['PYIIBI KOC, KBAHTOBBIE TPV U PUJTOXKEHUSA 2023

CrpykTypa aaredopbl Xomnda: omnpejesjieHue u IIpuMepPbI

B KBaHTOBBIX MaTPUUYHBIX aaredpax, KOTOPbIE MBI IMOIYIUIN B PE3y/IbTaTe KBAHTOBAHHS
OIIPEIEIEHHBIX MTYAaCCOHOBBIX CTPYKTYP B areOpe MOJTMHOMUAILHBIX (DYHKIHI Ha IPOCTpPAH-
crBe Mat)y (C), MOXKHO BBBECTH HOBBIE OIEPATINE — TaK HAZBIBAEMOE KOYMHOKEHUE, KOCTHMHUILY
1 aHTHUIIO. 9TI/I onepanuu B ONIpedeJIeHHOM CMBIC/IE AYaJIbHBI YMHOXKEHUIO U Ollepalliil BJIOZKE-
HUS YUCJOBOTO IOJId B ajaredpy, KOTOPBI CTPOUTCS € IMOMOIILIO €UHUIHOIO djeMeHTa. YII0-
MsIHYThIe (KO)OIepaIMi TIPEBPAIIAIOT Hallk aarebpbl B anredpbr Xorda (Guaarebpbl ¢ aHTHITO-
nom). Crpykrypa anrebpbl Xomda B anrebpe A M03BOJISET JTEIKO PA3BUBATH TEOPHIO €€ TIPe/I-
CTaBJIEHUT, HOCKOJIbKY JaeT BO3MOXKHOCTD IpeBpaarh B A-Mo/yiib ar00bie (KBa3n ) TeH30pHbIE
npousseaenus A-Mouyseii, a Takzke onpeneasdarb CTpyKTypy A-momyas Ha npocrpancrse V',
JIBOMCTBEHHOM K IpocTpaHcTBY A-Momnyss V. B KoHIe JaHHBIX 3aMeTOK IpUBeIeHa HEKOTOpas
JINTEPATYpa, KOTOPask MOXKeT OBIThH II0I€3HA IPH U3y YeHuHn ajredp Xomda 1 KBAHTOBBIX I'PYIIIL.

1 Omnpenesenns 1 OCHOBHbIE OObEKThHI

B 3Tom paszjese HAIOMHHAIOTCS ONpeJe/eHus JBOHCTBEHHOTO JIMHEHHOrO MPOCTPAHCTBA, ac-
COIIMATUBHON aJireOphl ¢ ejuHUIEH, anredpsl Jlu m ee yHuBepcajabHOU obepThiBaloleit. Bcee
TH TMOHATHS YKe BCTPedaInch HaM paHee W, KOHEYHO Ke, XOPOIIO BaM H3BECTHBI U3 KYPCOB
anredbpsl U reoMeTpun. Mbl 06paTuMes K 3THUM ONpeJeTeHUsIM He TOJTBKO sl TOTO, YTOOBI 3a-
dUKCHPOBATH corJialienns 1 0003HaYEHUs, HO U YTOOBI BBECTH YIOOHBINH I'PaUIeCKUl SI3bIK —
KOMMYTaTHBHBIE JTHArPAMMBl 00BEKTOB U CBA3BIBAIOIINX WX oTOOpaxkenuit. Ha s3bike KOMMY-
TaTUBHBIX JTUATPAMM CBA3b aareOpanvecKux M KOaJredpamdecKuX CTPYKTYP OCOOEHHO MPOCTa
1 HAIJISTHA.

HyanbHoe (aBOiicTBEHHOE) JIUHEHHOE IIPOCTPAHCTBO

[TycThb 3a1aH0 JTUHERHOE TPOCTPAHCTBO V' HAJT YHCIOBBIM M0JIeM K (MBI OPPAHUYAMCS TOJIsI-
MU HYJIEBOIl XapaKTepPUCTUKH, PeaJbHO HaM JOCTATOYHO I10Jisl BEIeCTBEHHBIX YHuceJ R U 1015
KOMILTEKCHBIX ducest C). JIBORCTBEHHBIM HJIH JyaJ bHBIM IIPOCTPAHCTBOM HA3BIBETCSI MHOYKECTBO
JuHeHHBIX (pyHKIHOHAA0B Ha V. MBI /1aJluM SKBUBaJIECHTHOE OIIPEIe/IeHHE.

