXHO, K OECKOHEYHOCTH), @ UX MHTETPAJIBI OTPAaHUIECHBI 00IIel KOH-
crantoil. Torga ux mpezen MoYTH BCIOAY KOHEYEH (Y4TO M Mpenrnosaranoch
B OCHOBHOH Teopeme).

§2.5. CxomumocTs o Mepe

[ToMUMO CXOAMMOCTHU TIOYTH BCIOLY U PAaBHOMEPHOW CXOJMMOCTH IJIS
M3MEPUMBIX (PYHKIHI MTOJIE3HO paccMOTPETH elle Oosee cinadblii BUA CXO-
JUMOCTH: CXOJMMOCTH IO Mepe, Ha3blBaeMasi CXOAMMOCTBIO 10 BEPOSTHO-
CTH JJIS1 BEPOSATHOCTHBIX Mep. B aToM maparpade Mepbl KOHEUHBIE.

2.5.1. Onpenenenne. HMzmepumvie pyukyuu fr, cxo0ames Kk usmepumou
Gyuxyuu f, ecnu 0nsa kaxcooeo guxcuposantozo € > () umeem

i g | f(2) — ful@)| > £) = 0.

KoneuHo, o10 cmabee, yeM lim p(x: |f(z) — fo(x)] > 0) = 0. Kpome
n—oo

TOTO, 37€Ch HAJ0 TOBOPUTH UMEHHO IS KAKIOIO», a HE «IJIs JIF0OO0ron,
4100 HE BOOOPa3UTh, YTO JOCTATOUHO UMETh 3TO PABEHCTBO Il KAKOTO-TO
€, KoTopoe I1000.

W3 cxoguMocCTH MO Mepe HE CIIEAYeT CXOAMMOCTh MOYTH BCIOLY HWIIH
XOTs1 OBl I7e-T0. B kadecTBe mpuMepa MOXHO YKa3aTh TakKyko MOCIE0Ba-
TEJBHOCTh MHIMKATOPOB OTPE3KOB: It Kaxkmoro n aenuM [0, 1] Ha oTpesku
Iy, 1, utMHBL 277, 3aIMCBIBAEM MX MHJMKATOPHl B €MHYIO IOCIIE0BATENb-
HOCTb Buja I11, 121, Ioo m T.0. JIjia Kaxmol TOUKH X €CTh OECKOHEYHO
MHOTO HyJIeH W eJMHHIl CPEAN 3HAUYCHHUN B T 3TUX WHJIUKATOPOB.

OjHaKo U3 CXOIMMOCTH TOYTH BCIOJY CXOIUMOCThH [0 MEpE CIeayeT
OYEBHIHBIM 00pa30M B CHIy TeopeMbl Eroposa.

Crnenyromas Teopema Prcca faetT 4aCTHYHYIO KOMIICHCAIIMIO.
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2.5.2. Teopema. Ecnu usmepumsie ghynkyuu f, cxooames k f no mepe,
mo Haiidemcs noonociedosamenvhocms { fr, }, cxooswascs noumu 6crooy.

JIOKA3ATEJIBCTBO. MokHO cuuTarh, yto f = (. 3amMeTuM, 4TO

|/l
dp — 0,
/X1+|fn| a

100 3TOT MHTErpasl CiaraeTcsi U3 MHTErPAIOB O MHOXKECTBY {|fn| = €} u
€ro JOMONHEHHIO U moToMy He Gombie (f|fr| = e} 4+ ep(X), uTo MeHbLIe
e(14 p(X)) npu mocrarouno Gospiux n. Haiinem Bo3pacraromnye HoMepa

Nk, 181 KOTOPBIX
’fnk| —k
el g <27k
Joretin

Torzxa H3 3aMCYaHusd, CACIIAHHOIO ITOCJIC TCOPCMbI benio .HCBI/I, CIICayCT,

| fny, ()]
4TO PAJ U3 T4, @] CXOAMTCs MoYTH BCrofy. [locnenHee BO3MOXKHO JUIIIb
npu fnk(x) — 0. 0

W3 teopembl Pucca BeITeKkaeT, uTo B Teopeme Jlebera u Teopeme dary
BMECTO CXOAMMOCTH TTOYTH BCIOAY MOXKHO TpeOOBaTh CXOMUMOCTH IO Mepe.

§2.6. Kpurepuu unrerpupyemoctu no Jledery u cBfizb ¢ HHTErpajaoM
Pumana

YnoOHbIe KpuTepuu UHTErpUpyeMocTu 1o Jlebery dhopmymupyroTcs B
TepMHUHAX PSAIOB U UHTErpajoB Pumana.
CHauana pacCMOTPUM TIPUMED.

2.6.1. Ilpumep. Ilyctp GyHKIMS [ TpUHUMAET 3HAYCHUS ¢, HA TU3b-
IOHKTHBIX U3MEPUMBIX MHOXeCTBaX A,. Toraa ee MHTErPHUPYEMOCTb paB-
HOCHJIbHA YCIIOBHUIO

oo
Z |len|pu(An) < oo
n=1

B ciydae unTerpupyemMocTu

/ fdu= Z enpt(Ap).
X n=1

JOKA3ATEJILCTBO. Ilo onpenenenuto Bce cBoAUTCA K ¢, = 0. IIpo-
cThie QYHKIUU ¢,, paBHbIC ¢; HA A; ipu i < n 1 0 HA OCTANbHBIX, BO3-
pacTaroT K f, UX UHTErpajibl — 4YaCTUYHBIC CYMMEI pAaa, TaK 4YTO OCTACTCA
MPUMEHUTPH Pe3yJIbTaThl IPEABLIYIIEro naparpada. 0
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2.6.2. Teopema. Uzmepumas ¢hynkyus [ unmezspupyema omHocumens-
HO KOHEYHOU Mepbl [ 8 MOYHOCMU M020d, K020a

inu(x: n<|f(z))<n+1) < oo
n=1

Omo pagnocunbHO makaice yciosuio

)
> ule: |f(@)] = n) < oo
n=1

uau srce uRmezcpajibHomy yCciosuro

/Ooo,u(a;: |f(z)] >t)dt < 0.

JIOKA3ATEJBCTBO. Ilycts g(z) = nmpun < [f(x)] <n+1,n >
0. ®ynkuus g usmepuma u ¢ < f < g + 1. 3HauuT, UHTETPUPYEMOCTh
g paBHOCWIBbHA UHTerpupyemoctu f. B cunmy mpumepa mepBbIli psili €CTh
uHTErpan oT ¢g. Ero cxoquMocTh paBHOCUIIbHA CXOAMMOCTH BTOPOTO Psja,
n6o

p(flzn)=pn<|fl<n+1)4+pn+1<|fl<n+2)+---.

®Oyuxuust ¢ — p(x: |f(z)| > t) yObiBaer, ee HECOOCTBEHHBII HHTErpa
KOHEYEH B TOYHOCTH TOT/IA, KOTJa CXOMUTCS MEPBbII P, O

U3 Teopun pruMaHOBCKOTO MHTETpajia H3BECTHO, 4TO QYHKIMS f Ha OT-
pe3ke UHTerpupyemMa 1o PumaHy B TOUHOCTH TOT[a, KOTZa OHAa OrpaHuYeHa
Y TIOYTH BCIOIY HETpephIBHA.

OnHako u 6e3 3Toro (hakTa JITKO CpaBHUTH MHTErpansl Pumana u Jle-
Oera.

2.6.3. Teopema. (i) Eciu f na [a, b] unmezpupyema no Pumany, mo ona
unmezpupyema u no Jlebezy u oba unmezpana pasHoi.

(ii) Omo orce 6epno, ecnu f umeem abcomommulii HeCOOCMBEEHHbLI UHME-
epan Pumana. Oonaxo eciu f umeem necobcmeenuwii unmeepan Pumana,
HO He abconomublil, Mo OHA He unmezpupyema no Jlebezy.

JIOKA3ATEJILCTBO. (i) Ilyctes [a,b] = [0,1]. Ilycts n > 1. Iome-
JIM OTPE30K TOUKamH k/2" ¥ nonokum fn(x) = info-n g q1)2-n) f(2),
Fo(x) = suppg-—n (hp1)2-n) f(2). Torma f < f < Fo, fo < fat1,
Foy1 < F,. ®yukuun f, u F,, cryneHdarsie, uX HHTErpaisl Pumana pas-
HBI HHTerpanam Jleberam u cTpeMarcs K HHTerpainy Pumana ot f. @yHkiuu
g(z) = lim f, u G = lim F,, m3mepumsl, npuuem g < f < F. Kpome

n—oo n—oo
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toro, uHTerpain Jlebera ot g ectb npeaen unrerpanos (Jlebera u Pumana)
ot fy,, a uHTErpas oT G €CTh Mpenes HHTErpayioB oT Fj,, T.e. ¢ u (G UMEIOT
paBHble uHTerpanel. Torma ¢ = G m.B., otkyna f = g = G 1.B. U BEPHO
PaBEHCTBO /ISl HHTETPaJIoB.

(i1) Ecim f > 0 umeet HecoOcTBeHHBIH nHTErpan Pumana Hynb — evH-
CTBEeHHas 0co0as Touka, T0 GpyHkumu fp, = fIj/,1] BO3pacTaio K f, ux
uHTerpansl Jlebera paBHBI pUMaHOBCKUM U CTPEMSTCSI K HECOOCTBEHHOMY
unterpany ot f. ITo reopeme benmo Jlepu nmonyvaem mokassiBaemoe. Ciy-
Yail HEeCKONBKUX OCOOBIX TOYCK aHaIOrH4eH. Tak Kak |f| momkHa ObITh
uHTerpupyemMoi mo Jlebery BMecte ¢ f, TO HEaOCONIOTHO HECOOCTBEHHO
uHTerpupyemas GyHKIuS He OyaeT uHTerpupyemoii o Jlebery (nHade pu-
MaHOBCKHE UHTETpanbl OT | f[I[; /, 1] PABHOMEPHO OTPaHUYEHbI).

§2.7. HepaBeHcTBa 1JIs1 HHTErPaJioB

B Teopuun mHTETpana BayKHYIO POJIb UTPAIOT pa3iIWYHbIC HEPaBEHCTBA,
Cpean KOTOPBIX 0co00€ MECTO 3aHMMAaloT HepaBeHCTBO UeOblméBa (yxe
o6cysaBineecs’), HepaBeHcTBa Mencena, Komm-Bynsxosckoro, ['énbaepa
1 MUHKOBCKOTO, O KOTOPBIX celdac MOHAeT peyb. DTH ISITh HEPaBEHCTBA
HAJIO 3HATh.

Hanomuuwm, uro gynkuust V' Ha npomMexyTke (a, b) (BO3MOXHO, HEOrpa-
HUYCHHOM) HA3BIBACTCS BBIMTYKIION, €CITH

Vite+ (1 —-t)y) <tV(z)+ (1 -t)V(y) Vtelo,1], z,y € (a,b).

Jnst nBakap! muddepennupyemoit GyHKIHH V' BBITYKIOCTh PaBHOCHIIbHA
Hepasenctsy V" > 0.
[Mo uHAYKIMH MTPOBEPSIETCS, YTO

npu z; € (a,b),t; =>0,> ,t;=1.s
U3 Beimykinoct V' BBITEKAeT, 4TO HaWaeTCs Ui BCsikoro ug € (a,b)
TaKO€ YUCIIO (v, YTO

V(u) =2 V(uw) + a(u —uy) Vuée (a,b).
B ciyuae nuddeperuupyemoit GpyHKImH MOKHO B3sTh o« = V' ().
OCHOBHBIE TIPUMEPHI BBIMYKIBIX GyHKUMMA: x, |z|, |x|P mpu p > 1, e¥,
e, el zInz npu x > 0.
2.7.1. Teopema. (HEPABEHCTBO MEHCEHA) ITycmb 1 — eeposim-

nocmuas mepa na (X, A) u f — p-unmezpupyemasn gyuxyus co 3uaue-
Husimu @ unmepgane U (803MOJCHO, HeOSPAHUYEHHOM), HA KOMOPOM 3a0aHA
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svinykaas Gyuxkyus V, npuvem gynxyus V (f) unmeepupyema. Toeoa

V([ s@uan) < [ vi@)pan. e

B wacmnocmu, ecnu exp f unmeepupyema, mo

exp( /. f(fc)u(dﬂf)> < [ exp fta) ulao)

a ecmu | f|P unmezpupyema npu xakom-mo p > 1, mo

(/X !fldu>p</xlf|”du-

JIOKA3ATEJNBCTBO. Mns ynpomienus Oynem cumrtath, uto U = IR,
B Ka4eCTBE YIPa)XHEHHUsI CIIEAyeT BOCCTAHOBHTDH JCTAlM B OOLICH Cirydae.
Kak yka3aHo BbIllIe, €CTh TAKOE YHCIO v, 4T0 V (u) = V(up) + a(u — up)
IS BCEX U, THIe B KadecTBe uo OepeM mHTerpan ot f. [loatomy

V(f(@) = V(uo) + [f(z) —uo].
IIpouHTErpUpOBaB 3TO HEPABEHCTBO IO I, 3aMETUM, YTO UHTETpall OT BTO-
pOTO claraeMoro B IpaBOil YacTH PaBEH HYJIIO IO OMPEETIECHUIO (. O

Iycts (X, A, 1) — OPOCTPAHCTBO C KOHEYHOU HEOTPHIATEIHHOU Me-
poit p 1 p € [1,00). O603HaunM yepe3 L (1) MHOXKECTBO BCEX [i-H3MEPH-
MbIX QyHKIHHA f, 17t KOTopsIX | f [P — p-uHTerpupyemast Gpynkiums. B gact-

HOCTH, Ll(,u) — MHOXKECTBO BCEX [(-HHTETPUPYEMBIX (YHKIHH.
ITpu 1 < p < 0o NonoxkuM

1/p
1l = 1l = (/X \f!pdu> )

2.7.2. Teopema. (HEPABEHCTBO T'EJIBAEPA) Ilycmo f € LP(u),
geELI(p), 20e 1 < p < 00, ¢ = p(p— 1)1 Toeoa fg € L'(n) u
19l < 1 lpllgllg m.e.

1/p 1/q
Jorsatans ([arran) " ([raran) 272)

JOKA3ATEJLCTBO. OyHkums fg onpeneneHa m.B. u uamepuma. He-
TPYAHO MOKa3aTh, YTO VI BCEX HEOTPHLATEIBHBIX YHced a U b cripaBe-
BO HEPaBEHCTBO ab < %p + %q (ymeere?). Torma

[f@)[|g(@)] _ LIf@)P  1lg(x)]
< T q -
Il lglle ~ 2 Ifllp a llgllg
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[IpaBast yacTh 3TOr0 HEPaBEHCTBA WHTETPUPYyEMa, IIPHUYEM €€ WHTerpaj pa-
BEH 1, MO3TOMY JIeBasi 4aCTh TAK)Ke WHTETPUpYyeMa W €€ MHTErpall He Ipe-
BOCXOIUT 1, 4T0 paBHOCHIBHO (2.7.2). U

HepagencTro ['élbepa MOKHO BEIBECTH M3 HepaBeHCTBA MenceHa (cM.
3a/1a4n).

HenocpencrteeHHsiM ciie/IcTBHEM HepaBeHcTBa ['€nbaepa sBisieTcs
MPUBOAUMOE HIDKE HepaseHcmseo Kowiu— ByHnaxkosckozo, KOTOPOE, OIHAKO,
MOXXHO JIETKO JIOKa3aTh HEMOCPEJACTBEHHO.

2.7.3. Cnencreue. Ecnu f,g € L2(pn), mo fg € LY(pn) u

1/2 1/2
du < 2d 2d ) 2.7.3
/ngu<</xlf\ u) (/Xrgr u) (2.73)

2.7.4. Teopema. (HEPABEHCTBO MUWHKOBCKOI'O) [Ipeononooicum,
umo p € [1,+00) u f,g € LP(n). Toeoa f + g € LP (1), npuuem

1/p 1/p 1/p
</ If +gl? du) < (/ |fIP d,u) + (/ lg|? d,u) . (274
X X X

JIOKA3ATEJIBCTBO. ®@yHkumus f + g ompenenieHa IL.B. U U3MEpUMA.
IIpu p = 1 HepaBeHctBo (2.7.4) oueBnuano. [Ipu p > 1 BeIMOTHEHA OlLEHKA

If +gl? < 2°(|f]P + |g|P), moatomy | f + g|P € £(u). 3amernm, uto
\f+glP <|f+alP7 UL+ 1F + 9P gl (2.7.5)

Tockomsky |f + g|P~! € LP/P~Y () = L9(), To B crity HepaBeHCTBa
I'énbnepa umeem

1/q 1/p
Pl fldu < Pd Pd )
15+ u<</X\f+g| u) </X|f| M)

OrmeHnB aHAOTUYHBIM 00pa3oM WHTETpas OT BTOPOTO CIIaragMoro B Ipa-
BO# yactu (2.7.5), IpUX0OIuUM K OIICHKE

/ |f +glPdu <
X

< (/Xf+g|”du)l/q[</xIflpdu>1/p+(/X o a) " .

3amerus, uto 1 — 1/q = 1/p, nomnyqaem || f + g/, < || fllp + lg]lp- O
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§2.8. IlpocTpancTBa MHTErpupyeMbIX GyHKIMA

JluneitHoe npoctpanctBo X (Hax IR miu C; cunraercs, 4To BCe 3HAIOT,
4TO TaKOe JIMHEHOe NPOCTPAHCTBO, HO OOBIYHO NMOYTH HUKTO HE 3HACT
TOYHOTO OIPEJEIICHHs) HAa3bIBACTCS HOPMUPOBAHHBIM, €CJIM HA HEM 3a/[aHa
¢yHkms x — ||x||, Ha3pIBacMast HOPMOU U YIOBICTBOPSIIOIIAS YCIIOBHSIM:

1) ||z]| > 0, npudem ||z|| = 0 mumms npu = = 0,

2) [[Az|| = |A]||x|| mnst Beex uncen Az € X;

3) ||z + yl|l < ||z|| + ||ly|| — HepaBeHcTBO TpeyrombHEKA.

HopmupoBaHHOE POCTPAHCTBO CTAHOBUTCSI METPHIECKHM C METPUKOI

d(x,y) = |z = yl|
[IpoBepka — MoJIE3HOE yIpaKHEHHE.

HopmupoBaHHOE POCTPAHCTBO Ha3biBaeTCsi GaHaxoBbIM (B yecTh Cre-
¢ana banaxa — Banach), eciii OHO HOJHO OTHOCHTEIBHO yKa3aHHOW MeT-
puku. Hampumep, MpoCcTpaHCTBO MHOTOWICHOB He GAHAXOBO C paBHOMEp-
HOM HopMmoii || f|| = max,c(o 1) | f(f)[, @ mpocTpancTBO Beex HenmpepbIBHBIX
¢ynkuuit Ha [0, 1] 6aHaX0BO C 3TOM HOPMOH.

BaxxHbIil yacTHBII Cilydali HOpPMUPOBAaHHOIO IPOCTPAHCTBO — EBKIIU-
JIOBO MPOCTPAHCTBO, T.€. JIMHEWHOE NPOCTPAHCTBO F €O CKAISPHBIM IPO-
U3BE/ICHHEM, WHAdYe TOoBOps, ¢ QyHKiwei (r,y) Ha E X E, MuHEWHOM! 1Mo
KaXIOMYy apryMeHTy, Uit Kotopoii (z,y) = (y,x), (z,2) > 0u (z,z) =
0 ymmp npu ¢ = 0. B KOMIUIEKCHOM ciay4yae BMECTO CUMMETPUYHOCTH
(z,y) = (y,x), a TMHEHHOCTH TOJNBKO 1O TepBOMy aprymenty. Hopma es-
KJIMJIOBA MTPOCTPAHCTBA 331aeTcs HOpMyJIoit

2]l = v/ (2, ).

HCpaBCHCTBO TPEYTOJIbHUKA BBIBOAUTCA M3 HEPABCHCTBA KO].LII/I—ByH}lKOB—
CKOI'0

|G w) < Nzl [yl
KOTOpOE B CBOIO OYepe/lb BBITEKACT M3 HepaBeHcTBa (x + ty,x + ty) = 0
IIpH BCEX .
[lonHOE €BKIMIOBO MPOCTPAHCTBO Ha3bIBaeTcsl TMibOepToBBIM. IIpo-
CTPAaHCTBO MHOTOYICHOB CO CKaJISIPHBIM IIPOU3BEICHUEM

1
(f.9) = /0 f(Dg(t) dt

SIBJISIETCS] HETIOJHBIM €BKITHJIOBBIM (JIOKaXxuUTe!).

Llenp storo maparpada — ycTpoutsh u3 npoctpancts LP GaHaxoBbl, a
u3 L2 runp6epToBo mpocTpaHcTBO. 110Ka YTO OHM Jae He SBISIOTCS JH-
HEHHBIMH (HO YTOOBI TO YBUIETh, HAJO 3HATH OMPEACIICHHUE JIMHEUHOTO
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HPOCTPAHCTBA, a pa3 BCE PAaBHO HUKTO HE 3HAET, TO HE OyAeT ITO MpOBe-
pATH), a W ¢ HOpMoil mpobiema: Ha L'(1) Xorenock GbI 3a1aTh HOPMY
bopmyoit

\ﬂhz/V@NMM%

HO BEJ(b TAKOW MHTETPaJ MOXET OBITh HyJICBBIM HE TOJIBKO IS HEHYJICBOM
(GYHKIMH, YTO 3aMPEIICHO YCIOBUEM /Il HOPMBI. AHAIOTHYHAs TpobIemMa
¢ [ £l ma £P.

