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1. Íàéäèòå âñå òî÷êè, â êîòîðûõ C-äèôôåðåíöèðóåìû ôóíêöèè

à) |z|2, á) |z|z, â) (Re z)2.

2. à) Ïðè êàêèõ êîìïëåêñíûõ a, b, c ôóíêöèÿ f(z) = az + bz̄ + z2 + c
èìååò êîìïëåêñíóþ ïðîèçâîäíóþ â òî÷êå z = 0? á) Ïðè êàêèõ âåùå-

ñòâåííûõ a, b ôóíêöèÿ f(x, y) = ax2 + by2 + ixy ãîëîìîðôíà íà âñåì

C?

3. Ïóñòü f(z) � äèôôåðåíöèðóåìàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåí-

íîãî â òî÷êå a. Äîêàæèòå, ÷òî ôóíêöèÿ f(z̄) äèôôåðåíöèðóåìà â òî÷êå

ā.

4. Ïîêàæèòå, ÷òî ôóíêöèÿ f : reiφ 7→ re2iφ íå ãîëîìîðôíà íà C\{0}.

5. à) Äîêàæèòå, ÷òî åñëè ãîëîìîðôíàÿ â íåêîòîðîé îáëàñòè ôóíêöèÿ

f(z) âåøåñòâåííà (ò.å. ïðèíèìàåò òîëüêî âåùåñòâåííûå çíà÷åíèÿ), òî îíà
ïîñòîÿííà. á) Ïóñòü ôóíêöèÿ f(z) ãîëîìîðôíà â íåêîòîðîé îáëàñòè D,

è |f(z)| = 1 âñþäó â ýòîé îáëàñòè. Äîêàæèòå, ÷òî f(z) ≡ const.

6. Âîññòàíîâèòå àíàëèòè÷åñêóþ ôóíêöèþ f(z) ïî óñëîâèþ:

à) Re f(z) = sinx cosh y, f(0) = 0,
á) Re f(z) = x sinx cosh y − y sinh y cosx, f(0) = 0,
â) Im f(z) = y cosx cosh y − x sinx sinh y, f(0) = 2,
ã) |f(z)| = (x2 + y2)ex,
ä) arg f(z) = xy.

7. Äîêàæèòå, ÷òî àíàëèòè÷åñêóþ â C ôóíêöèþ f(z) = u(x, y) +
iv(x, y) ìîæíî âîññòàíîâèòü ïî åå âåùåñòâåííîé ÷àñòè u èëè ìíèìîé

÷àñòè v ñ ïîìîùüþ ôîðìóë
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ãäå z0 ∈ C � íåêîòîðàÿ òî÷êà.

Âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ äâóõ âåùåñòâåííûõ ïåðåìåííûõ F (x, y) íà-

çûâàåòñÿ ãàðìîíè÷åñêîé, åñëè
∂2F

∂x2
+

∂2F

∂y2
= 0.

8. Çàïèøèòå îïåðàòîð Ëàïëàñà ∆ =
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â êîîðäèíàòàõ z, z̄.

9. Ïóñòü f(z) � ãîëîìîðôíàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî ôóíêöèè Ref è Imf
� ãàðìîíè÷åñêèå (ò.å. ∆Ref = ∆Imf = 0). ×òî ìîæíî ñêàçàòü î ôóíêöèÿõ |f |
è arg f?



10. Ïóñòü F (x, y) � ãàðìîíè÷åñêàÿ ôóíêöèÿ. Äëÿ êàêèõ ôóíêöèé G ôóíê-
öèÿ G(F (x, y)) òîæå áóäåò ãàðìîíè÷åñêîé?

11. Íàéäèòå âñå ãàðìîíè÷åñêèå ôóíêöèè âèäà à) F = φ(x2 + y2),
á) F = φ(x2 − y2), â) F = φ(y/x).

12. Ïóñòü u(x, y) � ãàðìîíè÷åñêàÿ ôóíêöèÿ. ßâëÿþòñÿ ëè ãàðìîíè÷åñêèìè
ôóíêöèè u(x,−y), u(x2 − y2, 2xy)?

13. Íàéäèòå ãàðìîíè÷åñêóþ ôóíêöèþ u(x, y) íà C òàêóþ, ÷òî
u(cos t, sin t) = cos2 t.