Ounpepenenne 1.1 Jluneitnoe mpocrpanctBo V* Haa mosem K Ha3blBaeTCs (Ae€6biM) OYasb-
HOLM NPOCMPAHCMEOM K JjimHelnomy K-mpocTtpancTBy V', ecjm CyliecTByeT HEBBIPOZKICHHASI
Oununeiinas Gopma (, ) V* xV = K.

Sameuanue. Horna BBoauTcst Guinneiinas dpopma (, ) : V X V* — K u coorBercTByolee
IPOCTPAHCTBO V™ Ha3bIBaeTCsA NIPABLIM JBOMCTBEHHBIM K V. DTa JOBOJBHO TOHKAaS PasHUIA
IPOSIBJILAETCA B TEOPHH MPEICTABICHUI HEKOMMYTATHBHBIX aJare0p U MOKA MBI HA Hee BHUMAHUS
obpatarb He OyjieM.

CBOIICTBO HEBBIPOKICHHOCTH OUINHEHHON (POPMBI B OIIPE/IeJICHUH JTYaTbHOI'O POCTPAHCTBA
O3HaYaeT CJejyIolee:

VEeV* £€#£0, JueV: (&, v) #0,

(1.1)
VueV, u#0, dneV*: (n,u) #0.



To ecTh, HUKAKON HEHYJIeBOH BeKTOp U3 V* He opToroHasen (oTHOCUTEIbHO hopMbl (, )) cpa3y
BceMy HpocTpaHcTBy V U Ha0OOPOT.

Jnst koneuwnHomeproir JTHHEHHBIX MPOCTPAHCTB JBa yTBepKAeHus B (1.1) craHOBATCS K-
BUBAJIEHTHBIMHU " MOFyT 6])ITB 3aMEHEHbI JIIO6I:)II\/I OJHUM U3 HUX. HpHMBIM CJICZACTBUEM HEBDBI-
POZKICHHOCTH OMINHEHHONE (POPMBI J/I1 KOHEYHOMEPHBIX IIPOCTPAHCTB ABJIdeTcs TOT (DAKT, 4TO
dim V* = dim V. Ecin mb1 3adbukcupyeM nekoTopsiit 6asuc {@'} B npocrpancrse V* u {f,} B
npocrpancrse V', 1o OusmHeiinast popma mOJTHOCTHIO OLPE/IesIsieTCsl MaTPUIe CBOMX 3HAYEHU I
Ha 0A3MCHBIX AJIEMEHTAX JAyaJbHBbIX MPOCTPAHCTB:

(¢, f)=w!, 1<i,j<dimV. (1.2)

Hanuaune taxoit (hopMbI TO3BOJISIET TPAKTOBATH BEKTOPA IPOCTpaHcTBa V™ Kak JTuHeRnbie hyHK-
muoHa bl Ha mpoctpancTee V. TouHo Tak Ke BEKTOpa MPOCTPAHCTBA V' MOTYT CUHTATHCS JIH-
HeffupiMu (DyHKIMOHATAMH Ha V™, HOCKOJIbKY V' TOXKe JlyajbHOe MPOCTPAHCTBO (IpaBoe) st
V* ornocurenbHo TOM ke camoil OuInHeHON POPMBI.

3HatveHre TPOM3BOILHOTO JIHHeltHOTO hyHKImonana & = & ¢’ n3 npocrpancTsa V* Ha HeKO-
TOpoM BekTope v = v'f; mpocTpancTsa V' maerca dhopMyIIoit:

E(v) E (€, v) = Guwi ol

r7ie 10 MOBTOPLAIONIAMCS WHIEKCAM [TPOU3BOIUTCS CyMMHUDPOBAHIEE.