Beixon Takoit: BmMecto LP (1) Gepercs mpoctpancTtBo LP (1) Kiaccos
skBuBaneHTHOCTH M3 LP (1), Kornqa QyHKUMH f M ¢ CUMTAIOTCS SKBUBA-
JICHTHBIMH, €CJIM PaBHbI OYTH BCIOAY. JIETKO POBEPHTH, YTO ITO OTHOLIE-
HHE SKBHUBIEHTHOCTH. JINHEHHbIE Oepaliy Ha/l KIacCaMy HaIlpalliBaioT-
CsI: CyMMa KJIACCOB C MPECTABUTEISIMU f U ¢ €CTh KIIACC C MPEACTABUTEIEM
f+g, Tne QyHKIMH IPOCTO CKIIAIBIBAIOTCS BO BCEX TOUKAX, IJie 00€ ompejie-
JIeHBI (HAIIOMHHM, YTO W3MepHMbIe QYHKIUH MOTYT OBITH HE ONPEICICHbI
Ha MHO)KECTBE MEpPbI HYITb). AHAJIOTHYHO C YMHOXKEHHEM Ha 4uciio. Haiias
OIpesieNieHne JIMHEHHOTO POCTPAHCTBA B yUeOHUKE JTMHEHHOTO anreGphl,
MOYKHO MIPOBEPHTh, 4T0 LP (1) ¥ mpaBia JIMHEHHOE MPOCTPAHCTBO.

Hopma na L'(u) 3anaercs xak ||f||1 a1 npencTaBuTens kimacca 9K-
BHBAJIEHTHOCTHU (3TO HE 3aBUCUT OT BBIOOpa MpEACTaBUTENs), HA 3TOT pa3
npobiieM HeT, Tak Kak ecid MHTerpan ot |f| HymeBoid, To f = 0 moutn
BCIONy, T.€. 9TO MpeICTaBUTeNb Hyns (¢ Touku 3penns L', vo me L', Bce
MOYTH BCIOY HyJIeBbIe (PYHKIIMU OTOXIECTBISIFOTCS C TOKICCTBEHHO HYJIe-
Boit). Ha LP(u) anamornuHo HOpMa 3agaercs Kax || f||1 st mpexcraBuress
KJIacca 9KBHBAJICHTHOCTH, IPUYEM HEPABEHCTBO TPEYTOJIBHUKA 00ECIICYCHO
HEPaBEeHCTBOM MHHKOBCKOTO.

CkanspHoe npoussenenne B L2 (1) 3anaetcs dpopmymnoit

qghzjj@w@mw@

JUISL HpCZ[CTElBPITCJ'ICfI KJIaCCOB DKBHBAJICHTHOCTH. B KOMILIEKHOM ciydac

ugnz/}mmumww.

3aueM compskeHHe B KoMIUIekcHoM ciydae? A kak B C: 2Z > 0, HO 22

MOXET OBITh KaKUM YTOMIHO.
Xotst ameMeHTsl LP — KJTacCchl SKBUBJICHTHOCTH, a HE WHIUBUIYaJIhb-
HbIe (GYHKIMH, 0OpAIIAOTCS C HUMU KaK C MHAWBHUITYaIbHBIMU ()YHKIIFSIME
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¥ TOBOPAT «paccMoTpuM (yHKIHio f u3 L2» BMECTO JIMHHOTO BBIpae-
HUS «PACCMOTPUM KIIACC SKBUBIEHTHOCTH M3 L2, TIpeicTaBUTENIeM KOTOPO-
TO CIYXUT QYHKIHUS f».

OTMeTHM, YTO CXOIUMOCTh f,, K f B L' BeueT cxonumocTh 110 Mepe B
cuily HepaBeHcTBa YeObIéna:

p(z: |f(z) = fu(z)| =€) < i/X |f = ful dp.

OpnHako CXOAUMOCTD MOYTH BCIOAY U3 3TOTO HE cleAyeT (CM. IpUMep BHILIE,
KOTZIa €CTh CXOJUMOCTH TI0 ME€pe, HO HET IMMOTOYCTHOM ).

2.8.1. Teopema. Ilpu 1 < p < oo npocmpancmea LP(u) 6anaxossi,
a npocmpancmeo L? (1) unvbepmoso.

JOKA3ATEJBCTBO. Hano mokasars, 4to ¢pyHIaMEHTaJIBHBIE OCTEI0-
BaTeabHOCTH cxomarcs. Haunem ¢ p = 1. Ilycrts f,, — npeacraBuTenu Kiac-
COB JaHHOW (hyHIaMEHTaIBHOU MOCIENOBATEIFHOCTH. DTO 3HAYHT, YTO IS
BcsAkoro € > (0 HaljmeTcsd Takoe [N, 94TO

/|fn—fk|dlt<6 Vn,k> N.

Bribepem Bozpacratomiiie Homepa 1y, Tak, 4To

/‘fnk+1 - fnk|d/‘/“ < 2_k'

JIOCTaToO4HO J0Ka3aTh, 4TO CXOAUTCA { fp, }, 10O ecim B pyHIaMEHTAIBHON
HOCIIEI0BATEIBHOCTH CXOJUTCS TTOAIOCISIOBATENIBHOCTD, TO TyIa XKE CXO0-
JUTCSL ¥ BCSI MOCIIEA0BATENBHOCTE. [109TOMY MOXHO CYHMTATh, 9TO Nj = K.
Panus ) ;. | fry1(x) — fr(2)| cxonures mouTy Beromy B cuity Teopemsl ber-
o JleBu (CO ClIeJaHHBIM MOCJIC HEe YTOYHCHHEM), TaK KaK CXOAUTCS Psf
U3 MHTETPAJIOB (TeopeMa MPUMEHSETCS] K BO3pAcTAIOIIel MOCIeI0BaTelb-
HOCTH 4YacTUYHBIX cyMM). CymMa psna ecTb HMHTerpupyemas ¢pyHkuus P.
Toraa mo4TH BCIOLY CXOAUTCS U psig 6e3 momyneit » , | fr+1(x) — fu(2)].
Ero wactuduble cymmbr ) . ¢ paBubl fy(z) — fi(x). Ilpn sTom ecth
ormenka |f,(x) — fi(x)] < ®(x). Urak, f,(x) — fi(x) cxomsres m.B. K
HEKOTOpOoil uHTerpHupyemoil hyHkiwu g(z), Torna Gpyskuun f,,(x) cxomst-
cax f(z) = g(x) + f1(z), npuuem | f,, ()] < ®(x) + |f1(x)]. o Teopeme
JleGera uHTErpansl ot |f, — f| cTpeMATCs K HyIO, T.e. MOTydeHa CXOIH-
MocTh B L' K Knaccy, mpesicTaBUTeIeM KOTOPOTo ABIseTcs f.

Cryugait p > 1 10Ka3bIBaeTCsl aHAJOTHYHO, HO BBITEKACT TAKXKE U3 CITy-
vast p = 1: ecnu { f,,} dynnamenranbha B LP, T0 13 HepaBeHcTBa I énbaepa
crenyer (yHKIIaMeHTanbHOCTh B L' m cxomumocts B L! k HekoTopoii
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¢yukimu f. Torma ectb W CXOOUMOCTB 10 Mepe. DyHIaMeHTAIbHAs 110~
CIIeZI0BATENBHOCTD OrpaHuueHa B LP, T.e. sup, ||fnl, < oco. Ilo Teope-
me ®ary || f||, < oco. Eme pa3 npumensis teopemy dary, monydaem, 4To
| fn — fllp — 0. B camom mene, mis manHoro € > 0 Gepem N Tak, 4TO
| fr. — fxllp < empun,k > N. Teneps npu k — oo umeeM || fr, — fl|, <€
mpun = N.

OTMETHM, YTO MHOXKECTBO MPOCTHIX (DYHKIMH BCIOMY IIOTHO B LP: mis
kaxaoi ¢pyakuun f € LP(u) ecTh MOCIENOBAaTENBHOCTh MPOCTHIX (YHK-
i, cxomsimiasics Kk f B LP. Jlns atoro cHayana nmpubmu3uM f orpaHHYeH-
HbIMH QyHKIHAMH, B3siB fr,(x) = f(z) npu |f(z)| < n, fu(z) = n npu
f(z) >nmu fo(xr) = —n opu f(x) < —n (cxomumocts B LP cinemyer u3
teopembl JleGera). OrpanuyeHHbIe (YHKIMH MOXKHO HPHOIMKATh MPOCTHI-
MU J1a’Ke PaBHOMEPHO.

W3 10Ka3aHHOTO CIIEyeT, YTO MPOCTPAHCTBO LP (11) SBIsETCS MOMOTHE-
HHEM MHOXECTBA TPOCTBIX (YHKIHMi (TOYHEE, MHOXKECTBA COOTBETCTBYIO-
IMX KJIACCOB SKBUBAJICHTHOCTH) 110 HOpMe || f||,. B mpuHImIe Tak MOXHO
¥l OTIPEICIIATH 3TH POCTPAHCTBA, HO TAKOE ONIPE/IEIICHIE KpaifHe HeyIaqHo.
Benp Torna emie Hamo OTACIBHO JOKA3bIBATh, YTO HIEMEHTHI TTOMOTHEHHS
(kax aOCTPAKTHOIO TOMOIHEHHsI METPUYECKOTO POCTPAHCTBA) PeaIn3yroT-
cs ¢ moMotIbio pyHKIUA. OHAKO ITO OMPEACICHUE MOXHO MOIUPHUITUPO-
BaTh GoJsiee ynayHO. BKIIFOYMM €ro B CIEAYHOLIMI CHHCOK PAaBHOCHIBHBIX
OTIpeIeTICHU I MHTETPUPYEMOCTH [1-U3MEePUMON pyHKIUH f:

1) f uHTErpUpyeMa B CMbICIIE OCHOBHOTO OIPEICICHHUS;

2) ¢ynkuuu min(fT,n) ¥ min(f~,n) UMEIOT PaBHOMEPHO OrpaHM-
YEHHBIC MHTETPAJIbl, IPHYEM HHTEIrpall OT OrPaHHYCHHOW (DYHKLHH g BBO-
JIMTCS TaK: ¢ €CTh PABHOMEPHBII MPEIEN MPOCTBIX ¢y, TOTA UX HHTETPAIBI
UMEIOT TIPEJiell, KOTOPBIH U GepeTcs B Ka4ecTBe MHTErpala ot g;

3) cxomutes psa Lie) = Y20 enp(x: en < f(x) < en +¢) npu
HEKOTOpOM € > (); Toria 10Ka3bIBaeTCs, YTO CYLIECTBYET KOHEUHbIH Mpeaes
liH(l) L(g), KOTOpBIif IPHHUMAETCSI B KAYECTBE HHTETPaa;

E—

4) ecmu f > 0, To uHTErpan ot f eCcTh HECOOCTBEHHBIN HHTErpan Pu-
MaHa

/ e f(@) > 1) dt,

€CJIM OH KOHEYEH; IS 3HAKOTIEPEMEHHBIX OTJENLHO paccMaTpuBaroTcs fT
uf;

5) cylecTByeT MOCIEN0BATEIbHOCTh MPOCTHIX (YHKIUH [, KOTOpast
cxomuTes K f Toutn Beiony U dyHnamenTanbha B LY (p).
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B kadectBe 3ajaum Ipejuiaraercsi YCTAaHOBUTh PaBHOCHIBHOCTH BCEX
3TUX OMUCAHUM.

B cnenytomieli raBe OyneT eie paBHOCUIBHOE OMUCAHUE

6) unterpan ot ¢ynkuuu f > 0 Ha [a,b] ecTh IByMepHas Mepa MHO-
xecTBa Touek (z,y) € [a,b] x [0,+00) ¢ 0 < y < f(x), T.e. miomanp moxa
rpadukom f. [lns abcTpakTHOM MepHI L1 BEPHO TO )K€ camoe, HO IJIONIa b
HAJI0 U3MEPATh OTHOCHTEIBHO MPOU3BEACHUs L U Mephl JleOera.

OTMeTHM ellie OTHO TOJIE3HO CBOMCTBO MPOCTpaHCTB LP kak OaHaxo-
BBIX IPOCTpaHCTB. [ Beskoro GaHaxoBa MpocTpaHcTBa X BBOIMTCS TO-
MOJIOTMYECKU COTPSKEHHOE MPOCTPAHCTBO * — MPOCTPAHCTBO BCEX HEIpe-
PBHIBHBIX JIMHEHHBIX (yHKIwA Ha X . Eciim X OecKoHEYHOMEpPHO, TO HE BCE
nuHelHbie QyHKIMU Ha X HEMPePBIBHBL, TO3TOMY 3TO OTICIILHOE TpeOoBa-
Hue. HenpepbIiBHOCTE uHEHHON GyHKIMH [ Ha X paBHOCHIIbHA TOMY, YTO
OHA MMEET KOHEUHYI0 HOPMY

11 = sup [i(z)].
EIS!

Hopwma ectb Haumenbiee yucio C, it KOTOPOTo
l(z)| < C|z|| VzeX.

B camom jerne, W3 HENPEPBIBHOCTH CIIEAyeT OrPAaHUYCHHOCTH |l| Ha HEKo-
TOPOM IIape ¢ LEHTPOM B HyJIe, YTO B CHIIy OJHOPOJHOCTH JAET OTPaHU-
YEeHHOCTh Ha CAMHUYHOM Inape. Ecim jke HOpMa KOHedHa, TO (yHKIuS [
manesa, 6o |I(x) — 1(y)| = [I(z —y)| < [l ||z = yl|

HNmeeT MecTo Takol (akxT.

2.8.2. Teopema. IIycmo 1 < p < oo u 1/p + 1q = 1. Toeoa écsxas
Henpepwignas aunelnas gynkyus | na LP (1) umeem 6uo

I(f) = /ngdu, 2.8.1)
eoe g € LA(p) u ||U| = llgllq-

Ota ¢akT OTHOCHTCS K Kypcy (QYHKIMOHAIBHOTO aHANW3a, HO MOXKET
OBITh BBIBEJICH U3 YaCTHOIO CiIy4asi p = 2, COOTBETCTBYIOIIETO THIBOEPTO-
By mpocTpaHcTBy. [l THIb0epTOBa MPOCTPAHCTBA YTBEP)KACHHE COCTOUT
B TOM, YTO BCsIKas HEMpepbIBHAs JIMHEWHas (YHKIHMsS HA HEM HMEET BUJ
[(x) = (x,v), Tme v — HEKOTOPBIIl BEKTOP, T. €. Bce aHamormdHo IR".

Jist p = 1 aHaNOrMYHOE YTBEPXKICHHE TAKOBO: €CIIM Mepa i KOHEYHa,
TO BesKash HempephiBHas JuHeknas ynkims va L'(p) umeer Bua (2.8.1),
Iie g — OrpaHuYeHHas m3Mepumas QpyHkuus, npudeM |g(x)| < ||I]|. Dto
YTBEpXKJIEHUE JIETKO BBITEKAeT U3 ciydas p = 2: cyxenue | Ha L2(p)

nenpepsiBHO, Tak Kak || f|l1 < u(X)Y?|f||2. TlostoMy OHO MMeeT BH
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(2.8.1), e g € L%(p). Tpu stom muoxkectBa A = {x: g(z) > |||} u
B ={z: g(z) < —||l||} umeror mepy Hyib. Craxem, eciu ((A) > 0, TO

I(14) = /A gdu > 1(A) = 1] | Zall.

4yT0 HeBO3MOXKHO. Hike B Teopeme Pamona— Hukomuma Ham Oyaer HyKeH
MMeHHO cirydait L.

§2.9. BeckoHeuHble MepbI

[pumenntensHo k Mepe Jlebera Ha IR™ yke roBopuiock o OeckoHed-
HBIX Mepax, T.e. Mepax Ha o-anrebpax co 3HaueHusMu B [0, +00], Korma
CUETHAs aJTATUBHOCTh ONPECISITCs] aHAJIOTHYHO CITyYar0 KOHEYHBIX Mep
C JIOTIOTHHUTENIFHBIM COTallieHneM +0o + ¢ = +o00. MHTerpan ompene-
JsI€TCS TOYHO TaKoKe, HO IPU 3TOM B OIpeneNieHnH uHTerpaisa ot f > 0
OepyTcs He Kakue YrogHO MpOoCThie (PYHKIHHU @, a JHUIIb WHTETPUpPYEMEIE,
Te. ¢ = y i ¢ila,, tae p(A;) < oo mpu ¢; # 0. Ilpu sToM momaraem
0 - co = 0. Ckaxem, nocTosiHHas 1 yxe He o0si3aHa OBITH MHTETpHUpYE-
Moii, a 0 mHTEerpupyeM. PyTuHHas mpoBepka MOKa3bIBaeT, YTO COXPaHACTCS
OOJILIIMHCTBO CBOWCTB MHTErpaia Jlebera: HHTErpa JIMHEEH U MOHOTOHEH,
BepHBI HepaBeHCTBa UeObiména, I'énbnepa m MunkoBckoro (Ho He Mence-
Ha), TeopeMsl Jlebera, bermo Jlesu n ®ary, TOYHO TaK k€ BBOISATCS IPO-
crpancTBa LP u mokaseiBaercst ux mnojiHora. Teopema EropoBa B mpexHei
(opmynHpoBKe, KOHEUHO, TepseT CuIy, ckaxeM, GyHKIMK n~ 'z Ha mpaMoit
HE MOT'YT PaBHOMEPHO CXOIMTHCS K HYJIIO Ha MHOXKECTBE C JIONIOJHEHUEM
MaJioll Mephl.

EcTp 1Be MpUYMHBL, IO KOTOPBIM HElleJIecoo0pa3Ho cpasy BBOIUTH Oec-
KOHEYHBIE MEpHI: 1) JTOMOIHUTENIBHBIE XJIOMOTHI C 0ECKOHEYHOCTSAMH 3aTeM-
HSIOT CYIIECTBO JeNia U MEIIAoT MOHUMAaHWIO LEHTPaJbHBIX UIeH, ompe-
JIeTIeHUsT CTaHOBATCS 0oliee TEXHHYECKMMH (ZOCTATOYHO MOCMOTPETh Ha
oTpefieTIcHne U3MEPHMOr0 MHOXECTBA, KOTOPOE 3lIE€Ch MO T'YMaHHBIM CO-
OOpaKeHUsIM HE NPUBOAUTCS), @ B TEOpeMax MOSBISIETCS HEOOXOAUMOCTh
JieNiaTh OTOBOPKH O Xapakrepe mMep (IpUYeM HEpeaKo B Pa3HbIX TeopeMax
pasHble OrOBOPKH); 2) Bce coAeprkarenbHble (akThl 1l OECKOHEUHBIX Mep
0aHaJIBHO CBOAATCS K KOHEUHBIM MepaM.

[Mocnennee oCHOBaHO Ha TakoM IpueMe: MycTh QYHKUHS f UHTErpH-
pyema 1o GeckoHe4HO# mMepe (. Torna UMeroT KOHEYHbIE MEphl MHOXKECTBA
X, = {27 < |fl < 27"} u Xo = {|f| = 1/2}. Beenem koHeunywo
Mepy v Tak: cyxkenue v Ha X, ectb 27" (u(X,) + 1)"'u, a va Xy ona
paBHa y. Torma mHTErpan or f mo mepe v €CTh MHTErpal Mo Mepe v OT
dbynkuuu g, pasnoit 2™ (u(X,) + 1)f na X,. Mepa ocraBiueiicsi 4acTu
npoctpancta X \ U2 ; X,) MOXeT OBITh ke GECKOHEYHOM, HO (yHKIHs
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f Ha Hell paBHa HYIIO, YTO HE BIUIET HA MHTErpasl. AHAJIOTUYHO JUIS CUET-
HOW MOCJE0BATENIbHOCTH MHTETPUPYEMBIX (QYHKIUH f, MOXHO IpeacTa-
BUTh X Kak CYeTHOE OOBETUHEHHE AU3BIOHKTHBIX U3MEPUMBIX MHOXKECTB
Xj, BHE 00BEIMHEHHS KOTOPBIX Bce QYHKIMU f;, paBHBI HyT0. OnATh CTPO-
UM KOHEUHYIO Mepy V yKa3aHHBIM criocoOom. MHTerpan ot f,, 1o u paBeH
UHTErpany oT g, Mo v, TAE ¢, NoiydaeTcs u3 f, ONMUCaHHBIM Iepeolnpe-
JeneHreM. OTa Mpoueaypa MO3BOJISIET NEPEHECTH OOJBLIMHCTBO 0a30BBIX
(haKTOB C KOHEYHBIX Mep Ha OeCKOHEUHbIe 0e3 TepeoKa3bIBaHus (CKaxkeM,
IpU HalleM crocobe JoKa3aTrenbcTBa TeopeMbl Jlebera ObUIO BaskHO, 4TO
OHa KOHEYHA, HO TeIeph HOBOTO crocoba He Tpedyercs).

EcTb Tpy BaKHBIX KJIacca Mep, B OCHOBHOM PaJiy KOTOPBIX U 3aT€BaETCs
pas3roBop npo OeckoHeuHble Mepbl: Mepbl Jlebera, mepa Xaycnopda u Mepsl
Xaapa. O mocieaHux AByX KpaTKo OyAeT CKa3aHO IMO3Ke.