Marpuma w B (1.2) oueBnmHo HeBBIpOXKIeHa: detw # 0, m MoaXOMsAIIEH 3aMeHON 6GA3MCOB
MOzKeT ObITh cilesana equnnynoii. Coorsercrpytomue 6asucel {€'} u {e;} B mpocrpancreax V*
1 V Ha3BIBAIOTCS JBOHCTBEHHBIME JPYT ApyTy (€', e;) = (5;

[TonsiTHe AyaIbHOTO MPOCTPAHCTBA JIETKO PACIPOCTPAHSIETCS W Ha TeH30PHBIE IIPOU3BEIeHUS
JIMHERHBIX 1pocTpancTB. Hamnpumep, eciin npocrpancrsa V* u U™ jiyajbHbl COOTBETCTBEHHO K
V u U, 1o gyaabHBIM TPOCTPAHCTBOM K TeH30pHOMY Tipou3seaenuio V @ U Oyaer mpocTpaHCcTBO
U* ® V*, nmpudem coorBercTBYIONasa hopMa 3a/1aeTCs 110 TTPABUIY

(€@ ¢ veuvey = (¢ VIvEuy, CeVr, el (1.3)

Pacemorpum Tenephb uHeiiHbIe 0TOOpaXKeHUsT BEKTOPHBIX ITPOCTPAHCTB. BeeBo3MOXKHbIE JTH-
HeltHbIe 0TOOpazKeHusl JuHeiTHOTO pocTpancTBa V' B mpocTpancTo U obpa3ylor JinHeitHoe 1po-
crpancrBo Hom(V,U). Ecin ke V = U, 10 MHOKecTBO JuHeiHbIx oroOpazkenuii Hom(V, V)
npoctTpaHcTBa V' B cebst MpeBpalaeTcs B aCCONMATUBHYIO aaredbpy ¢ eqwHMIeH, B KOTOPOit Tpo-
U3BeJIeHUEM OIIePATOPOB CUUTAETCS UX IOCJIeJI0BaTeIbHOe NPpUMEeHeHne, JTa ajredpa Ha3biBa-
ercst anreGpoii sH710MOpdU3MOB MHEHOTO mpocTpancTBa V' u obosnavaercs End(V).

Badukcuposas B npocrpancrse V' HekoTopblit Habop Gasucubix BekTopoB {e;}, 1 < i <
dim V', mb1 ycranaiuBaem u3omopdusm anarebpst su10Mopduzmos End(V) u anredbpsr kBaj-
paTHbix Marpui Haa mojgem K pasmepom dimV x dim V. Drtor mzomopdusm omnpegesercs
neficTBHEM J1I060T0 onepatopa 1’ € End(V') Ha BeKkTOpa BHIOpaHHOIO Ga3MUCA:

Tl> e, = ejTJZ:, = T — T = ||T‘z]|| < Mat(K)dimv.

31ech 3HAYOK > 0003HaTaeT “meficTBre Ha 00bEeKT’ U MbI Oy/IeM IIOCTOSHHO UM ITOJIb30BAThCS B
jnanbhefiiiem. HamoMmunaeM, 9To 10 MOBTOPSIONIUMCS UHIEKCAM MTOIPA3yMeBACTCA CYyMMHUPOBa-
HHUE 110 BCeMy ,ZLI/IaHaSOHy ,ZLOHyCTI/IMBIX 3HAYCHUH.

BazkHBIM CBOWCTBOM IyaJbHBIX KOHEYHOMEDPHBIX IIPOCTPAHCTB SIBJISIETCS N30MOP(MU3M

End(V) =V e V*.



To ecrb, Jar060My JmHeliHOMY onepaTopy u3 End(V) MOXKHO cOMOCTABUTH BEKTOD TEH30PHOTO
npoussejieans V @V, u naobopor, jsr000My BeKTOpY npocrpancTsa V @ V™ orBedaer JuHeiHbIT
omneparop na V.

Bribepem B mpoctpanctee V @ V* Hexkoropsiit BekTop Buga v ® £. [Ipon3BoibHbIilt BEKTOD 13
V @V* npeacrapigercd JHHEHHON KOMUOMHAIIMEH KOHEYHOTO YUCIAa BEKTOPOB Takoro Tuna. I1o-
CTPOUM II0 JIAHHOMY BEKTOPY JHUHEHRHBINH onepaTrop Ha npoctpanctse V. [1sg 9Toro onpeaeanm
ero JieiicrBue Ha MPOU3BOJILHBIN BekTOp U € V' cieayiomnieit popmyJioii:

VueV: (ve&ruZv- (€ u). (1.4)

B cuty cBoiicTs Gunnneiinoit ¢hopmbr () Takoe geiicTBue 3amaeT auHeiinoe orobpaxkenune n3 V'
B V 1 3HAYUT onpejie/igeT HEKOTOPBIH JUHEHHbBINH onepaTop Q.