T'JTABA 3

Onepauuu HaJQ MepaMH U CBA3b
C NPOMU3BOAHOM

§3.1. IlpousBenenue mep

Ecnu nmansl gBa mpoctpancta ¢ mepamu (X, A, u) u (Y, B,v), 10
B mpomsBeneHnn X X Y BO3HHKaeT Kiacc MHOXecTB Buia A X B, rme
A € A, B € B, Ha3bIBa€MbIX H3MEPUMBIMH MPSIMOYTOJIbHUKAMH, KOTOPBIM
ectecTBeHHO mpunucath mepy p(A)v(B), 9To 1aeT OCHOBaHHUS PACCUHUTHI-
BaTh, 9TO Ha X X Y mMeeTcs Mepa (@ v ¢

u®@v(Ax B)=u(Av(B).

OnHako 1Mo Hamredl TOKTpHHE Mepa i @ v NOJKHA ObITh ONpeieieHa Ha
o-anredpe, a KiIacc MPsSMOYTONBHUKOB Hake He anreOpa. IIpobrema Oy-
JeT pelieHa, €CIH Mbl CMOXKEM PasyMHO MPONOJDKUTH [i & I HAa CHIMa-
anredpy, TOPOXKIACHHYIO MPSIMOYTOIFHUKAMU. JTa cHrMa-ainredpa o0o3Ha-
vaercsi cuMBosioM A ® B. Hampumep, B KadeCTBE YIPaKHEHUS MOJIE3HO
nposeputh, uto B(IR) ® B(IR) = B(IR?). OkasbiBaeTcs, Tak MOKHO Clle-
JaTh.
s Besikoro MHOKecTBa B € A ® B monnokum

E,={y: (z,y) € E}, EY={x:(x,y) € E}.

3.1.1. Onpenenenue. [Ipouzgedenue mep |1 @ vV 3a0a0um hopmynot

pRv(E) = / p(EY)v(dy), E € AR B.
Y

Paszymeercsi, HaIo elie MPOBEPUTH, YTO (OPMYJIa HMEET CMBICI: JUIs
Bcex ceveHuit Y € A, Tak 4to MOXHO B3sTh (1( EY), a moxyueHHoe Oymer
B-n3mepuMoit (QyHKIHEH, 9TO JacT BO3MOKHOCTh HNPOMHTETPUPOBATH €€
no mepe v. [Ipexae 4em 3To mpoBepsTh, 3aMeTHM, 4To it FL = A X B Mbl
umeeM FY = Anpuy € B, EY = @ nipu y ¢ B, Tak 4T0 UHTErpaj paBeH
xemaemomy ((A)v(DB).
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Kpome Toro, kak ¢pyHKIUS 0T F/ MHTETrpall CYeTHO-aITATHBEH, N0O ec-
m E = U,E,, tne F,, mu3bloHKTHBL, T0 EY = U, E} npu KaxuoMm 7,
npudeM E} ToKe IU3bIOHKTHBI. 3HAYUT,

w(EY) = p(ED).
n=1

ITo teopeme bernmo JleBu (mam mo Teopeme Jlebera, 3aech 00 TOASATCS)
MHTETpaJI OT JIEBOI 4acTh paBeH CyMMe psijl u3 uHterpaios ot u(Ej), Te.
n®U(E) =3, 1@ v(Ey).

Teneps 3aiiMeMcst POBEPKON CYIIECTBOBAaHUS MHTETpaa.

3.1.2. Jlemma. [us eécaxoeo E € A @ B umeem EY € A npu ecex y.

JAOKA3ATEJIbCTBO. i NpsAMOYTOJIHUKOB 3TO CBOMCTBO YK€ IIPOBE-
peno. Ilycts € — kmacc Beex Takux E € A ® B, 4ro yTBep)KIACHHE BEPHO.
OTOT KJacc ecTh curma-anredpa, ubo omnepanuy HajJ MHOXKECTBAMM JIAIOT
TaKMe ke onepalnuu Haj ceuenusmu (Hanpumep: (U, E,)Y = U, E}). 3na-
ynt, A ® B Bxomut B &, otkyna A @ B = £.

Co BTOpBIM CBOMCTBOM Tak JEIIEBO HE pasaenarbcs. Jlns mpsaMoyromns-
HHMKOB OHO TOKE€ TPHBHMAJILHO, HO BOT 4TO Jejiarh panbiue? [Ipumenenue
MEpBI K CEYEHUSAM YCIIOKHAET JIe10. BEIpyInTh MOXKET 3aMedaTellbHas Teo-
pema CeplMHCKOro 0 MOHOTOHHBIX KJIACCax.

CemelicTBO € NOAMHOXKECTB MHOXKECTBA X HA3BIBAETCS MOHONOHHbIM
knaccom, ecmn | ;2 | By, € € U1 KaKI0# BO3pACTAIOLICH ITOCIICA0BATEIb-
HoCTH MHOXKeCTB E,, € € (r.e. E,, C Ey g mpuBcex n) u (oo B, € €
A7 Kax10# yObIBaromiel Mmocies10BaTelbHOCTH MHOXECTB [, € & (T.e.
E,+1 C E, ipu Bcex n).

Jns Besakoro knmacca € MOAMHOXKECTB X CyIIECTBYET MUHUMAJbHbINA
MOHOTOHHBIH Kjacc, cojepxkanuii € ¥ Ha3bIBae€MBbIil MoHOmMOHHBIM K1aC-
com, nopoxcoennvim €. TakuM MUHMMAJILHBIM KJIACCOM SBISETCS IEpece-
YeHHe BCEX MOHOTOHHBIX KJIaCCOB, COAEpKaImuxX &.

3.1.3. Teopema. Ilycmv A — ancebpa mnoxcecms. Toeoa o-aneebpa,
nopoxcoennas A, cosnadaem ¢ MOHOMOHHBIM K1ACCOM, nOpodcoenHvim A.
Cneoosamenvro, eciu aneeopa A 6xooum 6 HeKOMOpbll MOHOMOHHYLU

knace M, mo o(A) C M.

JIOKA3ATEJILCTBO. ITycts M(A) — MOHOTOHHBII KITacc, TIOPOXKICH-
b1t A. Torqa M(A) C o(A), nbo o(A) — MOHOTOHHBIH Kiacc. JJokaxeM
obOparHoe Bkitoyenune. s sToro nmokaxem, 4to M(.A) ects o-anredpa. Ilo
OMpE/IETICHHI0 MOHOTOHHOTO KJIacca J0CTaTOYHO YCTAaHOBUTH, 4T0 M(A) —
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anreOpa. JlokaxeM cHadaia, 4to kiaacc M(A) 3aMKHYT OTHOCUTEIIBHO B3si-
T nononHenus. Ilycts

Mo == {B: B,X\B € M(A)}.

Kiace M sIBIsSIeTCSs MOHOTOHHBIM, 9TO OYEBHIHO M3 MOHOTOHHOCTH KJIacca
M(A) u paBeHCTB

X\ﬂBn_GX\B X\UB:ﬂX\B

IMockoneky A C My C M(A), To monywaem paBeHctBo My = M(A).
ITpoBepuM Terepb 3aMKHYTOCTH M (A) OTHOCHTETBHO KOHEYHBIX IIe-
peceuenuit. I[Tycts A € M(A). BBeaem kiacc MHOXKECTB

Ma = {BeM(A): ANBeMA))}.

Ecm B,, € M 4 — Bo3pacraromnme MHOXECTBA, TO TTOITyIaeM

AN G B, = G(AmBn) e M(A).
n=1 n=1

AHaJOrMYHO paccMaTpuBaeTCs Ciiydai, korna B, yobBarot. [loatomy M 4
— MoHOTOHHBIH Kimacc. Ecim A € A, 1o mmeem A C My C M(A),
orkyna nomydaem My = M(A). Ilycts Tenepp A € A u B € M(A).
Torma mo nokaszanHomy A N B € M(A), T.e. A € Mp. Takum oGpasom,
umeem Brmoderust A C Mp C M(A). Cnenosarensao, Mp = M(A)
npu Bcex B € M(A), uro o3Hagaer 3aMKHyTOCTh M (A) OTHOCHTENBHO
B3SITHS IEPECCUCHUSI ABYX MHOXeCTB. V3 nokasanHoro ciexmyer, 4to M(.A)
— anre0Opa, 4To u TPeOOBAIOCH. 0

3.1.4. Cnencreue. Oyuxyusn y — u(EY) aersemcs B-usmepumoti ons
écakoeo E € A ® B.

JIOKA3ATEJIBCTBO. Kiacc Bcex muoxkectB F € A ® B ¢ xemaeMbIM
CBOWCTBOM SIBIISICTCSI MOHOTOHHBIM: ecii [, Bo3pacrarT Kk F, T0o cedeHus
E}, Bospacraror k EY, nostomy pu(E}) — u(EY) npu kaxaom y. Ocraercs
BCIIOMHHTB, YTO TPEIET M3MEPUMBIX (DYHKIMH H3MEPUM. AHAIOTHYHO C
yOpIBatomumu E,, . U

To xe paccyaeHue MOKa3bIBACT, UTO CYIIECTBYET M MHTErpal

[ B2 tas)
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u 3amaet Mepy Ha A ® B. Tak kak 3Ta Mepa paBHa /4 ® ¥ Ha TPSIMOYTOJIb-
HUKaX, TO 00€ Mepbl paBHBl Ha KOHEYHBIX AM3BIOHKTHBIX OOBETMHEHUSIX
IpPsSIMOYTOJILHUKOB. Jlerko mpoBepuTh (mpoBepbre!), 4TO Kilace TakUX 00b-
enuHeHuil ecthb anreOpa. Torma Mepsl paBHBI U Ha MOPOXKICHHOW cCHUIMa-
anredpe, 3HAYUT, UMEEM TOXKIECTBO

peu®) = | wE)vidy) = [ v(En)p(da),
U3 storo ToxaecTBa ciemyet, urto ecnu p @ v(E) = 0, To 1t v-ILB. Y

numeeM (EY) = 0 n s p-n.B. x umeem v(E;) = 0.

3.1.5. CaencrBue. (TEOPEMA ®YBUHU I A @ B-U3MEPUMBIX
OTPAHUYEHHBIX ®YHKIUN) ITycms A Q@ B-uzmepumasn gynkyus f oepa-
Huuena. Toeoa

/Xxyfd(uééu)Z/Y/Xf(x,y)ﬂ(dx),,(dy)
= [ [ stawtds) o),

20e oba NO6MOPHBIX UHmMezpala cywyecmeyrom.

JIOKA3ATEJBCTBO. s MHAMKAaTOPOB MHOXKECTB 3TO YK€ JOKa3aHo,
MpUYeM BHYTPEHHHE WHTETPajibl U3MEPUMBI IO OCTaBIIEHCS MepeMEeHHOM.
3HauuT, 3TO K€ BEPHO I NpocThIX ¢yHKIMHA. Eciu npocteie f,, paBHOMEp-
HO cXOmATCS K f, TO BHYTPEHHHE MHTETPAJbl TOXE CXOISATCS PaBHOMEPHO
10 OocTaBIIelcs epeMeHHoH. [1oaToMy mosryyaroTcsi orpaHHYCHHBIE H3Me-
puMmebIe (110 Yy U T COOTBETCTBEHHO) (DyHKIMHU. B mpenerne ocraeTcst BepHBIM
U JIBOITHOE PaBEHCTRO. Il

DTO CIIeNCTBUE €IlIe HE OXBAaThIBAET BCEX AK€ OrPAHHYCHHBIX U Q) V-
U3MEPUMBIX (YHKIHUH, Jake HE BCE MHAMKATOPbl MHOXXECTB M3 IOIOJ-
uenns A @ B. Hanpuwmep, st mepst Jlebera va kBaapare [0, 1] x [0, 1]
BCSIKO€ TIOMHOKECTBO OTPE3Ka BELICCTBEHHOW OCH MMEET Mepy Hylb, HO
MHOXECTBO BHTaiu He BOWIET B MPOU3BEICHNUE CUTMA-AIIreOp H3MEPUMBIX
mo Jlebery MHOXKECTB Ha OTpe3Kax, MO0 Ui MHOXKECTB U3 MPOU3BEIACHII
curMa-anredp BbIle ObLIO MOKA3aHO, YTO BCE MX CEUYEHHS BXOIAT B CHTMa-
anrebpy Ha coMmHOXHUTene. TakuM o0Opa3oM, naxke MPOM3BENEHHUE ITOTOIN-
HEHHBIX CUTMa-ajreOp He 00s3aHO OBITH MOJHBIM OTHOCHTEIIBHO HPOU3BE-
nenust mep, T.e. (A ® B) g, MoxeT 6biTh mupe A @ B. OxHako HETPYAHO
PacIpOCTPAHUTh JIOKa3aHHOE M Ha (DYHKIIMH, WU3MEPUMbIE OTHOCHTEIBHO
HOMOJHEHHOW cHrMa-aireOpbl (HallOMHUM, YTO Y HAC M3MEPHUMBIMH OTHO-
CHTEIIBHO MEpbI CUUTAIOTCS (YHKIUH, U3MEPUMbIE OTHOCHTEIIBHO IOIMOJ-
HEHHOW CHUTMa-anreOpsl).
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3.1.6. Teopema. (TEOPEMA DVBUHWN) [lycmob ynxyus f unmeepu-
pyema omnocumenvro mepul 1 @ v. Tozoa

| tdwen = [ [t vy
= [ [ stewtis) o),

20e 8 NPasoll 4acmu NPU NOYMU KA*COOM Y Nepablll 6HYMPEHHUL UHMeSPpal
no T cywecmseyem u 3a0aem V-uHmezpupyemyio QyHKyuio, u aHaio2uiHo
CO 8MOPbIM GHYMPEHHUM UHMESPALOM.

JIOKA3ATEJBLCTBO. JlocrarouHo paccmotpeTh f > 0. CHauana npeu-
MOJOXKHUM, 4To 3Ta QyHKIHA A ® B-usmepuma. /i orpaHHYCHHBIX f yxKe
Bce caenano. CranmaptHbie cpe3ku f, = min(f,n) Bo3pacrator K f. ITo-
3TOMY UX WHTETPaJIb 1O 4 (X I/ BO3PACTAIOT K HHTEerpany ot f. PaccMorpum
TIEPBBIl MOBTOPHBIN HHTErpal 1o 4 U v. llpu pukcupoBaHHOM y MHTETpa-
JIBI

Fu(y) = /X fn(2,y) p(dz)

BO3pacTaroT K npexeny F(y), paBHoMy uHTerpaiy ot f(z,y) 1o x, eciau
OH KOHEYEH, U K OECKOHEYHOCTH B MPOTHBHOM ciiydac. Takoi MpOTHBHBIN
Cllydail B CaMOM JIeJiec MOXKET TPEICTABUTHCS JUII HEKOTOPBIX Y, OTHAKO
MHOXKECTBO BCEX TaKUX y UMEET V-Mepy HyJb B cuily Teopemsl bemmo Jle-
BU (CO CHETaHHBIM IOCIIC HEe 3aMeYaHHeM), TaKk Kak WHTerpaibl ot F),
paBHOMEpHO orpaHu4eHbl. V3 3TOrO XK€ ciemyet, uto F' MHTErpupyeMa u
€e MHTEerpas Mo y ecTh mpesei uHrerpanos ot F,. Ecou npu Kakom-To y
npenen F(y) koHedeH, TO monydaeM HHTErpupyemocts f(x,y) mo z npu
3TOM Yy M PaBEHCTBO MHTerpajia uuciy F'(y). DTo maer mepBoe paBEeHCTBO
B Teopeme. Bropoe aHamoruyHo.

B obmem cnywae uaTerpupyeMa QyHKOus f BCIOOY paBHa HEKOTOpPOU
A ® B-uzmepumoit QyHKIMH, 17151 KOTOPOH Bee jokaszano. [loatomy mocra-
TOYHO paccMoTpeTh ciydail f = 0 mout Bcrofay. [lo-mpexxHeMy cuuTaem,
gro f > 0. [lycte f < N. Tak xak f omiMyHa OT HYJIsI HA MHOXXECTBE £
MepsbI Hyb, TO Haiigercess B € A® B ¢ Z C E. Torna ZY C EY npu kax-
JIOM ¥, 3HAYUT, JOCTATOYHO MOMYy4HTh paBeHcTBO (EY) = 0 mist v-m.B. y.
Tak oHo U ectb: Bexp uHTerpan ot 4 (EY) mo y ects p @ v(E) = 0. Takum
obpasom, mpu kaxaoMm N ¢yskius min(f(z,y), N) 0pu MOYTH KaxIoM
Yy MMEET HYJIEBOM MHTErpaji mo x. I103ToMy Mpu MOYTH BCEX Y Tak Oyaer
cpasy st Bcex N, uto mpu N — oo maet toxke camoe u st f(x,y). O
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BaxHo, uTo 6e3 MpeAnoIoKeHNs aTPUOPHON HHTETPUPYEMOCTH Ha MPO-
m3BeneHun X X Y W3 CyIIECTBOBAHHSI MTOBTOPHBIX HHTETPAJIOB HE CIEAYET
UX PaBEHCTBO, IPHYEM JaXKe €CJIM OHH BAPYT PaBHEL, TO f He 00s3aHa OBITH
uHTerpupyemoil. Hakoner, Moxer ObITh U TakK, YTO OIUH IOBTOPHBIM WH-
Terpay CyIIecTBYeT, a Apyroil HeT. Bce 3T mpumeps! Hajgo o0s3aTeIbHO
HOCTPOUTE.

OpHako ecTh OJWH CHENHaJIbHBIN CIydaild, KOTJa XBaTaeT MOBTOPHBIX
MHTEIpasIoB.

3anada. [lokazats, Takyto TeopeMy ToHeEIIH:

ecim HeoTpuuarenbHas QyHKUMA f HU3MepHMa OTHOCHUTENBHO U & Vv,
TO W3 CYLIECTBOBAHUS OAHOIO IOBTOPHOTIO MHTErpaja ciegyeT ee i & v-
UHTETPUPYEMOCTb.

OnHako 6e3 IpeAnoNIoKeHNSI H3MEPUMOCTH AK€ BEJIMKHE UTANIbSHIIBI
OeccuibHBI (B KauecTBE 3a/1au IIOCTPOUTH MIPUMEp, HO 3Ta 3a7a4a CI0KHee
MpenbIayIIei).

3.1.7. llpumep. Eciu pyskuun f u g uHrerpupyemsl Ha IR”, To u3
teopem Torermu u OyOunu crenyeT HHTErpupyemMocts GyHKunu (x,y) —
f(x)g(y) na IR™ x IR™ u paBeHCTBO

[ t@swazay= [ 1wz [ gy

ITo MHIYKIWH OTIpeNeNICHO KOHEYHOE MPOU3BEACHUE MEP fi1 R - -+ @ fby,.
MOXHO BBECTH MPOU3BEJCHHE THO00r0 Habopa BEPOSITHOCTHBIX Mep. Mok-
HO TaK)Xe PaclpoCTPAHUTh KOHCTPYKIIMIO HA MTPOU3BECHUE HECKOIBKUX O~
KOHEYHBIX MEp, T.¢. OECKOHEUHBIX MEpP, COCPEAOTOUCHHBIX HA CUCTHBIX 00b-
€IMHEHUSIX MHOKECTB KOHEUHOM Mepbl (kak mepa Jlebera Ha IR™). B vact-
HOCTH, OIIPEICIICHO TIPOU3BENICHUE 11 X A, Tie A — Mepa Jlebera Ha TpSIMOTA.
C MOMOIIIBIO ATOTO MPOU3BEICHUS TOKAKEM TaKOH MOJIEe3HBIN (DaKT.

3.1.8. Ipenaoxenne. [lycms f > 0 — p-unmeepupyemas ynxyus.
Tozoa

+oo
[ rdu= [t f@) = 0t = ue A (mt): 0 < 0 < F))).
X 0

JIOKA3ATEJBCTBO. Iloarpaduk
P={(z,0): 0<t < f(x)}
SBISIETCS (1 Q) \-M3MEPHMbBIM MHOXECTBOM, YTO CIELYEeT U3 M3MEPHUMOCTH
yskimu (x,t) — f(x) —t va X x IR, BITekaromeil U3 U3MEPUMOCTH
(z,t) — f(z) u (x,t) — t. Tenepp p @ A(P) BBIYKCIUM TIO TEOpPEME
®y6Ounn aBymst criocobamu. CHadana nmpu (QUKCHPOBAHHOM T 3aMedaeMm,
uto P, ects orpesok [0, f(z)] sl f(z), 9To maet uHTErpan ot f mocie
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MHTErPUPOBAHUS 110 x. 3aTeM NpH (PUKCHPOBAHHOM ¢ BUAMM, uTo P! ecTh
MHOXECTBO TaKHX x, 4T0 f(x) > t. O

OTMeTHuM, 9TO HpU MOYTH BCEX T BEPHO PABEHCTBO
u(a: fl@) > t) = ple: fz) > 1).

D10 paBeHcTBO BepHO npu Beex t ¢ u(f~1(t)) = 0, HO Touek f c mpo-
00pa3oM TMOJIOKUTETBHON Mephl MOXET OBITh JHIIb CYETHOE YHUCIIO, UOO
9TH MPooOpasbl AUIBIOHKTHBI (TOUEK ¢ Mepoii mpoobpasza Gonee 1/k murib
KOHEYHOE YHCIIO TIPU KAXKIOM k).

3.1.9. lIpumep. O603HaUNM uepe3 V,, o0bem eauHuuHOrO mapa B IR"™.
Torma obwvem mrapa pamumyca R pasen V, R"™. Beruucnas V,, ¢ nomoursio
teopembl DyOMHM U 3amedasi, 4TO NMpU (PUKCHPOBAHHOM 3HAYCHUH T, €
[—1, 1] muOXeCTBO {(T1,... ,Tp1): T3+ +22_| =1—22} asasercs
(n — 1)-MepHpM mapom pamuyca (1 — 2)1/2
COOTHOIICHHE

, TIOJIy4aeM peKyppeHTHOe

1 1
Vo= Voo / (1 —ap) D2 dg, =2V, / (1 =)D/ g =

1
= n_l/ sTV2(1 = 5)n D245 =V, _1B(1/2,(n+1)/2) =
0

I'(1/2)I((n+1)/2)

= Vo T(l+n/2)

OTKY/Ia C y4ETOM paBeHCTBAa Vo = 7 HAXOAUM OTBET
n/2

Vn="—""—"=
T(1+n/2)’

KOTOpBIH MOXKHO IIpeoOpa3oBaTh ¢ MOMOLIbI0 (opMyibl HoHmwkeHus. Ha-

JI0 OTIENBbHO PACCMOTPETH CIIy4ad YETHOI'O M HEYETHOIO 7, YTO JAeT Ha

HEPBBIN B3IVIAT OoJiee «SIBHOE) BBIPAKEHHE

I 2(2m)™
‘/Zm - 1 V2m+1 - ( )

XOTSI BO MHOTHX TPWIOKEHUAX GopMyia ¢ ramMmMma-QyHKIHEH OKa3bIBaeTCs
MOJIE3HEH.
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§3.2. Teopema Panona — Huxoguma

Hnst Besikoit Mepbl v (BO3MOXKHO, OeckoHeuHOH) Ha A u BCsSkOH -
MHTErpUpyeMoil (yHKIHHU @ BOHUKAET HOBasl Mepa

MMF#@MM%IA@W-

CueTHast aJAUTUBHOCTH CIIeAyeT U3 Teopembl Jlebera: ecnu MHOXKECTBa
A,, € A mm3broHKTHEL 1 A — ux obwbenunenue, 10 [of = Y 0 Ia, f,

npuyeM 27]2[21 14, 0] < |o|, moaTOMY IaHHBIH PSIA MOKHO IPOMHTETPHPO-
BATh MOWICHHO.

Oyukims f Ha3plBaeTCs IUIOTHOCTHIO (WM THIOTHOCTBIO Pamona — Hu-
KOJIMIMAa) MEPBI V = (- {4 OTHOCUTEIBHO MEpPBI (4 U 0003HAYACTCS CHMBOJIOM
dv/dpu.

Kak mo mepe v y3HaTh, 3a[aeTCsl JIH OHA IUIOTHOCTHIO OTHOCHTEIIBHO
Mepsl (1? MBI paccMOTPUM CITy4ail HEOTPHULATEIBHBIX Mep.

3.2.1. Onpenenenue. Mepa v > 0 na A Hnazvieaemcs abconomuo
HenpepwvleHoti omuocumenvio mepwvl (1 > 0 na A, eciu v(A) = 0 s
scaxozo muoxcecmea A ¢ p(A) = 0.

SIcHO, 4TO Mepa C MJIOTHOCTBIO OTHOCHUTENBHO (i aOCOJIOTHO Hempe-
pBIBHA OoTHOCUTENbHO L. Cremytomas Teopema Pagona — Hukonguma yTep-
XKIIAeT, YTO BEPHO U 0OpaTHOE.

3.2.2. Teopema. (TEOPEMA PAJTIOHA — HUKOIUMA) Ecau mepa v a6-
COJIIOMHO Henpepbvle6HA ONMHOCUMENbHO U, MO OHA 3a0aemcst NJIOMHOCMbIO
OMHOCUMENIBHO L.

JIOKA3ATEJILCTBO. Bo3bmeM HOByIo Mepy A = p + v. Ha L(\) pac-
CMOTPHM IHHEHHYIO (hyHKITHIO

15) = [ fav

OHa KOPPEeKTHO OINpeeseHa: Tak Kak v < A, TO BCSIKas A-HHTETrpHpyeMast
(GyHKIHMS OKa3bIBACTCS A-HHTEIPUPYEMOM, NPHYEM SKBHBAJICHTHbBIC (yHK-
uu faroT ogunakosbie unterpansl. Ipu otom [[(f)] < || f|low) < (1 fll21s
4TO BIICYET HempepblBHOCTH [ u oueHky ||/|| < 1. CormacHo cka3zaHHOMY
B §2.8, HalieTcs Takas OrpaHHYeHHAs u3Mepumasi GyHKIUS g, 94TO

[tav= [ roinr
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npuyeM |g| < 1. 3Hauur,

[ra-gdv= [ soan.

Ecmu B3stth [ paBHbIM MHAMKaropy mHOXectBa N = {g < 0}, To neBas
4acTh HEOTPUIATEIIbHA, a MPaBas HEMOJIMKUTEIIbHA., 3HAYUT, 00€ paBHBI HY-
mo, otkyaa ((N) = 0, a torma v(N) = 0. Ananoruyso p({g = 1}) = 0.
Urak, 0 < g < 1 noyTu BCrony OTHOCUTENBHO (4 U V. Teneps 3aMeTUM, 4TO
g

1—g

MHTErpHpyeMa OTHOCUTENBHO fi. JleHCTBUTENBHO, GYHKINN

0

fo=0—=9)  yci1/my

orpanmuensl u crpemarca k (1 — g)~1. Jna mux umeem f,(1 — g) =
Iig<i—1/nys fng = 0l{g<i—1/n}> OTKYHQ

v({g<1—1/n}) = / ol yer1my di.

Mepa v KOHeYHa, TOATOMY NPaBbIC YaCTH PABHOMEPHO OIPaHUYCHBIL, YTO MO
TeopeMe bermo JIeBu naet j-HHTErpUPYEMOCTh ©, MTOCKOIBKY MHOXECTBa
{g <1 —1/n} BO3pacrarmT KO BceMy MPOCTPAHCTBY. Teneppb TO ke camoe
MOXHO ripozesars ¢ [4(1 — g)*II{ggl,l/n} nst Besikoro A € A. Dto gact

VAN {g<1—1/n}) = /A ol yer 1y it

YTO IIPpH N — OO BJICUCT HYXHOC PABCHCTBO

v(4) = /A ods

O3Hagaromiee, 9To ¢ = dv/du. O

W3 noxasarenbcTBa MOXKHO U3BJI€Ub 00JI€€ CUIBHOE YTBEP)KICHUE: €CIU
naHbl 18e Mephl 4 > 0 u v > 0, TO ¥ MOXKHO Pa3JIOKUTh B CyMMY

V:V1+V27

r7ie Mepa v, aOCOJIFOTHO HENPEphIBHA OTHOCUTENBHO (i, @ MEPA Vo G3AUMHO
CUHZYIAIPHA C MEPOH 1, T.€. TIOJHOCTBIO COCPEIOTOYCHA HA HEKOTOPOM MHO-
xectBe Ag € A ¢ u(Ag) = 0. KoHeuHO, 3TO CIIeyeT U U3 caMoii TEOPEMBI:
3amucaB 4 = f -\, v = g- A\ e A\ = 4+ v, B KauecTBe Ay BO3bMEM
muokectBo {f =0} N {g > 0}.
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Teopema Panmona—Hukonmuma He TroBOpUT, Kak HaWTth f. DTO MOXET
OBITH CAETaTh TPYAHO, HO MMEETCs] OMH BaXXKHBIN CITydaid, KOorja 1Mo Kpai-
HEW Mepe MPUHLHUIHAIBHO 3TO BO3MOXKHO.

3.2.3. Teopema. [lycmo 1 u v — bopenesckue mepol Ha kyoe ¢ R",
npuuem v abCconiomno HenpepulieHa omuocumenvio . Toeda 0asa |-n.8. x
6EPHO PABEHCMEO

d B(x,r
0y i wB(z,r)
dv r—0 v(B(x,r)
20e B(x,r) — 3aMKHYmblil wap paouyca v ¢ YeHmpom 8 .

B wacmnocmu, ecniu ¢ynxyua f unmeepupyema no Jlebeey, mo ons no-

umu 6cex T umeem

_ 1
) = I 5 B O

Jna gpynxkyuu Ha npamoi umeem noumu 8Crooy

B nocnegnem ClIy4ac TaKXXC IMOYTH BCIOAY

1 x+r

f(z) = lim — f(y) dy.

r—=07r /.

Bce 3Tu yTBepKACHUS BBIIISASAT TMOYTH IEMEHTApHO, HO JOKA3aTeIbCTBA
WX TPYIHBI.

§3.3. IIpeoOpa3zoBanusi mep

IMycte panst npocrpanctsa (X, A) u (Y, B) ¢ curma-anredbpamu, npu-
uyem Ha A 3amana mepa p. Torma Besikoe otoOpaxenue F': X — Y ¢ tem
CBOMCTBOM, YUTO

FY(B)cAVBc B
(takue orobpakenus HaspBaoT (A, B)-H3MepUMbIMI) 33/1a€T TaK HA3bIBA-
eMYI0 MHIYIIIPOBaHHYIO Mepy (Wi Mepy-o0pa3) Ha Y 1o ¢opmyse
(o F™)(B) = w(F~\(B)), Be B.

CumBon p10 F~! gBaseTcst CIUTHBIM ¥ UMEET ICHOE MHEMOHHYECKOE 3HAUe-
Hue. 13 cueTHON aAIUTUBHOCTH (i Cpa3y CIEAYET CUETHOM aJlJUTHUBHOCTD
obpaza. MHTErpamsl 0 HHIYIMPOBAHHOW MEpE CIMTAIOTCS TakK.
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3.3.1. Teopema. (OBIIASI ®OPMYJIA 3AMEHbBI IEPEMEHHBIX) @yHK-
yus g Ha Y unmezpupyema omuHocumenvHo [k o F' —1 6 mounocmu mozoa,
Koeoa ¢ynxyusa g o F' unmezpupyema omnocumensro p. Ilpu smom

/ g(y) o F~(dy) = / 9(F(x)) p(dx).
Y Y

JOKA3ATEJALCTBO. Ecnu g = Ip, To 3T0 mpocTo ompeneneHue o0-
pa3a Mepsl. 3HauuT, hopMynia BEpHA IS MPOCTHIX (YHKIHH, a TOTna pas-
HOMEPHBIM NPEAETbHBIM NEPEX0/IOM OHAa MEPEHOCHUTCS Ha OrpaHUYEHHbIE
B-n3mepumble QyHKuH. C MOMONIBI0O MOHOTOHHOIO IIpEsiesia M CPe30K
min(g, n) pacmpocTpaHsieM ee Ha HeoTpuIlarenbHbie B-usmepumbie QyHK-
IIMH, KOTOPBIE MHTErPUPYeMbI 1o 1 o F'~1 (mmm mms xotopeix ¢ o F wHTe-
rpupyeMa OTHOCHUTEIBHO (). M3 aTOrO ciemyer oOuuii ciyyail. U

Te, KTO MOMHAT PO SIKOOMAHBI, MOTYT CIPOCHUTB: Kya JIEJNICs IKOOHaH
B 3TOit 00meit Gopmyne? OTBET: OH chpsATaH B Mepy /o F 1. Uro6k ero
W3BJICYb, PACCMOTPUM TaKOW Cily4ai: Mepa p = A, ecTb Mepa JleOera Ha
orpanndennoi oomactu U B IR", F': U — V — muddeomopdusm Mexmy
U u obnacteio V' (oOpatumoe oToOpaskeHHe, HenpepblBHO auddepeHm-
pyemoe BMecTe ¢ obpatHbIM). HeTpyaHo npoBeputs (mposepsTe!), 4T0 NpH
mudpeomopduszme o0passl U MPOOOPa3El MHOKECTB MEPHI HYJIb UMEI0 Me-
py Hynb. [TosToMy MHAyIMpOBaHHAs Mepa A, o F'~! uMeeT mnotHoCTh of
OTHOCHUTENBHO Mephl Jlebera Ha V. Boruucium ee. Uepes D F'(x) o6o3Ha-
yuM npou3BoaHyo F' B Touke x. Ilpu Hammx ycinoBHSAX 3TO OOpaTHUMBIHA
JIMHEWHBIN OTIepaTop.

3.3.2. Teopema. (DOPMVJIA 3AMEHBI EPEMEHHBIX B IR"™) Ilpu
YKA3AHHBIX YCIIOBUAX UMeeM

1
~ [det DF(F=1(y))[’

Ilosmomy ons écsaxoii oepanuyeHHoU usmepumon gyuxyuu o Ha 'V umeem

1
|eF@yar= [ o) aprmo e 63D

Jlna unmezspupyemout ynxyuu ¢ na U umeem

or(y)

_ 1 1
| @ar= [ o) e e 632)

JIOKA3ATEJLCTBO. Te, KTO elie TOMHHUT (OPMYJTY 3aMEHBI TIepEeMEH-
HBIX JUIsl MHTEerpania PrMana, MOTYT BBEIBECTH W3 HEE JTO YTBEP)KICHUE.
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OIHaKO MOXKHO NMPUMEHHUTH M TEOPEMY O BBIUYMCICHHHU IIOTHOCTH KakK IIpe-
JleJila OTHOIIEHHsI Mep mmapoB. [[ig 3Toro Hamo B3sTH 0OparHBIA nuddeo-
Mopdusm G = F~! u npoBeputh criemyromee: Npeien OTHOMIEHHS MephI
G(B(y,1/k)) u oobema mapa B(y, 1/k) ects | det DG(y)|. D10 BepHO mist
JUHEWHoro otoOpaxenus G 1o cBoiicTBaM Mepsl Jlebera. B obmiem ciydae
G(y +v) = DG(y)v + r(v), e r(v) ects o-manoe ot ||[DG(y)v||, uto
HPUBOHT K TAKOMY K€ IPEIeIy IIyTeM CPaBHEHHS Mep LIApOB ¢ OIU3KUMU
paarycaMHu. O

®opmyna (3.3.2) paBHOCWIIbHA TOMY, YTO JUIS BCSKOTO OOpEIEBCKOIO
MHOXKecTBa B C U Mepa ero oopasa ecTh

M(F(B)) = /B | det DF(z)| da. (3.33)

B camom neite, ecnu B3sTh dyHKImIO ©(y) = | det DF(Ffl(y))]IF(B) (v),
10 (F(z)) = | det DF(z)|Ip(x), mo3TOMY ClleBa MOIYYHUTCS HHTETPAI OT
|det DF(z)| mo B, a cnpasa unrerpai ot 1 mo F'(B), T.e. mepa F'(B). O6-
parHo, eciu ecTh popmyna (3.3.3) asa Bcex OopeneBckux B, To ee JIeByro
4acTh MOKHO 3aIIMCaTh KaK UHTErpal oT Ip(p) mo V, T.e. Kak HHTerpaj or

Ig(F~1(y)) no V. IMosTomy ayist BceX TPOCTBIX GOpeseBCKUX (DyHKIMM 1)
Ha U BepHO pPaBEHCTBO

/U(F_l(y))dy:/n(:n)|detDF(m)|d;r.
1% U

Torga 3T0 BEpHO M AJIsI BCEX OrpaHUYEHHBIX OopeneBckux GyHKuui 7. Te-
nephb A JaHHOW (YHKIWHU ¢ Ha V' B KauecTBE 1) MOXKHO B3ATh (PYHKITUIO

n(x) = @(F(2))|DF ()|~

3.3.3. 3ameuanue. Ecinu hopMyel 3aMEHBI IEPEMEHHBIX B UHTETpAIC
Pumana He ObUTO MM OHA 3a0bITa, TO 3TO HETPYAHO BOCHOIHUTH. Ilosic-
HUM 000CHOBaHHWE paBHOCWIBHOW (opmynsl (3.3.3). Joctarouno mpose-
pHTh, uTO opMylia BepHa A UHAUKATOpOB KyOoB. s ympomenus ¢op-
My TyCTh . = 2 U B — enuHUYHBINA kBagpart. [y manaoro € > 0 u 60ib-
moro N pasgenum B Ha N? kBaapaTukoB co cTopoHoii 1/N Tak, uto Ha
KBajpaTuKe Kj ¢ IEHTPOM & j MOXKHO oneHuTh | DF' () — DF(x;)| uepes €.
ITosToMy mpaBasi 4acTh OTIMYaeTCss OT cyMMbl BenuuuH DF'(x;)| A2 (k)
He Oonee yeMm Ha €. Kaxnmas takas BemuumHa ecth Ao(75(K)), toe T
— adunnoe orobpaxenne Tj(z) = F(x;) + DF (z;)(z — z;), z € Kj.
Orennm paszHocts Mep 15 (K;)) u F(K;), s ynpomenus cuuras, 4ro F
MMeeT BTOPYIO OIPaHHYCHHYIO MPOM3BOAHYIO (HO OOLIMit ciydail HeTpya-
HO K 3ToMy cBectn). ITo popmyne Teitnopa |F'(z) — T;(z)| npu z € K;
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onenupaercs yepes C'N 2. TTosromy npu Gomsmmx N MHOkecTBO F (K. )
nexur B (1 + ¢)T;(K;) n conepxur (1 — €)T;j(K;). OTo nmospomser oue-
HUTh | Ao (F(K;)) — Aa(T(K;))| uepes 2eX2(Tj(K;)). Torna Ao (F(B))
ommuaercs oT cyMMbl Ao (7(K;)) He Gonee uem Ha 2¢. [Tostomy oTinume
ot npaBo#i gactu (3.3.3) HE MPEBBICUT 3¢€.

[penpiaymias TeopeMa UMeeT MOJIe3HOE 0000IIeHe (TIpaBa, JoKa3a-
TETHCTBO BEChMa HETPUBHAIBHO). M3BECTHO, UTO JUMIIHIIEBO OTOOpaXke-
uue B IR" mouTH BCIOAY MMeeT MPOW3BOAHYIO. DTa MOYTH BCIOLY CYIIe-
CTBYIOIIast IPOU3BO/IHAS U (PUTYPHPYET B CIEAYIOMEH TeopeMe.

3.3.4. Teopema. (POPMVYIIA 3AMEHBI TEPEMEHHBIX JJIS JIAIIINA-
LEBBIX OTOBPAXEHUI) [lycmbv F — nunwuyeso omobpasicenue ¢ IR”,
nepegoosujee 83auMHO-00HO3HAUHO bopenesckoe MHodxcecmeo B 6 bopenes-
cxoe mHodxcecmeo F(B). Toeoa noumu éciody na B npoussoonas DF(x)
obpamuma u 015 8CAKOU unmezpupyemotl yukyuu 1 na B umeem

_ 1 1
[y@de= [ o o gprmy A 639

§3.4. Ceprka

Kak yxe ObIJIO OTMEUEHO BBIIIIE, €ClTi (PYHKIUH [ W g MHTETPUPYEMBI
Ha R", to (z,y) — f(z)g9(y) dynkuus unrerpupyema va R" x R" u
BEPHO PABEHCTBO

J[ t@swdsay= [ 1@z [ ow v

CrienaB B JIEBOM HHTETpalie 3aMeHY HEPEeMEeHHBIX U = T + Y, U = ¥, MOIy-
Y4aeM HHTErpupyeMocTs GyHKImu (u,v) — f(u —v)g(v). Teneps Teopema
@DyOuHN TOBOPHUT, YTO MPH MOYTH BesikoM u GyHKuwus f(u — v)g(v) unTe-
rpupyema 1o v. DT0 OTHIOIb HEe OYSBU/IHO ISl HEOTPAHHYCHHOH (yHKIHH.
CxaxeM, eciu f(u) = g(u) = |u|~'/? na [~1, 1] u uyn» BHe, TO TIpH U = 0
TOJTy4aeM HEeHHTerpupyemyio 1/v.

W3 cka3aHHOTO CIIEAyeT, YTO MPH MMOYTH BCEX T ONpeaescHa GyHKIHs

frglz)= /f(af —v)g(y) dy.

Orta ¢yHKUMSA Ha3bIBaeTCs cBepTKOH. Kak mokasaHo BhIle, OHA HHTETPHUPY-
€Ma, [Ipu4eM

1 * gl < [ Fllllgher
C nomomipio TeopeMbl @yOHUHU JIETKO MPOBEPUTH (IIpoBephTe!), 4T

fxg=gx[.
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ITo aHanoruu co CBEpTKOi (PyHKIHMI BBOAUTCS CBEPTKA OIPaHUYCHHBIX
MED (4 U V: MEpPa [4* 1 onpeaenseTcs Kak oopas mepsl 4@ v Ha IR™ X IR™ npu
otobpaxenuu (x,y) — x + y. U3 obrueit popMyIisl 3aMEHbI IEPEMEHHBIX
U TeopeMbl OyOMHU ciemyeT, 9To U KaKA0ro OOPEeIeBCKOr0 MHOXECTBA
B B IR" BepHbI paBeHCTBa

prvB) = [ (B = y)viy) = [ v(B o) uldo)

n

B camom gene, nmeBas 4acTh paBHa MHTErpany oT Ip MO p * V' U IIOTOMY
ecTb

/ Ip(x +y)p @ v(de dy).
R™xIR™

Bbruncisisi 9T0 Kak MOBTOPHBIA MHTErpaj, 3amedaeM, 4To MpU (HUKCHPO-
BaHHOM Yy MHTerpan 1mo p ot Ig(x +y) = Ip_y(x) ectb u(B — ). On
paBEHCTBA MOJKHO HCIIOJIB30BATh B KA4ECTBE ONPE/ICIICHHS.

Eme onna BaxkHas onepanus Hax ¢yHkiusimu Ha IR™ — npeobpasosa-
nue dypwe, oHO M3ydaeTcs B ciemyromem cemectpe. [ f € L (IR™), rae
IPOCTPAHCTBO KOMILIEKCHOE, [0JIaraeM

~

flo) = @0 [ exp(-ity,a)) f(z) da.

U3 teopemsl Jlebera cienyert, yto ¢yHKuus f HempepbIBHA. SICHO, 4TO OHA

orpanmuena: |f| < (27)"/2||f||;1. OnHako MHTErpUpyeMOCTH f MOMKET
He ObITh: Bhrurciute Dypbe oT uHAnKaropa orpeska. [lo reopeme OyOuHM
TIPOBEPSIETCST PAaBEHCTBO (poBepETe!)

T 9(w) = 20" fW)5(y).
§3.5. Cps13p HHTerpaJja ¢ Npou3BOIHOI

B teopun mHTerpana Pumana misi HeNpephIBHBIX (YHKIHMN OJHUM U3
BakHeHIHMX (DakToB siBisteTcs ¢popmyina Hetorona — Jleitonuia

f(2) — fla) = / oy

Ui QyHKLIMM C HENIPEpHIBHOM Npon3BoAHOM. [Ipu 3TOM A7l HenpephIBHOM
(YHKLIMU BEPHO PABEHCTBO

fo) =2 [ s
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Bbyner nu mepBoe paBeHCTBO BepHO st mHTerpana Jlebera 6e3 mpemro-
JIOKEHUSI O HEeTPEPhIBHOCTH Npon3BonHoi? Kak 0000muTs BTOpoe paBeH-
ctBo? KoHewuno, mpu 0000LIeHUH Cpa3y SICHO, YTO OHO HE MOXET COXpa-
HUTBCS BO BCeX Toukax. [axe mns ynkumn [ = Ijg 1] B Hylle PaBEHCTBO
Hapymaercst. [Ipu stom ¢yHkuus f(x) = |z| He MMeeT MPOU3BOAHON B
HyJIe, HO niepBasi (opMmyla Juis Hee BepHa.

CHavana npuBeJIeM OTBET Ha MEPBBIA BOTIPOC.

3.5.1. Teopema. I[Iycmo ¢ynxyus f na [a,b] nenpepviéna u na unmep-
sane (a,b) umeem unmezpupyemyio no Jlebezy npoussoonyio. Toeda eéepna
gopmyna Heromona —Jletibnuya

f@) - f@) = [ fo

OpHako maxe ecid f MMEET MPOU3BOAHYIO BO BCEX TOYKAX MPSIMOM,
5Ta NPOU3BOJHAS HE 00s3aHa ObITh MHTETPUPYEMON Ha KaXKIOM OTpE3Ke.
Bor npumep: f(x) = z?sin(z=3) npu x #£ 0, £(0) = 0.

Bblunciire Npou3BOAHYIO M IPOBEPBTE, YTO OHA HE HHTErPHpyeMa 110
JleGery Ha [0, 1].

ITosToMy B Hpeiblayliell TeopemMe Hellb3si yoparh yCIOBHE HHTETpH-
pyemoctu f’. Kpome Toro, Hemoctarodno BMecTo audepeHmupyemMocTn
BCIO/LY UMETh Tu(HEePeHIMPYEMOCTb JIMIIb IOYTH BCIOAY. B KadecTse mpu-
Mepa paccMmotpuTe JecTHuiy Kantopa H: 3TO HempepbiBHAs BO3pacTaro-
mas Qynkuus Ha [0, 1], cHavana 3ajaBaeMasi Ha UHTEpBaIaX JOTONHEHUS
(1/2 na cpenneii tpetu, 1/4 u 3/4 Ha CpeAHHX TPETSAX OCTABUIETOCS U
T.1.). Jist Hee BooGie H'(z) = 0 Bo Bcex TOYKaX JOMOJIHEHHS, T.€. MOYTH
BCIOZLY, HO (DYHKIMS BE/lb HEMIOCTOSHHASL.

Yro6bI pa3oOpaThest C ITUMHU BOIPOCAMH, MOJIE3HO BBECTH /Ba ONpe/e-
JICHHUSL.

3.5.2. Onpenenenne. Qynxyus f na [a,b] umeem oepanuuennyio ea-
puayuro, eciu

Vo= supz |f(tiz1 — f(t)] < o0,
=1

20e Sup 635m no 6cem KOHeuHbiM pazouenuam a =t; <tog < --- <ty = 0.
OcHOBHOI1 TpuMep: Bo3pacTaromas QyHkuus f, Ui Hee
b
Vo' f = 1) = f(a).

HeTtpynHo npoBepHTh TakXe, 9TO PasHOCTh BO3PACTAIOMINX (QYHKIMHA HMe-
€T OrpaHMYEHHYI0 Bapuanuio. OKa3pIBaeTCs, He OBIBAaeT APYruX (yHKIUI



62 I'n. 3. Onepanuu Hag MepamMu U CBS3b C MPOU3BOIHOMN

OrpaHMYCHHOM Bapualuy. B kauecTBe 3a1auu JOKaKHUTE, YTO €CIu f MMeeT
OrpaHMYEHHYI0 Bapuaimio, To Gynkuun V(1) = VIfu W (t) = V(t)— f(t)
— Bo3pacratomue. [Tostomy f =V — W

Baxxnoe 3HaueHne mmMeer ciexyromas reopema JleGera.

3.5.3. Teopema. [Iycmo f — 6ospacmaiowas ¢ynxyus na [a,b]. Toeoa
noumu 6crody cywjecmeyiom npouzsoonas f'(x), npuuem ona unmezpupye-
Ma U 8ePHO HEPABEHCMEO

b
/ (@) dr < (b) — f(a).

3nauum, noumu 6ciody oughghepenyupyema 6csaKas QyHKYUs 02PAHULEHHOU
sapuayuu, npudem ee npouzBoOHAs: UHMeSpupyemda.

Kak mnoxaspiBaer mpumep lecTHUIlsI KaHTOpa, paBeHCTBa MOXET HeE
OBITE.
Beenewm eie Oosnee y3kuii kiacc QyHKIIHA.

3.5.4. Onpenenenne. Pyuxyus F na [a,b] abcontomno nenpepwigna,
ecnu Ons kasxncoozo € > 0 ecmo makoe § > 0, umo 013 6CAKO20 KOHEUHO20
Habopa nonapHo Henepecexaiowuxcs unmepsanos (ai,bi), ..., (an,by) 6
la,b] ¢ > |bi — a;| < & 6epro nepasencmeo

> IF(b) = F(as)] <.
=1

DTO CBOWCTBO BICYET HEMPEPHIBHOCTh, HO CUIIbHEE €€ (XOTS HAIlOMH-
HaeT PaBHOMEPHYIO HEHPEPBIBHOCTH Ui TEX, KTO 3HAN, YTO 3TO TAKOe).
CkaxxeM, eCid B3SITh KyCOYHO-THHEIHYI0 QyHKIuio F' Tak, uto F(n—1) =
(—=1)"n~1, T0 M3-32 PacxoAMMOCTH TAPMOHHUYECKOTO PSja ISl BCAKOTO &
MOXXHO HaOpaTh KOHEYHBI HAGOp AW3BIOHKTHBIX HHTEPBAJIOB CyMMAapHOM
JUTMHBI MEHEEe § ¥ CYMMOUN MOJyiel npupaineHuit oonee 1.

BaxHblli KOHCTPYKTHBHBIA TpuMep aOCONIOTHO HEMpephIBHOH (yHK-
MU — JIUMIIALIeBa QyHKIMSA, T.e. GyHKIMS f, U KOTOPOit

[f(z) = f(y)| < Llz -y

C HEKOTOPBLIM 9uCIOM L. JIist Takoit (pyHKIMH B KA9€CTBE O U3 ONpPEICICHHs
rogutes /(L + 1).

3ameTuM, 4TO abCOMIOTHO HENpepbiBHAsS (DYHKIMS UMEET OrpaHHYeH-
HyI0 Bapuanuio. B camom nerne, B3sB § w1t € = 1, pasgenum [a, b] nHa N
MIPOMEKYTKOB JUTHHBI He Oonee d. Torma VabF < N. U3 mpenpinymieid Teo-
pemsl crexyer, uto F'(z) cymiecTByeT modTH BCIOLY M HHTErpUpyeMa. ITo
3aKJIIOUYCHUE HETPUBUAJIIBHO AaXKE JJId JIMINIIUIEBBIX (l)yHKHI/Iﬁ
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BaxkHeiiiee 3Ha4eHUE B TEOPUH MHTETPaia MMEET CICSAYIONIas TeopeMa
JleGera.

3.5.5. Teopema. @yuxyus F na [a,b] abcontomno nenpepwigna 6 mou-
HOCMU M020d, K020a HAUOemcs makas unmezpupyemas @yuxyus f, umo

F(z) = F(a) + / " f()dy.

IIpu smom F'(x) = f(x) noumu écrody, max umo eepna gpopmyna Heromo-
Ha —Jletibnuya

JJOKA3ATEJILCTBO. MBbI I0Ka)keM TOJIbKO MepBoe yTBepxkaeHue. Eciu
F' umeer Takoit Bua, To OHa abCOIIOTHO HENIPEpPBIBHA B CHIIY abCOIIOTHOM
HenpepbIBHOCTH uHTerpana Jlebera. O0patHo, ecin F' aGCoONIOTHO Henpe-
pBIBHA, TO €TI0 CBOAMUTCS K Bo3pacraromiel ¢yHKuuH F', Tak KaKk MOXHO
MPOBEPUTH, YTO YKa3aHHBIE BhIIIE Bo3pacTatomue Gpynkuun V u W u3 pas-
noxenus F' =V — W toxe abconoTHO HEempepsBHBL. KpoMe Toro, MOKHO
cuntare, 4to F'(a) = 0. Kak o0bsicHeHo B 3ameuanun 1.5.8, ects Gope-
JeBckasi Mepa p Ha [a, b, mis xotopoir F'(t) = p([0,t]). Y3 abconroTHOi
HETIPEPBIBHOCTH F' BBITEKAET, YTO Mepa (4 AOCOTIOTHO HENpephIBHA OTHOCH-
TenbHO Mepsl JleGera. B camom nerne, mycth A — MHOXKECTBO J1€0€rOBCKOM
Mepbl Hylb 1 € > 0. Bosbmem § > 0 tak, uro ), |[F(b;) — F'(a;)| < € mus
BCSKOTO HabOpa MU3bIOHKTHBIX HHTEPBANOB (a;,b;) ¢ CYMMOH IJIHH Me-
Hee §. [Tokpoem A OTKpBITHIM MHOXECTBOM U J1e0eroBcKoll Mepbl MEHEe J.
OHO KaK pa3 UMeeT BHJ KOHEYHOTO WM CYETHOTO OObEIMHEHHS MHTEpBa-
noB (a;, b;) ykasaunnoro Buga, npudem p(U) = >, |F(b) — F(a;)| < e.
3uaunt, p(A) = 0. ITo Teopeme Pagona—Huxomuma (1 3a1aeTcs HHTETPH-
pyeMoii IoTHOCTBIO f. DTO U €CTh TO, YTO Hajo. HanmeHnee oueBUIHO, YTO
F'(x) = f(x) moutn Berony (maxke eciu 3HaTh, 4o F’ CyliecTByeT Moyt
BCIOZY), HO 3TO yk€ OBIJIO OOBSABIEHO BBIIIE AK€ B MHOIOMEPHOM Cllydae
(cM. Teopemy 3.2.3).

B kadecrtBe ympakHeHHs JTOKaxuTe, uTo ecnu QyHkuuu f u g abco-
JIFOTHO HENpEpPBIBHEL, TO TakoBa U fg. [losTomMy mpuxoaum k ¢popmyie vH-
TErpUPOBAHUS 110 YACTIM:

b b
/ 1o dz = fol’, - / Jgd.

Ona ciienyet u3 ¢popmyibsl Hetorona — Jletiouuna s fg.
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3.5.6. 3ameuanme. B 3ameuanun 1.5.8 ykazaHo, KaKk [0 OTpaHUYEHHON
BO3pacTaloiell HepephIBHON clieBa (QYHKIMH F' ITOCTPOUTH OTpaHUYCH-
HYI0 OOpeNeBCKyIo Mepy (4 Ha psAMol ¢ pyHKuuei pacnpenenenus F. Un-
terpan Jlebera— CTuinTbeca OT OrpaHUYEHHOM OopeneBCKoi QYHKIUU [ 10
¢byHKIMU F' onpesenseTcss paBeHCTBOM

/ F(t)dF(t) = / F(t) ().

B o0miem cityuae sieBast 4acTh €CTh IPOCTO CUMBOJ, HO eciu f u F' Hempe-
PBIBHBL, TO €€ MOXKHO TIOIYYHTh B BHZE MpeAesia PUMaHOBCKHX CyMM BHJa
> fE)[F(tix1) — F(t;)]. Ecnu xe ¢ynkuus F' aGCONMOTHO HENPEpbIB-
Ha, TO yKa3aHHBIH uHTerpan Jlebera— Ctuntheca paBeH uHTErpany Jlebera
yukumn f(t)F'(t).

§3.6. Mepn1 Xaycnopda U NOBEepXHOCTHBIEC MepPbl

Koncrpykuus Xaycmopda takosa. 3adukcupyem uncio « € (0, n|, xo-
TOpO€e OyIET OTBETCTBEHHO 33 «Pa3MEPHOCTBY» MePbI (XOTS MOXET ObITh U
HenensiM). [ Beskoro MHokecTBa B B IR™ ero BHemHss a-mepa Xay-
cropba H*(B) 3amaercs tak. CHavana npu ¢puxcupoBaHaom § > (0 moso-
KUM

Hy(B) = C(a)inf{}_ |diam Q4|°, B ¢ | Qx, diam @y, <4},
k=1 k=1

C( ) ﬂ.a/ 29—«
o)== ———

I(a/2+1)
rae inf GepeTcst Mo BceM CUETHBIM MOKPBITHAM B 3aMKHYTHIMH MHOYKECTBa-
MU Q) nuamerpa He Gonee §. Scuno, uto Hy (B) < Hj,(B) npu 61 > 6,
100 ¢ YMEHBIIEHUEM § TIOKPBITHI CTAHOBUTCS MEHbIIE (2 HHOUMYM 00ITb-
mie). [Toatomy cymecTByeT (BO3MOXKHO, OECKOHEUHBI) Mpeent

(0% 13 (0% — (04
H%(B) := lim H§*(B) = sup H§'(B).
6—0 6>0

Kak u B ciaydyae oObruHOl Mepbl JleOera, monydeHHass ()YHKIUS MHOXe-
cTBa (ompenencHHas Ha BCEX MHOXKECTBAx) HE 00s3aHa OBITH aJIIUTUBHOMN
(TouHEe TOBOpS, IPH AOIYCKE aKCHOMBI BBIOOpa OHa TOYHO HE OyAeT aj-
TUTHBHOM, XOTS IIPH 3alpeTe aKCHOMBI BEIOOPA BOIIPOC OCTAETCS TEMHBIM,
T. €. 3aBUCAILIMM OT HPUBJICUECHUS JOMOJIHUTENBHBIX akcuoM). OfHaKo, Kak
u i mepsl Jlebera, umeercst crmocod Cy3uTh 00NacTh ONpe/eIeHUs] BHEIII-
Hel Mepsl H® Tak, 94TO Ha HEH OHA OKAXKETCS JTaXe CUETHO-aINTUBHOM.
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A MMEHHO: B KauecTBe O0JIACTH OTpEACICHUs MOXKHO B3SITh Kilacc H,, BCeX
MHOXecTB B C IR", mist KOTOPBIX paBEeHCTBO

H*(E) = H*(EN B) + H*(E\B)

BepHO Juis Besikoro mHokectBa K C IR™. MHavye roBopsi, Bcsikoe MHOXe-
CTBO JIOJDKHO Pa30MBaThCs MHOXKECTBOM B Ha JIBE YacTH C YCIIOBUEM aJ|JIH-
TUBHOCTH BHelIHeH Mepbl. Torna Ha H, BHemHsst Mepa H“ okasbpiBaeTcs
CYeTHO-aIUTHBHOH (co 3HaueHusmH B [0, +00]), a cam kiacc H, OKa3bl-
BaeTcs o-anredpoi. Kpome Toro, Bce «pa3yMHBIE» MHOXECTBA IMOMAIAIOT
B Kiacc H,, (XOTA U MOTYT IOJIy4uTh OSCKOHEUHbIe Mepbl). B yacTHOCTH,
B ATOT KJIACC TOMAJAIOT BCE OTKPBITHIE M 3aMKHYThIE MHOXKECTBA, a TOT/A
M BCE, YTO MOYKHO TOJYYHUTh U3 HUX CYETHBIMH OTIepaIisiMA 00beTUHEHNS,
NepeceveHus 1 JAonoiaHeHus. HakoHelr, /Ui nenbiX 3HaYeHUH (v TOTy4aroT-
Csl T€ TIOBEPXHOCTHBIE MEpHI, KOTOPble U OXUAAIOTCS (MMEHHO IS 3TOTO
BoiOupaercs muoxurens C(«)). Ckaxem, pu o = n MONY9IaeTCsi Mepa
JlebGera (cMm. Byparo, byparo, MBanoB [3], OBanc, ['apuenu [7]). Temeps,
MOCTPOUB MEpPY, MOXKHO MHTETPUPOBAThH 1O Hell QyHKIMH MeTonom Jlebe-
ra. OnucaHHasi KOHCTPYKIIMS 3aMeyarelibHa CBOCH MPOCTOTOM M TEM, YTO
HE TpeOyeT OT H3MEPAEMBIX MHOKECTB MPOCTO HUYero. OmHAKO y 3THX
JIOCTOMHCTB €CTh U CBOS I[eHa: OOBIYHO JOBOJILHO TPYIHO BBIYUCIATH ME-
PBI SIBHO 3aJJaHHBIX MHOXKECTB 10 yKa3aHHBIM (hopMynaM (CKaxxem, BPSI
JIU CTYNEHTHI OYIyT pajibl BEIYUCIATH 1O HUM IUTomanb cdepsl). [losTomy
Jlaee TIPUBOIUTCS TOpa3o MeHee o0Ias KOHCTPYKIIHS, CYIIeCTBOBABILAS
3amonro mo mosieieHust mep Jlebera u Xaycmopda.

[MoBepxHocTHBIE Mepbl Xaycropda MOryT OBITh KCHOJIB30BaHBI IS
MpPE/ICTaBICHUS] 00BEMHOTO HHTErpalia MOCPEICTBOM HETMHEHHOTO aHajora
Teopembl DyOUHM, B KOTOPOM WHTETPUPOBAHHE BEIETCS MO0 MHOXECTBaM
ypoBHs {f = y} 3amaHHOii JOCTAaTOYHO peryisipHod GyHKImEH f, a 3a-
TeM 1o y. TouHOE yTBepXk/IEeHHE COCTOUT B CleAyIomeM (CM. 000CHOBaHKE
B DBaHc, ['apuenu [7]).

3.6.1. Teopema. I[lycmo f: R" — IR™ — qunwuyeso omobpasicenue,
n = m. Toeoa ons ecaxou unmezpupyemoti pynxyuu @ na IR™ ee cyscenue
-1 n—m
na f~'(y) oxazeieaemcs unmezpupyemvim no mepe Xaycoopgpa H ons
noumu ecakozo y € IR™ u eepro pasencmeo

o e@is@ar= [ [ camray

20e unmezepaibl NOKUMAIOMCcs 6 CMblCie Jlebeza u

Jf = /Gy = \/det((Df)*Df).
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B yacmnocmu, ona ecsxoi nunwuyesoi gyukyuu f: IR™ — IR eepra ghop-
myna Kponpooa — @edepepa

+oo
| vi@lde= [ =
n —00
Ecnu oce |V f ()| = ¢ > 0, mo 0ns écsakoti unmezpupyemoti pynkyuu o Ha
R"™ sepro paserncmeo

oo ¥ 1
o(x)dx = / / —— dH"" " ds.
/{f>t} t (=5} V1]

DTy TeopeMy MOXXHO yCHJIMTB, paccMaTrpuBas eiie Oojee oOmue obma-
CTH M TPaHUIBI (TaK Ha3bIBA€MbIE€ MHOXECTBA C OIPaHMYEHHBIM IEpUMET-
poMm), a Taxxke Oonee obme QpyHkiun (pyHkum u3 kiaccoB Cobonesa),
cM. DBanc, ['apuenu [7].

[IpuBenem emre OJHO Ba)KHOE COOTHOILICHHE, CBS3BIBAIOIICE MOBEPX-
HOCTHBI HHTETpal U 00beMHBII — Gopmyry ['aycca— Octporpaackoro. by-
JIEM TOBOPHUTH, YTO OTKPHITOE MHOXKECTBO U MMeEET JIOKAJIbHO JIMMIINIEBY
rpanuny OU, ecnu anst Kaxaod Toukd a € OU MOXHO CIOBHIOM H Op-
TOTOHANBHBIM IpeoOpa3oBaHUEM HepEeTH K KOOpAWHATaM, B KOTOPBIX IpH
HekotopoM 7 > 0 mepeceuenue Kyba Q(a,r) = {z: |r; —a;| < r} ¢ MHO-
xectBom U nmeer Buzn {z € Q(a,r): z, < g(x1,...,Tn_1)} C HEKOTOPOI
¢byHKIMel g, ynosieTBopsiomeid yciaosuto Jlunmmna. B stom cioydae me-
peceuenre OU ¢ yka3aHHbIM KyOOoM ecTh rpaduk ¢yHKiuu g. B ciydae
OTpaHUYEHHOHN 00JacTH C JIOKATHHO JUIIINIIEBON TPaHUIICH 3Ta TpaHHIIA
MOKPBIBAETCSl KOHEYHBIM YHCIIOM KyOOM € YKa3aHHBIM CBOMCTBOM.

3.6.2. Teopema. [Iycmv U — ocpanuuenHoe omxpbimoe MHOICECNEO
6 IR" ¢ noxkanvro nunwuyesoi epanuyeis OU. Toeda noumu 6ciody omHo-
cumenvHo mepvl A1 Ha OU 3a0ana eHewHsisi HOpMaiv Ny U OJist 6CAKO20
sexmopnozo nona v € C1(IR",IR™) eepno paserncmeo

/divvdmz/ (v,ny) dAp—1.
U oUu

bonee maoe2co,3mo JHce paeeHcni6o 6epPHO 07151 BCAKO20 Jaunuiuyeea 6€KmopHo-
20 nojii v.

Tenepb BBCICM HCKOTOPBLIC 3JICMCHTAPHBIC MHOXCCTBA, IO KOTOPHBIM
MOKHO 00Jjiee SIBHO 3alaBaTb UHTCIPAJIbI.

3.6.3. Onpenenenne. Ilycms k € {1,...,n}. Byoem nazvieamo sie-
menmapnoii k-suetioii 6 R™ obpas omxprimozo ky6a U = {0,1}F npu
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HenpepvieHo Oughpepenyupyemom omobpasxcenuu @: U — IR", obnaoa-
rowem makum ceoticmeom: 6 okpecmuocmu W DO @(U) umeemcs nenpe-
puisro oupepenyupyemoe omobpancenue 1: W — RE, o6pamnoe x ¢
na o(U). Taxoe omobpadicenue p 6ydem nazvisams ougdeomopduvim e1o-
JHcenuem.

Mnoocecmseo M ¢ IR™ nazvieaemces k-mepuvim mnozoobpasuem ¢ IR,
ecnu 8CAKaAs e20 moyka obnaoaem OKpecmHOCbIO 8 OMHOCUMENbHOU MOo-
nono2UU, AGAAIOULCUCS INeMEeHMAPHOU k-s4etikotl.

MuoxectBo ¢(U) Ha3bIBaIOT Kapmoti, OTKPBITHI Ky0 U Ha3bIBaIOT Ko-
OpPOUHAMHOU OKPECMHOCMbIO, @ 0OTOOpaXeHue ¢ — napamempuzayueti. Ec-
mu aBe kapTel ¢(U) u ¢ (U) nepecekarorcs, TO BOSHUKACT (VHKYUsl nepe-
x00a 1.5 = 1 0 02 L@ (V) = ¥ LV, V = o(U) N (0).

Krace mragkoct MHOT0OOpasus OIpeaestsieTcs KIIacCcoM TIaIKOCTH JI0-
KaJbHBIX MTapamMeTpu3aliii. B mpuBeeHHOM BBILIE ONPEACICHUH PEYb HIET
o C'-MHOroo6pasusx, HO BO MHOTHX CIydasX IpPHHATO PaccMaTpHBaTh
IaJKue MHOTooOpasusl, T. €. MHOroooOpasus kiacca C'™.

JlokanmpHO k-MepHOe MHOrooOpazue B IR"™ 3amaeTcs Kak MHOXKECTBO
peLIEeHUN CUCTEMBI

fl(xl,...,a;n) :0,...,fn,k($1,...,xn) :0,

rne ¢yukiuu f; Ha IR™ uMeror onpeneneHHbl Knacce maakocTu (Oecko-
HeuHo auddepeHnmpyeMbl B Cllydae IJ1aJKoro MHOT00Opasus), MprUIeM Ux
rpaJUeHTHl JIMHEWHO HE3aBUCUMBI B Kaxkqoil Touke. Hanpumep, runepmo-
BEPXHOCTh (MHOTOOOpa3ue pasMEpPHOCTH 72 — 1) JIOKAJIBHO BBITJISIUT Kak
MHOXXECTBO HyJIeH TafaKoi (yHKINU C HEHYJIeBBIM rpafueHToM. CBs3b Ta-
KOTO ONHMCAHHS C OIpPEAETICHHBIM BBIIIE TTAPAMETPUUECKUM BBITEKACT U3
TeopeMbl 0 HesiBHOHM (yHKuuu. [loguepkHeM, 4To 3TO MpencTaBlieHHe MMe-
€T MECTO JIMIIb JOKajdbHO. HekoToprle Xopolne MOBEepXHOCTH (CKaXeM,
cepa) gOMyCKaIOT MPOCTOE I00ATBHOE 3adaHHE.

Wnterpan nenpeprlBHON QYHKIMH f ¢ KOMIIAKTHBIM HOCHTEIIEM B dJic-
MeHTapHoi k-stueiike K = ¢(U) o k-MepHOil Mepe \j, MOXKHO 3a1aTh (4TO
0OBIYHO W JenaeTcs B yueOHUKax) HopMyInoi

| ran= [ ret)/Gotw au.

Gy = det(<g:j, (§TZ>>U<’€

To4yHO Tak ke ompenenseTcs HHTerpall oT PYHKIUH f, IS KOTOpoil (yHK-
uus f o w\/CTw uHTerpupyema o Pumany wim mo Jlebery.

e
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OTo onpenencHne 0Ka3bIBACTCS Pa3yMHBIM 110 CIEAYIONIUM MPUYNHAM:

1) oHO HHBapHAHTHO OTHOCHUTEIILHO BHIOOpA ITapaMeTpru3amnuH (3TO IPo-
BepsieTCs HECIOKHO),

2) OHO AaeT OXHIaeMoe 3HaYeHHe WHTeTpaja B TeX CIyJasx, KorJaa ecTh
alpUOPHO €CTECTBEHHBIE HHBIE CITOCOOBI 331aTh TAKOW MHTErpai (IpUMepbI
MIPUBEIICHEI HIDKE),

3) mpUMEHUTENHHO K MHAMKATOPaM MHOXKECTB 3TO ONpEAETICHHE MpH-
BOJIUT C TOYHOCTBIO JIO TIOCTOSSHHOTO MHOXHTENS K k-MepHOW Mepe Xay-
cnopda (IoKa3aTeIsCTBO 3TOTO BEChMa HETIPOCTO U 3/1eCh He OyAeT IpHBO-
JIUTHCS).

CHauana paccMOTpUM ciydail JuHeHHoro otoOpaxenus. Ecmu kydo U
u3 IR¥ orobpaxaerca B IR™ nunelinsM onepatopom A, T0 ero o6pa3s oka-
3pIBaeTCA k-MEPHBIM Iapajuleenumne oM B k-MEpHOM TOANPOCTPAHCTBE
B IR", mostomy anst Hero MoHATHE oObeMa yKe ecThb, M ObUIO OBl ecre-
CTBEHHO OXHJIATh TAaKOE€ XK€ 3HAYCHHUsS JUIA BBEJCHHON Mephl. JTO OKHaa-
HUe onpasjbiBacTcsa. HamomuuM, uto o0beM mapamienenunena B IR”, Ha-
TSHYTOTO Ha BEKTOPHI V1, . .., Un, PABEH KBAJAPATHOMY KOPHIO M3 MaTPHUIIbI
I'paMa 3THX BEKTOPOB, T. €. MATPHUILIBI C dIEMEHTaMH (v;, v;). B camom nere,
00beM yKa3aHHOTO MapajuIesenrIieia PaBeH MOAYIIIO OIPEaeNTUTeNs ornepa-

topa A, st kotoporo Ae; = v;, uto coBmagaer ¢ /det(A*A). [Ipu sTom
A*A u ectb matpuiia ['pama s Ae;.

3.6.4. IIpumep. O6vem A(U) B k-meprHoM moampoctpanctee Ran A,
rie Ran A = A(IR¥), pasen A\, (A(U)), npudeM BepHO PaBEHCTBO

A(A(U)) = |det A*A|Y? = | det G|/,

rne G — marpuna I'pama BextopoB Ae; ¢ snementamu (Ae;, Aej), e
€1, ..., e, — crangaprHerii 6asuc B IR¥.

Ecmm k =n —1, Ae; = (0,...,0,1,0,...,0,;), tne 1 Ha crouT Ha
i-M MECTE M (v; — HEKOTOPBIE YUCIIa, TO

A 1(AT) = 1403+ +a2 .

JIOKA3ATEJBCTBO. B camom gene, G = A* A. Tlostomy mj1s qokasa-
TEJBCTBA MIEPBOTO YTBEPKICHHS HAI0 BOCIIONB30BAThCs TeM, uto D A(x) =
Ax, a Takxe ynmoMsaHyTo# Gopmyroii st o0beMa mapasienorpamma, HaTs-
HYTOTO Ha BEKTOPHI U1, . . ., Ui B IRF. Jlist mokasaTelbcTBa BTOPOTO yTBEp-
JKICHUST MOXKHO 3aMETHTh, YTO TMoJy4yaeMas B Heil marpuna [pama copma-
naer ¢ Marpuueil kpagparuusoii gopmsl B IR, 3anannoit popmymnoit

Q(z) = (z,x) + (,2)%, a=(a1,...,00-1).
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Ecmn o = 0, To nony4yaem exuanunyto mMarpuiy. [Tycts a # 0. Crenaem
OpTOTOHANBHYIO 3aMeHy KoopauHar B IR™™!, mpu koTopoii BekTop /||
CTaHeT MEepPBHIM 0a3WCHBIM BEKTOPOM. B HOBOI crcTeme KOOpIMHAT Haila
KBaapaTuuHas Gopma OyIeT UMeTb BHJ

(.y) + oy = (L+[a)yi+y5+ + a1,

60 dopma (x,r) He MEHSAECTCS MPHU OPTOTOHATBHBIX 3aMeHax. Omnpenenu-
TeJIb UAroHaJbHON MaTpHLbl HOJyYCHHOW (OPMBI JIETKO HAXOIUTCS, HO
MHTEPECYIOUINHA HAC ONPEICIUTENh ¢ HUM COBIANAET U3-3a OPTOrOHAIBHO-
CTU MaTPHLBI IEPEXOAA. g

W3 cka3zaHHOTO BWIHO, YTO MPHUOJMKEHHO MOBEPXHOCTHAS MEpa MHO-
xectBa ¢(U) 3amaercst Kak cyMMa k-MEpHBIX 00bEMOB MapaslieIeHHuICI0B
Q; = Dy(c;)(U;), paBHBIX 00pa3am HpH JHHEHHBIX 0ToOpaxkeHusx Dy(c;)
OJIMHAKOBBIX MaJICHbKUX KyOUKOB U; ¢ IEHTpamMH B TOYKax ¢;, HA KOTOpPbIE
pasouBaercs kyo U. CaBuHyThli mapamtenenumnes (; + ¢ (a;) ¢ TOUHOCTBIO
JI0 MaJIBIX TIOpsiAKa KBajpara ero pedep npubimkaer odpas kyouka U; npu
napaMmeTpu3anuy . MoXHO IpencTaBiIsTh cebe Habop mapasuieNenune1oB
Q; + p(a;) KaK YepenuIHOE MOKPHITHE TIOCKUMHU YIACTKAMH HEJTMHEHHON
noBepxHocTu ¢(U). Koadduiment nckaxenus oobema Kybuka U; npous-

BoxHO# Dip(c;) Kak pas pasen G,(c;)'/2. Takum 06pazom, cymma o6beMoB

1/2

Qi+ ¢(a;) ecTs pumaHOBCcKast cymma Ui GpyHkimu G °, IOCTPOCHHAS 110
nenenuto kyba U Ha kyOuku U; U ToUKaM c¢; — UX IEHTpaM.

st nepeHoca JIOKalbHOTO ONpeNesieHHs HHTerpaia Ha o0Iiye MHOTO-
00pasusi BOCIIOIb3yeMCs IIIAAKUM pa3OreHueM eanHuubl. Ham HyXeH Ta-
KOif (hakT: [y BCsAKoro k-mepHoro muorooGpasust M B IRY maiinercs mo-
cienoBarensHocTh Gynkuuit §; € C*°(IR™) co cnenyromumMu cBoicTBaMu:

(1) xaxnas GyHkuus ¢; paBHa BHE HEKOTOPOIO KOMIAKTa .S; cozepiKa-
IIErocs B dJIEMEHTapHOM k-adeiike K; uz M,

(i) 0 < 0; < 1, mpuyem kaxzas Touka u3 IR™ obnamaer okpecTHOCTBIO,
HEPEeCeKaoIEHCs IUIIb ¢ KOHEYHBIM YMCIOM KOMIIAKTOB S U

o
g 0j(x) =1 VzelR"
Jj=1
ScHo, uTo B cuity yenoBus (ii) Besikuii komnakt B IR™ mepecekaercs

JIUIIB ¢ KOHEYHBIM YHCIIOM MHOXKeCTB K j, TaK YTO yKa3aHHBIH BBIIIE P/ HA
CaMOoM JieJIe Ha Ka)KAO0M KOMIIAKT€ IIPEACTaBIieT cOOON KOHEUHYIO CyMMY.
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Wnterpan or ¢ynkuuu f, HenpepslBHOW Ha M W paBHOW HYJIO BHE
HEKOTOPOTO KOMITaKTa, MOXKHO 3a/1aTh (GopMyIon

Fdg ;:i 0; f d\.
M j=1"15;

Oroii ke popMysoH 3aaauM UHTErpat otT GyHKuK f Ha M ¢ KOMIAKTHBIM
HOCHUTEIIEM, HHTETPUPYEeMOi 1o BceM k-saeiikaM B M (B CMBICTIE, H3BECT-
HOM uuTarenro: nmo Pumany wnm JleGery). Hakonen, ¢yHkuus f oOriero
BUJIA CYUTACTCS HHTETPUPYEMOH, eCii HHTerpupyemsl Bce dyHkuuu 6 f+
ub;f~, e f* = max(f,0), f~ = —min(f,0), OpHdeM CXOAITCS PsbI
U3 UX WHTerpajoB. Torna rmoiaraem

MOoXHO TMOKa3aTh, YTO 3TO COBMAAAET ¢ OOIIMM OINpPEIEICHUEM HMHTerpala
mo Mepe Xaycnmopda (Ui KOTOPOro BOBCE He TpeOyeTcs NpeacTaBlIeHHE
MHOKECTBa MHTETPUPOBAHUS B KAKOM-TO CIICIIUATBHOM BHJIE).

3.6.5. Mpumep. Ilyctb ¢ = (p1,...,p,): (0,1) — IR"™ — unbexTus-
HOE HenpephBHO Au(dEpeHIUpyeMoe 0TOOpaKEHUE C MPOU3BOTHON ',
otnuHO# ot Hyms. Torma mHTErpan mo mMepe A\ Ha kpuBoi v := (0, 1)
BBEIYHCIIETCS 10 opmyrre

1
/ F(2) M (de) = /0 F ()¢ ()] dt,

e |¢' (1) = /P (£)% + -+ - + ¢/, (t)2. nuna komnakTHO# yacTu 74 oToM
KPHBOM, sBJIsIOLIEiiCs: oOpa3om otpeska [a, b] C (0, 1), paBHa

b
M(E) = / 1 (0)] dt.

B nanHOM citydae Kaxias Touka ¢(t) obragaer OKpeCTHOCTBIO B 7, SBIISI-
roueiicst obpasom untepsana J B (0,1) ¢ 3ambikanuem B (0, 1), ITpu stom
uMeeTcs ToNbKo ofuH aneMenT (' (t), ¢’ (t)) = |¢'(t)|?. 3auem Hyx)HO Tpe-
OoBanue uHbeKTUBHOCTU? Benp u 6e3 atoro TpeboBanus 00pa3 HHTEpBaa
MOXeT OBITh MHOTOOOpaszneMm pasmepHocTH 1. JleWcTBUTENTFHO, MHOT000-
pasueM 00pa3 MOXET W OBbITh, OJHAKO CYMTATh MHTEIPANl MO yKa3aHHON
(Gopmyse yKe Helb3s: 1O OIPEACICHUI0 MOJAraeTcsi MOKPHITH KOMITAKT-
HBIIl HOCHTEIIb PacCMaTpUBaeMOi (pYHKIMH KOHEYHBIM YHCIIOM 00pa30B HH-
TEPBAJIOB, HA KOTOPBIX €CTh HHBEKTUBHOCTD, 3aTe€M MEPEHTH K AU3BIOHKT-
HOMY HabOpy MHOKECTBY M yX€ TOIZa MPUMEHSTh YKa3aHHYI (OpMYIy.
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Hanpumep, ecniu Mbl UMeeM AENO ¢ MHOTOKPAaTHO MPOXOAUMOW €IWHUY-
HOW OKpPYKHOCTBIO, TIOJTYYEHHOW Kak 00pa3 MHTepBajia IIpH OTOOpakKeHUH
©(t) = (cos(2mNt),sin(2rNt)), t € (0,1), rne N Benuko, TO MPH HHTeE-
TPUPOBAHUM SIUHHUIBI (ITO AOJDKHO ObI JaTh JUIMHY OKPYXHOCTH 277), MBI
OyaeM IMorydaTh CKOIb YTOmHO Oombime 27N,

Htak, 3TOT IpUMep MOKa3bIBACT, YTO JAXKE €CIIM MHOr00Opas3ue SBHBIM
o0pa3zoM 3amaHo Kak oOpa3 KyOa, JOKIBHYIO (HOpPMYTy W3 OIpEIeICHIS
HUHTETrpajia HEJIb3d IMPUMCHATH B O6H_ICM ClIydac, Tak 4TO U 3A€Cb HYKHO
pa3OueHue eMUHHUITBL.

3.6.6. Ipumep. Ilycts aBymMepHOE MHOrooGpasue M B IR? 3amamo kak
o6pas U = (0,1)? npu MHBEKTHBHOM HENpPEpPbIBHO Au(QepeHIIpyeMoM
orobpaxenuu p: u +— (z(u),y(u),z(u)), A1 KOTOPOro MaTpHIE@ MPOU3-
BomHOU D nMeeT paHr 2 B Kakao# Touke. Torma naTerpan no M mo mepe
Ao BBIUUCHSETCS IO hopMyIie

(/ﬁm-/fwwMWWWW—FMMw
M U

E(u) = (3u1x)2+(6u1y)2+(8ulz)2, G(u) = (5u2$)2+(3qu)2+(8qu)2,
F(u) = a’ulxa’uqx + aulyau2y + am Z8u2 Z.

ﬂef/'ICTBI/ITGEHBHO, B 3TOM CJIyda€ BO3HUKACT ABYMCpHadA MaTpulia FpaMa C
OJICMCHTaAMH

(0 2)* + (O y)® + (0u,2)*, (Oup)? + (Dugy)® + (Fuy2)?

N0 IIaBHOHM AMAroHaau M 4UCIOM Oy, TOy, T + Oy, YOu,y + Oy, 20y,2 HA
JIByX OCTaJIbHBIX MecTax. OTMETHM elle, 4To

EG—F*= A%+ B?+(?,

e
= D(y, z) _ D(z,x) _ D(z,y)
D(u1,u2)’ D(u1,ug)’ D(u1,ug)’
0 0
7D(:L",y) = det ?fl %TZ
D(ul,u2) dTZ ﬁ

3.6.7. Ilpumep. Ilycts g — HenpepsiBHO Auddepernnpyemas GyHKIUS
Ha U = (0,1)" ¢ orpannveHHbIM rpaueHToM. Torna ee rpaduk

Iy = {(u,g(w): v € U}
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ABIAETCS N-MEPHEIM MHOrooGpasuem B IR™ !, npuuem unTerpan or Henpe-
PBIBHOUM OrpaHn4eHHON QyHKIMU f 1O Mepe A, Ha HeM BBIYHCISETCS IO

bopmyie

/fd)\n:

Fg
= [ fluy,...,up,g(uq,... ,un))\/l +|Vg(ui,...,up)|?duy -+ duy,.
U

s o6ocHOBaHUS 3aMeTUM, 9TO rpaduk ecth 00pa3 U mpu oToOpaxeHnn

O ULy ey Uy — (UL, ey U, g(UL, o Uy)),

KOTOpPO€ OYEBUIHBIM 00Pa30oM HETPEPHIBHO AuQdepeHnupyemMo. JcHo, 9To
06pa3 ¢ ABIAETCS AEMEHTApHOI n-sueiikoii B IR™ L. [Tpu stom

D
8ui
rae 1 crout Ha i-M Mecte. CieoBaTeiabHO, OMPEAEIUTENb COOTBETCTBY-

routeit Marpuubl [pama pasen 1 + |Vg(u)|? (cm. nmpumep 3.6.4). Bmecto
OrpaHUYC€HHOCTU I'paJUCHTA JOCTATOYHO UMETH €r0 UHTCIPUPYEMOCTh.

0,...,0,1,0,...,0,0u,9(ui,...,uy)),

3.6.8. 3ameuanune. CTOUT OTMETUTH, YTO TMOCPEICTBOM JOKa3aHHOU
(OpMyITBI MOXHO OBLIO OBI OTIPENEIATh MOBEPXHOCTHYIO MEpy Ha rpaduke.
Takum coco0OM MOKHO 3a7aTh IIOBEPXHOCTHYIO Mepy Ha rpaduke iun-
MMIEeBOH (QyHKIMU g, €Ci MPUMEHHUTh W3BECTHYIO TeopeMmy Panmemaxepa,
COIVIACHO KOTOPOW TPagHeHT JHUIMIIMLEBOH (yHKIUH ¢ CYLIECTBYET MOUYTH
Bciomy 1o Mepe Jlebera (pazymeeTcs, B 3TOM ciiydae HaJO IMOJIB30BATHCS
unrterpanom Jlebera). [Ipu 3ToM nmomyduTcs Mepa, NpOMOPLHOHATIbHAS Me-
pe Xaycmopda H,,_; (mim naxke paBHasi, €CJIU MOCICIHSIS Cpa3y BBOAUTCS
C HaJIC)KAITUM MHOKUTEIIEM).

3.6.9. ITpumep. Haiinem mnomane noBepxHocTH cdepsl S, paau-
yca 1 B IR". Ona cocrout u3 AByX noiycdep, TOCTATOYHO HAWUTH ILIO-
b TTOBEPXHOCTH BEpXHEW moiycdepbl, UMEIolIed BUua rpadguka QyHK-
wn f(z) = (1 —a? —---—22_)'/? na eqmmmunom mape U, 1 B R" L.
Crporo roBops, Takas (QyHKIMs f HE BIOJNHE MOAXOOHUT IIOJ PacCMOT-
PEHHBIH BBIIIIE IPUMEp, MTOCKOJIbKY UMEET HeorpaHHMYSHHBIN TPaJleHT, HO
oXBaThIBaeTCs Oosiee OOMMM CiTydaeM, YKa3aHHBIM B KOHIIE mpumepa. Ta-
KHM 00pa3oM,

ha(S)2= [ et )
Un—l
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OG6beMHBIi (1 — 1)-MepHBIi HHTErpall B IPaBON YaCTH MOXKET ObITh BBIYHC-
neH O6onee siBHO. [Ipu n = 2 monydaeMm 7 HEMOCPEACTBEHHBIM BBIYUCIICHU-
em. [Ipu n = 3 momyyaeMm 27 mepexofoM K MOJIIPHBIM KOOpJIMHaTaM (UTo
TPUBOIHT K BhIUMCIEHMIO HuTerpana oT 7(1—2)~1/2 no 7 u3 [0, 1] u ymHo-
KEHHUIO €ro Ha 27). B MHOroMepHOM citydae TakxKe MOXKHO HCIIONIb30BaTh
cdepudeckue KOOPIUHATHI, HO MOXKHO U 3aMETUTh, UTO U3-3a chepuueckoit
WHBAPUAHTHOCTHU MOABIHTETPAJIbHON (PyHKIUH MBI IOJIydaeM

1
(n— 1)Vn_1/ (1-— 7“2)*1/27’”*1 dr,
0

rne V,—1 — 06bem U,_1. OKOHUYATECIHLHBI OTBET IMOJYYaeTCs BBIYHCIIC-
HUEM TIOCIIEHETO WHTETpaia M0 WHAYKIMH U MOJCTAHOBKOH H3BECTHOTO
BbIpakeHus 1711 V1. OTBET Tako: €Clu n YE€THO, TO

/2
An-1(Sn-1) = m7

JUISL HEYETHOTO 7 UIMEEM
9(n+1)/2_(n—1)/2
(n—=2)1 7

An—l (Sn—l) =

me (n—2)!l=1-3-5---(n — 2) TakoB: MHo# croco® BeIBOAA BBIpake-
HUSL U1t A, —1(S),—1) OCHOBAH 3Ty BEIMYHHY MOXKHO HOJTY4HUTh KaK IIPeel
OTHOILICHHS TOBEPXHOCTHOTO Cl1osi Mex 1y chepamu paauyca lu 1 —hk h
npu h — 0, T.e. npenen h™ 'V, (1 — (1 — h)™), paBusiit nV;,. Pasymeercs,
5TOT CIOCOO XOPOLL, €CIIM CYUTATh H3BECTHBIM 00bEM IIapa.

§3.7. Mepnb1 Xaapa

Mepa JleGera siBnsieTcsi BaKHEHUIIMM YacTHBIM CilydaeM Ooliee oOuieit
KOHCTPYKIMM — Mephl Xaapa Ha JIOKQJIBHO KOMITAKTHOW cenapabenbHON
MeTpu4ecKoil rpymmsl (G, T.e. TPYIIbI, HA KOTOPOH €CTh METPUKA, OTHOCH-
TEIILHO KOTOPOH OIEpaliiy YMHOXXEHHS U B3STHS 0OpPaTHOTO HENPEPBIBHEI,
npudeM G ¢ 3TOW METPUKON — IMOJIHOE cenapadeIbHOe METPUUYECKOE MPOo-
CTPAHCTBO, @ TOYKHU 00JIQIAI0T OKPECTHOCTSIMU C KOMITAKTHBIMH 3aMbIKaHH-
SIMH.

HenyneBast GopeneBckast mepa 7, Ha G co 3HaueHusmu B [0, +00],
KOHEYHas Ha KOMIIAKTax, Ha3bIBaeTCs JIEBOMHBApHAHTHOW Mepoil Xaapa,
€CJIM OHa MHBapUaHTHA MpH Bcex oToOpaxkeHusx 1p: g — h-gu3 G B G.
AHAJOTUYHO ISl yMHOXKEHHS CITpaBa BBOIUTCS NIPAaBOMHBapHaHTHAs Mepa
Xaapa.
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3.7.1. Teopema. Ha zpynne G ecmb eOuHcmeeHHAsL ¢ MOYHOCIBIO 00
MHOdMCUmMeNs 1e80UHBAPUAHMHAs Mepa Xaapa.

Ecnu rpynna G koMMyTaTHBHA WM KOMITAKTHA, TO Mepa Xaapa JBY-
CTOpPOHHE WHBApHAHTHA.

Ha xommakTHO# rpymnne Mmepa Xaapa KOHEYHA, a HEKOMIIAKTHbBIE SIBIIf-
FOTCSl CYETHBIMU OOBEIMHCHHUSMU KOMITAKTOB (TIPU HAIIUX MPEAITOJIOKCHH-
sIX), TaK 94TO TaM Mepa Xaapa o-koHedHa. Ha koHeuHo# rpymie Mepa Xaapa
€CTh MPOCTO PABHOMEPHOE PACIIPECICHNE C ONMHAKOBBIMA MEPaMU TOYCK.
Ha cBs3HOM HeauckpeTHOH rpymie Mepa Xaapa paBHa HYJIO Ha TOYKax.

PaccMmoTpuM Ba BaXKHBIX KOHKPETHBIX IPUMEPA.

I'pynna GL,, obparumbix oneparopoB B IR™ siBisieTCss OTKPBITHIM MO~
MHOXECTBOM 72-MEpPHOTO JIMHEHHOTO MpPOCTPaHCTBA L, BCEX OmepaTopos
B IR™. Ha L,, ecTb oObunas n’-mepras mepa JleGera \,2. JlononHenne K
GL, B L,, ectb runepruiockocts {det G = 0} meps! Hyib. [TosTomy mepy
Xaapa ecTeCTBEHHO UCKaTh B BUJE [L = 0+ \,2.

3.7.2. Teopema. Jlego-unsapuanmnas mepa Xaapa na GL,, 3a0aemces
omuocumenvHo mepol Jlebeea A, 2 niomnocmsio

o(X) =|det X|7".

JloKa3areabCTBO — 3aj1a4a, JUIs PEIIeHUs] KOTOPOii HaJlo TIPOBEPHTh, UTO
Mepa ¢ yKa3aHHBIM CBOMCTBOM WHBAPUAHTHA IIPHU JICBBIX CIBUTAX.

I'pynna SO,, oproronansHbeix oneparopoB B IR™ ¢ ompenenurenem 1
KOMIakTHa. Ee OTKpBITOE MOJMHOXKECTBO OIIEPATOPOB, 3aJaHHOE yCIIOBHEM
det(S—1I) # 0, obnamaet ynoOHBIMH KOOPIMHATAMH: JIHHEWHOE MPOCTPaH-
ctBo K, kococummerpuuHbix oneparopos B IR" B3anMHO-0HO3HAYHO 0TOO-
pakaeTcst Ha yKa3aHHOE [OJMHOXKECTBO IIOCPEICTBOM IpeodpasoBanust Ko-
ma T+ (I +T)~YI — T). O6patHoe 0TOOpaKeHUE UMEET TAKOH 3Ke BHIIL:
U— (I+U)"YI-U).

3.7.3. Teopema. Jlego-unsapuanmuas mepa Xaapa na SOy, 3a0aemcs
omHnocumenvro mepul Jlebeza na K,, nnommnocmsio

o(X) = (det(1 + X Xt))~(»=1)/2,

Jloka3arenbCTBO — MOJIE3HOE YIPaXHEHHE, HECKOJIBbKO OoJiee TPYAHOE,
4eM mpeasiayniee. EcTecTBEHHO, OMSATh BCE CBOAUTCS K MPOBEPKE HHBAPHU-
AHTHOCTH YKAa3aHHOU MEpHI.

C nmomouisio Mepbl Xaapa CTPOUTCsI IPEACTaBIeHHEe rpymsl G yHHTAp-
HBIMH OTIEpaTOpaMu B KOMILIEKCHOM mpocTpancTse L2 (pir): oToOpaxkenue
h +— Uy, tne Upp(g) = @(h - g), sBasercs roMOMOpOU3MOM B IPyIILy
YHHTApPHBIX OMEPATOPOB.



3amauu

3agaun ceMUHAPOB
Tema 1: o-aaredopnl

1. Hokasath, uyTo OopeneBckas o-anredpa MpsSMON MOPOXKIACTCS Kak
WHTEpBAJIaMU C PAITMOHATLHBIMHA KOHIIAMH, TaK U OTPE3KaMH C paIfioHah-
HBIMU KOHIIaMHU.

2. Jloxa3arp, 4yTo OOperneBcKas o-anredpa IIOCKOCTH MTOPOXKAAETCs 3a-
MKHYTBIMH KBaJIpaTaMu.

3. loka3arb, 4To OOpeneBcKas o-anredpa IIOCKOCTH HE MOPOXKAAeTCs
OTpe3KaMH, a TaKKe He TIOPOXKIACTCS KPYTaMu C IIEHTPOM B HYyJIE.

4. Jlokazarb, 4TO BCsKas KOHEYHas o-ajredpa MOpOKIaeTcs MHOXKe-
CTBaMU M3 KOHEYHOTO Pa30MEHMs MPOCTPAHCTBA HA JU3HIOHKTHBIC MHOMKE-
CTBa.

5. Jlokazarb, uto anrebpa, HOpOKIEeHHAS CIETHHIM HA0OPOM MHOMKECTB,
CYETHA.

6. Jloxazars, 4to ecnu o-anreOpa OeCKOHeYHa, TO OHA HECYETHA.

7. Jlokazath, 4TO BCAKOE HEMTyCTOE OTKPHITOE MHOXKECTBO B R"™ sABIsIET-
Csl CYETHBIM OOBEIMHEHNUEM KYyOOB C IMOMApHO MTU3BIOHKTHBIMH BHYTPEHHO-
CTSIMH.

8. Jlokasarh, 4TO BCSKOE MHOXECTBO U3 g-aireOpbl, MOPOXKICHHON Ha-
0OpOM MHOXKECTB, BXOIUT B 0-alredpy, MOPOXKICHHYI0 HEKOTOPBIM He 00-
Jie€ 4YeM CYETHBIM MOJHAO0POM STUX MHOXKECTB.

9. [IpuBecTH MpUMeEp MOA-0-aNreOpbl OOPEIEBCKOH o -anreOphl MPSIMOH,
KOTOpas He TTOPOKAACTCS HUKAKUM CUECTHBIM HAOOpPOM MHOXKECTB.

10. ITpuBectu npumep o-anredpsl A Ha MHOKeCTBE X U OTOOpaKCHUS
MHOKecTBa X, JUlsi KOTOpBIX Kitacc MHOKecTB Buna f(A), rme A € A, He
SIBIISICTCS 0 -anreOpoi.
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Tema 2: Mepbl

1. Jlokaszarh CYETHYIO aJJIATUBHOCTH MEPBI 1M Ha MOAMHOKeCTBaX N,
3amannyto popmynoit m(A) =3 4 Pn, TAE Pr = 0, D, P < 00,

2. Ha anreGpe A, cocrosiiieii U3 KOHEYHBIX MOAMHOKeCTB N U UX 110-
noHeHu#, nana Gyskmus m: m(A) = 0 wust koeunsix A, m(A) = 1 mus
npounx A. Jlokazarh, 4TO m aAMTHBHA U HE CYETHO-a/UTHBHA.

3. Jloka3arb, 9T0 BCAKHH Habop kommakToB B R™ (wmm B oOmmieM To-
HOJIOTUYECKOM MPOCTPAHCTBE) SBJIAETCS KOMIIAKTHBIM KJIACCOM, T. €. €CJIH
HOCIIEN0BATEILHOCTh KOMIIAKTOB K, U3 HETO MMEET MYCTOE MEPECEUEHUE,

TO HEKOTOPOE KOHEUHOE UX MepeceucHre ﬂgil K, mycro.

4. IlycTh ft — CUETHO-aAOUTUBHAs HEOTpPHLATENbHas Mepa Ha anred-
pe A. Jloka3arb, 9T0 MHOXKECTBO F M3MEpHMO OTHOCHTEIBHO /i B TOYHOCTH
TOIZa, Korja Juis Beskoro € > 0 Haiijercsa Takoe MHOecTBo A, € A, uro
wW(EANA)<e.

5. MuoxectBo Kantopa C' nomyuaercst u3 [0, 1] yaaneHueM OTKpHITO#
cpeaneii Tpetu (1/3,2/3), 3aTeM cpeqHUX TpETel OCTABIIHMXCS OTPE3KOB U
T.JI. 0 MHAYKIHH. JJokazaTh, 4to C' — KOMIAKT KOHTUHYJILHON MOIITHOCTH
71e0eroBCcKOil Mephl HYJIb.

6. Jlokasars, uto s kaxzaoro ¢ € (0,1) B [0,1] ectp koMmaxT sebe-
TOBCKOM MEPBHI ¢, HE UMEIOLINI BHYTPEHHUX TOYEK.

7. Hoka3zarb, 4TO BO BCAKOM MHOXecTBe B R MONOXHTETBHON MeEpbI
Jlebera ecTh KOMMIAKT MOJOKHUTEIBHOW MEphl, HE UMEIOIINH BHYTPEHHHIX
TOYEK.

8. Haiitu neberosckyio Mepy MHOXkecTBa Touek u3 [0, 1], He nMerommx
1 B JecsITUYHOM 3aIluCH.

9. Jlokazars, 4TO BCSIKOE€ MHOKECTBO TOJIOKUTENbHOU Mepbl JleGera Ha
MPSIMOIl COAEPIKUT HEM3MEPUMOE TTOIMHOKECTBO.

Tema 3: usMepumble PyHKUHHU

1. JTana mocie0BaTenbHOCTh U3MEPUMBIX DYHKIMH f Ha o-anrebpe A.
Jlokasatb, 4To B A BXOIAT CIIEAYIONINE MHOXKECTBA!
(a) MHOXECTBO TeX z, Tie eCTh KOHeuHbId npexen lim f,(x),
n—oo

(b) MHOXECTBO TeX , e fr(z) — +00.

2. Jloka3aTb, 4TO CYLIECTBYIOT TaKHUE BCIOAY OIpPEACICHHBIE M3MEPH-
Mble 110 JlebGery QyHKINH, YTO UX KOMIO3HULIUS HEU3MepuMa.

3. IlpuBectu npuMep u3mepumoii o Jlebery dynkuun Ha [0, 1], 06pa3
KOTOPOI HEU3MEpUM.

4. ITokazathb, uyto u3mepumast 1o Jlebery dynkims Ha [0, 1] mepeBoaut
H3MEpPUMBIE MHOXKECTBA B U3MEPUMBIE B TOYHOCTH TOIJa, KOIla MHOXKECTBA
MEpBI HyJIb OHA IIEPEBOJUT B MHOKECTBA MEPHI HYJIb.



3amaun 77

5. ITocTpouts mpumep romeoMopdusma oTpesKa, MepeBOISIIIEro HEKo-
TOpPOE MHOXKECTBO MEphI HYIIb B HEM3MEPUMOE MHOXKECTBO.

6. [IpuBectn npumep n3Mepumoii no Jlebery orpaHnyeHHON (QyHKIUU
Ha [0, 1], KoTopast He MOXeT OBbITh OTOYEUHBIM TIPEEIIOM TOCIIeI0BATENb-
HOCTH CTYNEHYATHIX (PYHKIHH.

Tema 4: cBoiictBa uHTerpaJj Jledera

1. BbIsICHHUTb, IpU Kakux o GyHKIHMS | cos x|* unTerpupyema Ha [0, 27].

2. BeuicHuTh, mpu Kakux « GyHKums |lnx|® wHTerpHpyema (a) Ha
[0,1/2], (b) Ha [0, 1].

3. BhIACHUTH, IIpH KakuxX o u [ gyskmus 2| In z|® uarerpupyema na
0,1].
| ll Mycte f — uHTErpHpyeMas mo Bcel mpsiMoi QyHkuwms. Jlokaszars,
910 psig y .o f(z + n) aBCOMIOTHO CXOAUTCS TIOYTH BCIOLY.

5. Tonoxutenbusle GyHkuuu f, cxoaarcs k dyukuuu f B LU0, 1].
Jokasats, uto \/f, — +/f B L?[0,1].

6. M3mepumsie GpyHkuun f,, Ha [0, 1] cXOmATCS MOYTH BCIOAY K HYJIO,

npu4eM
1 1

/ andx<4/ | fr| dx.
0 0

JlokasaTb, 4TO UHTETPAIIBI OT fy, CTPEMSTCS K HYIIIO.

7. Iycth 11 — Mepa Ha mpoctpancTBe X, Gpynkims f Ha X X [0, 1] Tako-
Ba, 4T0 QyHKUMU x — f(x,t) uHTerpUpyemsl, Gyakuun t — f(x,t) Henpe-
peiBHBL, npudeM |f(x,t)| < F(x), rne F unterpupyema. (a) Jlokasars, 4to

HHTETrpa / f(z,t) u(dz) wenpepsiBer mo t. (b) Joka3ars, 4T0 eciu Cy-
b's

IIECTBYIOT YacTHbIEe pousBoansie Of(x,t)/0t u |0f(x,t)/0t| < F(z), T0
yKa3zaHHbBIN uHTErpan auddeperunpyem mo ¢.

8. Ilycts f — monoxurenpHas Gpynkuus Ha [0, 1] ¢ eTMHUYHBIM HHTe-
rpanom, npudeM f In f unTerpupyema. Jlokazartb HEpaBEHCTBO

1
/0 f(z)In f(x)dz > 0.

9. BeIBecTH HepaBeHCTBO I'éibaepa M3 HepaBeHCTBa IleHceHa, pac-
cmotpeB cayuait f,g > 0, ||g|l; = 1, BepositHOCTHYIO Mepy v = g7 -
¥ TIPUMEHHB YaCTHBIH CTydaii HepaBeHcTBa Mencena ¢ V (t) = tP k dyHK-
wi h = fg' 9 u mepe v.

10. V3mepumble GyHKIUH f,, HA BEPOSATHOCTHOM mpocTpaHcTse (€2, B, )
cxXomsTCs 1Mo Mepe (IO BEpOSATHOCTH) K M3MepuMoi gyHkuuu f, eciu uis
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Besikoro ¢ > 0 mmeer mecto paBeHcTBO lim p(w: |fp(w)| = ¢) = 0.
n—oo

(a) lokazarp, 9TO TaKas CXOMUMOCTH CIEIYET UX CXOMUMOCTH ITOYTH BCIONY,
HO He Bieder ee. (b) Jloka3ark, 4TO CXOOUMOCTH f,, TI0 MEpPe PaBHOCHIIbHA
CXOMMOCTH K HyIo uHTerpanos ot |f, — f|/(|fn — f| +1). (c) doka3ars,
uto ecnu { f,} cxomurcs K f MO Mepe, TO HEKOTOpasi MOAMOCICIOBATEIb-
HOCTb { fy, } CXOONTCS MOYTH BCIOZY.

Tema 5: onepanvuu Haa MepaMu

1. IlpuBecTu mpuMep HEMHTETPUPYEMOM N3MEpUMO (DYHKIINU Ha KBaJI-
pare [0,1] x [0, 1], mis koTOpoit 00a MOBTOPHBIX HHTErpajia KOHEYHbBI H
PaBHBL

2. IlpuBectr npumep u3mepumoii ¢pyukuun Ha [0, 1] x [0, 1], st koto-
poii 00a MOBTOPHBIX HHTErpasia KOHEYHBI, HO HE PABHBL

3. puBectn npumep n3mepumoii GpyHkuuun Ha [0, 1] x [0, 1], amst koto-
pOii OZIMH U3 MOBTOPHBIX HHTETPAIOB KOHEUYCH, a APYroil OECKOHEUEH.

4. Noxazath TeopeMy ToHeTH: ecii HeoTpHUIaTeabHas u3Mepumas QyH-
Kips f Ha IPOU3BEACHUH MPOCTPAHCTB C MEPOl UMEET KOHEUYHBII MTOBTOP-
HBII HHTErpaj, TO OHA HHTErpupyeMa.

5. Haiitu o6bem 1mapa u 00beM NMpaBHIIBHOTO cUMILIekca B R™.

6. Jlokasarp, 4to Tpaduk OOpeneBcKoil (yHKIMH Ha OTPE3Ke HMEeT
Mepy HyJIb B IUIOCKOCTH.

7. Mycrs f € L?[0,1]. Jloka3aTh paBeHCTBO

1 [e’e)
T 2 Tr = XT.: €T .
/Ow )2 d 2/ s ()] > ) dt

0

8. [IpuBecTn puMep BEPOATHOCTHOH OOPEIIEBCKOM Mephl Ha OTpE3Ke,
B3aMMHO CHHTYJISIPHOH ¢ Mepoii JleGera, HO paBHOM HYIIO BO BCEX TOUKAX.

9. Haiitu cBeptky ynximit exp(—z?) u exp(—222).

10. JToka3ars, uto mepy Jlebery Ha [0, 1] MOXHO mepeBecTH BO BCSKYIO
GOpENeBCKyI0 BEpOSITHOCTHYIO Mepy Ha [0, 1] GopereBckoit GpyHKIHEH.

TeMa 6: BbIYHCIUTEIbLHBIE 3aaavuu

1. KomnakT B KBajpare NEPECEKAET BCE FOPU3OHTAIBHBIC OTPE3KU IO
MHOKECTBaM HYJIEBOW Mepbl (OTHOCHUTEIHHO Mephl Jlebera Ha 3TUX OTpe3-
kax). JlokaszaTth, 9TO HalZieTCS BEPTHKAIBHBIN OTPE30K, KOTOPBI 3TOT KOM-
MaKT IMePeCceKaeT M0 MHOKECTBY HYJICBOU MEPHI.

2. Beruucnuts unterpaisl Gynkuuit 22 + y2, xy u |xy| no kpyry pa-
nuyca 1 ¢ LIeHTpOM B HYyJIE.
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+o0o 5
/ e ¥ dx,
—00

/ R dy.
R2

4. BoIsicHUTh NpH Kakux p > 0 cylIecTBYeT UHTErpai:

1
@ [ o
z€R™: |z|<1 ’x‘p

1
(b) / —dx.
z€R™: |z|>1 ‘x|p

5. Halitu muiomaasr ceyeHus MOBEPXHOCTH

3. Haiitu unTerpan

BBIYHCJINB

x2+y2+22—xy—:rz—yz:a2
MJIOCKOCThI0 * + 4y + 2 = 0.

6. Haiitu momans (a) BayTpennocty snmumca (z/a)? + (y/b)? = 1;
(b) urypsl, orpanudennoit kpupoii (z2+y2)? = 2a?(x%—y?) B MHOXECTBE
2 +y* > ad?

7. Haittu unrerpan gynxuuu | cos(z + y)| no xsagpary [0, 7]2.

8. Haiiti o0bem Tena, OrpaHNIeHHOTO TOBEPXHOCTSIMH:

@ zt+yt+2t=1,2=0y=0,2=0;

(b) 2% =y, 22 + 9% = a;

) 2"+y"+2"=1,2=0,y=0,2=0(n € N).

9. Haiitu unTerpan

/ exp/(z/a)? + (y/b)? + (z/c)? d dy dz.
(z/a)?+(y/b)?+(2/c)?<1

10. Haiitu uaTerpan
/ 2"y 2k dedydz, n,m,k e N.
z2+y2+22<1

11. Ilycte f — HenpepriBHAS uHTErpUpyemas pyHkuus Ha R. Jlokazars,
9TO (PYHKITHS
2

u(z,t) = \/i—m/Rf(y)eXp(W) dy

YIIOBJIETBOPSET yPaBHEHHUIO TernonpoBoanoctn Ju/0t = 0%u/0z? ¢ ua-
ganpHbIM yeaoBueM u(x,0) = f(z).
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12. TIpuBectu npumep Takoii miankoit Gynkimu f Ha R2, uto dyHKmus
+o0o
J(x) = fz,y)dy
—0o0
nuddepentmpyema, Gpyukuus O, f (z,y) unrerpupyema no y, Ho J'(0) He
coBmagaet ¢ uarerpaioM ot J, f(0,y) mo y.

JIMCTOK 1.

1. Jlokasarp, uro OopeneBckas o-aarebpa MIOCKOCTH IMOPOXKIAETCS 3a-
MKHYTBIMH TIPaBHIBHBIMU TPEYTOJbHUKAMH.

2. JlokazaTh, uTo GopeneBcKas o-aaredpa IIOCKOCTH HE MOPOKIaeTCS
napaboaamu.

3. JlokasaTh, YTO COBOKYIHOCTH MepecedeHUil OOpeneBCKUX MOAMHO-
JKECTB TUIOCKOCTH C TIPSAMOI €CTh B TOYHOCTH OOpeieBCcKast o-anrebpa mpsi-
MOH.

4. TlpuBectn pumMep OOPETEBCKOTO MHOXKECTBA, KOTOPOE HE SIBIIACTCS
CUCTHBIM OOBEANHEHNEM 3aMKHYTBIX MHOXECTB.

5. Ilyctp A,, — mociien0BaTeIbHOCTh MHOXKECTB U3 o-anreopsl A. Jlo-
Ka3arhb, 4To B A BXOJIUT MHOKECTBO BCEX TOUEK, MPUHAIICKANUX OECKO-
HEYHO MHOTMM A,,.

6. Jlokasars, yto s kaxmoro ¢ € (0,1) B [0,1] x [0, 1] ecTs kOMIIaKT
neGeroBCKOM Mephl ¢, HE UMEIOIIUI BHYTPEHHUX TOYEK.

7. Ilycte A — MHOXECTBO TOJOKUTEIbHOU Mephl JIleOera Ha mpsiMOi.
Jloka3zarb, 4TO MHOXeCTBO pasHocTeit A — A = {a; — ay: aj,ay € A}
COZIEP)KUT MHTEPBAIL.

8. IToctpouts m3mMepumoe 1o Jlebery MHOXKECTBO Ha TIIOCKOCTH C HEH3-
MEPUMBIMH MPOCKIMSIMH Ha KOOPJMHATHBIC OCH.

9. Tokasars, 4to eciu aBe OopeneBckue Meps Ha [0, 1] ©MeroT paBHbIe
3HAYCHHUS HA BCEX OTPE3KaX, TO OHU PABHBI

10. TIpuBecTr mpuMep IBYX Pas3IHYHBIX BEPOSTHOCTHBIX MEp Ha O-
anrebpe, 3HAUCHUST KOTOPBIX COBIAJAIOT HA HEKOTOPOM KJIACCE MHOXKECTB,
MTOPOXKIAIONINX 3Ty O -anreopy.

JIMCTOK 2.

1. IIpuBectu npumep HeOOpeaeBCKoi QyHKIMU f Ha OTpeske, IS KO-
Topoit Bce MHOXKecTBa f ! (c) GopeneBckue.

2. IlpuBectn npuMep ABYX M3MEpHUMEIX 1m0 Jlebery ¢yHKIMIA Ha OTpe3-
K€, KOMIIO3MLIUS KOTOPBIX HEM3MEPHMA.

3. @ynkuus f usmepuma o Jlebery ua orpeske [0, 1], dyukims g u3
[0, 1] B [0, 1] HenpepbiBHA. BepHo v, 4T0 M3MepuMa Kommosumus f o g?
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4. BBIsICHUTB, IpH Kakux o ¥ 3 Gyskuus (sin z)*z” uarerpupyema mo
JleGery Ha [0, 1].
5. pu kakux « GyHKIHA |z|* HHTErpUpyemMa Mo Imapy ¢ HEHTPOM B
uyne B IR™?
6. U3mepumbie o Jlebery dpynkuuu f, > 0 Ha OTpe3Ke CXOAATCS MOUTH
BCIONy K HYJII0. BepHO 1m, uto MHTErpaist ot f,e /" crpemsarcs x Hymo?
1 1/n

7. BeraucauTh mpeaen lim (sinsinsint)™ dt
n—oo 0

8. ®ynkums f Ha [0,1] x [0, 1] TakoBa, uro Bce dyHkunu = — f(x,1t)
MHTErpuUpyeMsl, a Bce GyHkimu ¢ — f(x,t) HenpepsiBHBL JloKa3arh, 4To
1

byHKIUS ¢ — f(z,t) dx sBasieTcs GOPENEBCKOIA.

9. Herepr(])SHBIe ¢byHKIMU f,, Ha OTpE3Ke CXOAATCS MOTOYEUHO K HYIIIO,
a MHTErpasbl OT f2 paBHOMEPHO OrpaHUYeHbI. JJOKa3aTh, 4TO MHTErPAIbl OT
fn cTpeMsATCs K HyImIO.

10. [JlokasaTh, 4TO eciM IBE BEPOSTHOCTHBIC OOpENCBCKHE MEphl Ha
MPsIMOM IIPUIIMCHIBAIOT PABHBIE MHTErpaibl KaXI0H OrpaHUYEHHOMN Helpe-
PBIBHOH (YHKLIMH, TO OHU PABHBI.

Jucroxk 3.

1. Haiitu unTerpan ot |z|P mo monoBuHe equHUYHOTrO mapa B IR? npu
TeX p, U KOTOPBIX OH KOHEYEH.

2. Haittu unterpan gynkuuu | sin(z — y)| no xsagpary [0, 7]2.

3. Bousicauts, npu kakux « € IR dysakiums (sin |[z|)* wa R™ unTerpn-
pyema o MHOXecTBy {z: |z| < 1,z; >0, i=1,...,n}.

4. (a) Berumcnuts uHTerpan ¢yskmmu z’y? 1o kpyry paamyca T C
1eHTpoM B Hyre. (b) Beraucauts unTerpan Gynkuuu 2 4y? mo MHOKeCTBY
|z + Jy| < 1.

5. BEIUMCIHTH MIOMAAb (GUTYPHI, OTPAHHUEHHOH KPHBBIME > = 2pi,
y? = 2qx, 2® =2ry, 2° = 2sy, e 0 < p < ¢, 0 < r < s.

6. Haittn 06bem Tena B R®, orpaHMueHHOr0 MOBEPXHOCTAMHA 2 = T/,
r+y+z2=12=0.

7. Haiitu unterpan ot dyskuun /22 + y2 no o6nactu B IR, orpanu-
YeHHOM MoBepXHOCTAMHU 22 = 2 + 4%, 2z = 1.

8. Haiit 06beM Temna, OrpaHIdEHHOTO HOBEPXHOCTSIMH 2 = 6 — 12 — 12,
z2=\/z?+ 92

9. BbIsICHUTB, HHTETPUPYEMO T NpeoOpa3oBanne Pypre MHAMKATOpPA
orpeska [0, 1].



82 3amaun

10. Iycts A: R"™ — IR™ — nuHeitHslid oneparop, €1, . .., €, — CTaH-
nmaptHeId Oasuc B IR™. Jloka3ark, 4TO Mepa mapauiesenuiieaa, mopoKIeH-
HOTO BekTOpaMHu Aey, . . ., Ae,, pasna | det(A*A)|Y/2, a Taoke | det G|1/2,
rne G — marpuna I'pama ¢ anementamu (Ae;, Aej).
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3agaun AOCPOYHOI0 3K3aM€E€Ha

1. Jlokxa3arp, 9TO B cemapaOellbHOM METPHYECKOM MPOCTPAaHCTBE Oope-
JIeBCKasi o-anredpa MOPOXKAAeTCS CYETHBIM HAOOPOM OTKPBITHIX IApOB.

2. IlpuBecT IpuMep METPHUYECKOTO MPOCTPAHCTBA, B KOTOPOM Oope-
JIeBCcKasl o-airedpa He MOPOXKIaeTcsd KOMITAKTaMHU.

3. Jloka3zaTh, YTO MOITHOCTH OOPEIEBCKOH o-ajareOpbl MpsMOil paBHA
KOHTHHYYMY.

4. Jlokazarb, 4TO BCSKOE OOBEIMHEHUE OTPE3KOB C HEHYJICBBIMH JUJTH-
Hamu u3Mepumo 1o JleGery.

5. JlokasaTb, 4TO BCSIKOE HemycToe oTKpbiToe MHOkecTtBOo U B IR™ ¢
TOYHOCTBIO 10 MHO)KECTBA MEpHI HYJIb €CTh 0OBbEIUHEHHE KOHEYHOTO WIIH
CYETHOT0 Habopa MTU3BIOHKTHBIX OTKPBITHIX IIApOB, copepkamuxcs B U.

6. lokasats, uto Mepy Jlebera muoxecta £ B IR™ MoxkHO 3amaBath
KaK TOYHYIO HIDKHIOIO TPAaHb CYyMM » - A, (Bj) 1m0 HabopaM OTKPBITBIX
mapoB By, mokpeBaomux F (BMecTo KyOOB, KaK B OIPEICICHIH).

7. Muoxectso B [0, 1]2 umeer nonoxurensuyio mepy JleGera. BepHo
JIM, YTO OHO CONIEPKUT NMPOU3BEICHNE ABYX MHOXECTB MTOJIOKHUTEIHHOMN Me-
pbI?

8. Jlana mocrenoBareIbHOCTh M3MEPUMBIX (yHKIWi f,, Ha [0, 1]. Toka-
3aTh, YTO HAWAYTCS Takue 4ucia €, > 0, 4T0 QYHKUUU &y, f,, TIOYTH BCIOLY
CXOZSATCS K HYJIO.

9. Jlokazath, 4TO HaMETCs TaKas MOCIEI0BATENbHOCTh (PYHKINHA gy, Ha
[0, 1], uro Henb3s HaiiTH ymcna €, > 0, AT KOTOPBIX £,9y, () — 0 s
BCEX .

10. JTokazarp, uTo ecnu agguTuBHas QyHKUUS f Ha MpsIMOIl orpaHuye-
Ha Ha MHO)KECTBE TOJIOKHUTENBHON Mephl Jlebera, To oHa HeMpephIBHA.

11. Jloka3zarh, 4TO CymiecTByeT Takas m3Mmepumas mo Jledery Bcromy
omnpeseneHHas BeulecTBeHHass Gpynkuus f Ha [0, 1], uto Het GopeneBcKoi
¢yukuun g, st kotopoit f(x) < g(z) npu Beex x.

12. Tlycte f — unTerpupyemas ¢ynkuums Ha [0, 1] ¢ mepoii JleGera,
MMEIOIIasi HYJIEBOW HHTErPaJ 10 BCSIKOMY MHOXECTBY Mepbl 3 /4. Jlokasars,
uro f(z) = 0 mouTn BCromy.

13. Tlycts uHTerpupyemas Ha [0, 1] gyHKuus f TakoBa, 4TO MHTETpH-
pyema Besikast Gpynkuus fg, tne g € L2[0, 1]. Jlokasars, uto g € L2[0, 1].

14. Tlycts f, — Takue m3mepumbie (ynkuuu Ha [0, 1] ¢ mepoit Jle-
Oera, 4TO MHTErpajbl OT exp |f,| He Gombure 2. JlOKa3arh, 4TO HE MOXET
BBITIOJHATHCS COOTHOIICHUE [, () — 1 MOYTH BCIOMY.

15. Jloka3ark, 4TO Ha IPOCTPAHCTBE MHOTOYWICHOB Ha [0, 1] Henmb3s BBe-
CTH TaKylO TOTIOJIOTHIO, YTO CXOAMMOCTH CUETHBIX MOCIIEI0BAaTEIHHOCTEH B
HEll paBHOCHJIbHA CXOMMOCTH Mo4TH Beroay Ha [0, 1].
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16. Ilyctp f — orpannueHHas uamepumas QyHkuus Ha [0, 1], mpuuem

/Olf(a;)Qdaf = /Olf(m)?’dx = /01 f(z)* d.

Jlokasark, 9To f COBIaJaeT MMOYTH BCIOAY C HHIMKATOPOM MHOXKECTBA.
17. Ilycts £ — MHOKECTBO TOJIOXHUTEIbHON Mepsl B [0, 27]. Jlokasars,
47O

inf/ | cosnzx|dx > 0.
" JE

18. Iycts f u g unterpupyemsl Ha IR", npuyem f orpanmyena. JJoka-
3aTh, YTO CBEPTKA f * g HENMpephIBHA.

19. Jloka3ars, uto mepy Jlebery Ha [0, 1] MOXHO mepeBecTH BO BCSKYIO
GOpENeBCKy0 BEpOSITHOCTHYIO Mepy Ha [0, 1] GopeseBckoit GpyHKIHEH.

20. Jloxa3aTb, YTO MHOXXECTBO HyJIEH HEHYJEBOM BELIECTBEHHO-aHAJIM-
TUYECKON (PYHKIIUHM Ha TUIOCKOCTH UMEET JICOErOBCKYIO MEpY HYJb.



IIporpamma kypca

1. AnreGpsl u o-anreopsl. bopenesckas o-anredpa. bopenesckas o-anrebpa
MPSIMON MOPOXKAAETCA JIydaMH, HO HE TOUKAMHU.

2. AIUTUBHOCTD U CUETHAs aJUTHBHOCTH. IIpumep aiiuTHBHOMN, HO He
CYETHO-aITUTUBHON (hyHKIIMHM Ha anreOpe. PaBHOCHIIBHOCTH CUETHOH aaiu-
TUBHOCTH M HEMIPEPBIBHOCTH B HyJIE IJIsl aJANTUBHON (DYHKIIMHU Ha anre0pe.
3. KoMmakTHble Kj1acchl MHOXKECTB. KOMIAKTHOCTH Kiacca KOMITAKTHBIX
MHOKecTB. CUeTHas QJIMTUBHOCTH aINTHBHON (YHKIIMH Ha anredpe, nMme-
IO KOMITAKTHBIN MpUOMImKaromui kinacc. @opMynupoBka TeopeMbl O
MPUOIKEHUH KOMITAKTaMH 1T OOPENIEBCKUX Mep.

4. BHemHss Mepa, MOPOXKIEHHAsT CYETHO-aITUTUBHON Mepoil Ha anreOpe;
€€ MOHOTOHHOCTb U CYETHASI MOTyaAIUTUBHOCTh. OnpenesneHue U3MepUuMo-
ctu 1o JleGery.

5. @opMynHUpOBKa TEOPEMBI O BHEIIHEH Mepe Ha KJIACcCe U3MEPUMBIX MHO-
xecTB. [Ipumep Butanu Hem3MepuMOro MHOXKECTBA.

6. [TocTpoenue kinaccuueckorr mepsl Jiebera Ha oTpeske u Kybe. Mepa Jle-
Oera Ha BCeM IPOCTPAHCTBE, €€ OCHOBHBIE CBOWCTBA (TpaHCISAIMOHHAS U
c(hepuueckasi UHBAPUAHTHOCTb).

7. U3mepumble GYHKIIMA U UX OCHOBHBIC CBOMCTBA. M3MepuMble (GyHKIIHH
Kak Mpeaessl NPOCTHIX (QYHKIHH.

8. Teopema Eropora. Teopema Jly3uHa.

9. Onpenencuue uaTerpana Jlebera ays mpocThix GYHKIHA U 00IIIee ompe-
nenenue. HepaBencrso UeObIéna.

10. JluneitHocTs mHTerpana Jlebera. AGcomoTHass HENPEPHIBHOCTh MHTE-
rpana Jlebera.

11. Teopema Jlebera o MaKopupyeMOl CXOTUMOCTH.

12. Teopema beno JleBu o MoHOTOHHOM cxoaumocTH. Teopema Dary. Kpu-
Tepuit uHTerprpyemMocty 1o Jlebery B TepmuHax MHOXecTB {|f| > n}.

13. Cs3p unTerpana Jlebera c uarerpaisom Pumana.

14. Hepagenctgo Mencena.
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15. HepaBenctBa ['énpaepa, Komm — byHsikoBckoro 1 MUHKOBCKOTO.

16. Onpenenenue npoctpancts LP. Iomsora L.

17. IlpousBenenue mMep. Teopema 0 MOHOTOHHEBIX Kiaccax ((opMynupoBka)
U ee MpuMeHeHne K 000CHOBAHHIO OIIPEEeIICHHUS IPON3BENCHUS MeEp.

18. Teopema DyOuHM.

19. CBepTKa MHTETPUPYEMBIX (YHKITHIH.

20. Teopema Pagona — Hukomuma.

21. Obpa3 Mepsl npu ortodpakeHnu. OOmas ¢GpopMyina 3aMEeHBI IepeMeH-
HeIX. Dopmyna 3aMeHsl mepeMeHHbIX Tpu auddeomopdmuzmax (popmymm-
pOBKa).

22. OmpeneneHue aOCOMIOTHO HENpepbIBHOW ¢yHKIMH. Ommcanme adco-
JIIOTHO HETIPEPBIBHBIX (YHKIUI Yepe3 HeolpeelieHHbIE NHTerPaibl HHTE-
rpupyeMbIx QyHKImi. Teopema o auddepeHnrpyeMoCcTH TOYTH BCIOAY U
¢dopmyna Herorona—JleliOHuIa it aOCONIOTHO HEMPEPHIBHBIX (YHKIMN
(bopmynmupoBka). BerBom GopMyIIbl HHTETPUPOBAHUS TI0 YacTsAM s abco-
JIFOTHO HENPEPHIBHBIX (PYHKIIHH.

IIporpamma ko/IOKBMYMa: BOIpockl 1 — 12.
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