Eciu 3adukcuposars B V u V* npoiicTBennble Habopbl 6a3ucHbIX BeKTOpoB {e;} u {€'}, To
oneparop ) GyIeT 3a1aBaThCs MATPHIEH CJIEIYIOMEro BUIA:

veE < Q=|vgl,

rae v u § — KOOPAMHATHI BEKTOPOB ¥ M &£ OTHOCHUTEIBHO JAHHBIX TBOICTBEHHBIX OA3MCOB.
HeiictBurenbro, yanreiBast (1.4) n onpejeseHne MaTPUIBl OMEPATOPA, UMEEM:

(vR€be =v-&=e; (V) = e, =Qpe,.
EnananaaoMy (TOXKIECTBEHHOMY) OI€paTopy Ha HPOCTpaHCTBe V' cOOTBETCBYeT KOMOWHATMS
idv =€, X Ei.
O6paTHOE COOTBETCTBHE CTPOUTCS CTOJb 2Ke npocro. ITo manHomy oneparopy 17' € End(V)

Ml HaxonuM ero Marpuiy T = ||T7|| B Gasuce {e;}, a 3arem ompejessieM COOTBETCTBYIONIH
BekTop B V ® V* cienyromum obpa3om

A

T +— el - -éecVaV, (1.5)
rye {€'} Gasuc B V*, nyanbusiii 6azucy {e;} B V.

AccomuaTuBHadg aaredbpa c eauHUIEit

B janHoM pasjesie Mbl PACCMOTPHUM OIIPEJEJEHUE OJIHOIO U3 OCHOBHBIX OOBEKTOB HAIIUX
JIGKITNT — acconuaTuBHO aaredpwl ¢ eaunuieii, u nepedopMyIupyeM ero Ha A3bIKe KOMMYTa-
TUBHBIX JIHATPAMM.

Onpenenenue. AcconmaTuBHON ajgreOpoil ¢ exwHUIE Haa mosteM K Ha3bIBaeTCsl JIMHETHOE
K-tipocTpancTBo A, B KOTOPOM 3ajaHa OGuHapHas oneparuus ymuOXKeHus m : A x A — A,
obstaatoIast CaeayoIuMi CBOCTBAMN:

1. Va,bce A, Vz€K:

2. Va,b,ce A:
3. deqe A, Vae A:

Bech z-a 00603HaYaeT yMHOKEHUE 3JIEeMEHTA 2 U3 YUCJIOBOro 1o K Ha BeKTOp a JuHeiRHoro K-
npocrpancrea A. Eciu Va,b € A: m(a,b) = m(b,a), o anrebpa HA3BIBAETCS KOMMYTATHBHOIA.
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Cdopmyaupyem Ternepb 3TO Opeie/ieHue B IPYTroil, 9KBHBAJICHTHOH hopMe, HCIOIb3YIOIeit
SI3BIK TEOPHH MHOYKECTB U OTOOpakKeHuit MexK 1y HuMu. JIJist moJiydeHust ynomMstayToii nepedop-
MYJIIPOBKY TPOAHAJU3UPYEM CMBIC KaKJI0T0 U3 IMMYHKTOB HAIIErO ONPE/IeTeHNS.

[TepBoiit myHKT onpejenenus TpebyeT, 4TOOLI Oonepanus yMHOXKeHUs Obljia OuanHeiiHa 1mo
CBOHM apryMmeHTaM. 1o ecTh, 0TOOpazKeHne m OIIPeIe/sgeTcs He MPOCTO Ha JeKaPTOBOM MPOM3-
Begennn A X A, a Ha TeHsopHoM npoussegenun A ® A, u npu 5ToM 0TOOparKeHUU JTUHeHHAs
CTPYKTYypa TEH30PHOTO HMPOU3BE/IEHUsI KAK BEKTOPHOI'O MPOCTPAHCTBA MEPEXOIUT B JIMHEHHYIO
crpykTypy npocrpancrsa A. To ecTb, onepanust yMHOKEHUS M €CTh TOMOMOP(OU3M BEKTOPHBIX
npocrparct A ® A 4 A:

(a+b)@c=a@c+b®c = m(a+b,c)=mla,c)+m(bc) € A,
(z-a)@b=a®(z-b)=2-(a®b) = m(z-a,b)=m(a,z-b) =2z -m(a,b) € A

Bropoit myHKT omnpeiesieHUs ecTh yCJI0BUE acconuaTuBHOCTHA. Ha s3bIKe Teopuu MHOMXKeCTB
oHO hopMmysIpyeTcs Tak. BosbMmeM 1060 smement u3 Muoxkectsa A ® A® A (1o ecthb 1106y10
VIOPSIZIOYEHHY IO TPORKY 3JeMeHTOB a, b, ¢ u3 A win jnHeiiHy10 KOMOMHAIIMIO TAKUX TPOEK) |
CHAYAJIa TIEPEMHOKIM JIBE TOC/IEIHHE KOMIOHEHTHI ¢ MOMOIILI0 roMomopdusma m : AR A —
A. Tlpu 3TOM mepBasgi KOMIIOHEHTa TPONKHU ocTaeTcss 6e3 M3MEHEHHs, YTO WHTEPHPETUPYETCS
KaK MpUMeHeHre K Hell TOXKIeCTBeHHOro oroOpakenus id. B pe3yabrare Takmx aelcTBUN MBI
MOJIYYUM HEKOTOPHIH d1eMeHT u3 AR .A. 3aTeM K 9TOMY 3JIEMEHTY OIIATH MIPUMEHsIEM OITePAIHIO
YMHOXKEHUSI U HPUXOJUM K pesyjbrary — sjementy u3 A. Mbl Oyjgem u300pazkarh JIAHHYIO
MENOYKY OIepalui CAeIYIONeH CXeMOT:

AQAQA T A A ™ A

C apyroft ¢TOPOHDBI, MbI MOXKE€M HAavaThb C IEPEMHOKEHUsI MEPBBIX JBYX KOMIIOHEHT BbIOPAHHO-
ro saemenrta 3 A ® A ® A, ocrapiassa 6e3 n3MEHEHUsI TPETHIO KOMIOHEHTY. [Ipn 9TOM omaTh
HOJIyYHTCH HeKuii saement u3 A ® A, Koropslii yMHOXKeHHeM orobpazkaercsa B A. Dra moce-
JIOBATEILHOCTH ONEepaluii n300pasuTes JAPYroi cxemoii:

A A A ™ A4 T A

YcjioBre acCONMATHBHOCTHA O3HAYAET, YTO JJs JII000OH TPOHKM SJeMEHTOB U3 Halleil aJreOpbl
9TH JBa CII0cOOa YMHOXKEHHS JTal0T OJIMHAKOBBIA PEe3y/IbTaT, TO eCThb JBe IPUBEICHHDbIE BBIIIE
cXeMbl 3KBUBaJIeHTHbI. Maremaruiecku 310 (GOPMYJIUPYETCHd KaK yCJAOBUE KOMMYTATUBHOCTH
CIeIYIONEeA nuarpamMmbl:

A AR A
id®m m®id

Ao A m_,A-—" AxA

JImarpaMMa Ha3BIBaeTCS KOMMYTATHBHOI, ecIm pesylbTaT ee oOxoqa' He 3aBHCHT OT BBI-
OpaHHOIO TyTH.

Tlon 06x0moM mHArpaMMbI HOHEMAeTCA HOCTeI0BATeIbHOe BBRIIOMHEHIe TeX OIepaluii, KOTOPLIE BCTpeda-
I0TCsl HA BHIOPAHHOM IIyTH JABUKEHUS IO [HArPAMME.



U, HaKoOHeIl, IOCAeIHINA TYHKT OIpeIeIeHus MOCTYJIAPYeT CYyIeCTBOBAHNE €IUHATHOIO 16~
MeHTa e4 U 33jlaer ero cpoiicrsa. Hasmuume B anredpe €JMHUYHOIO 3JIEMEHTa SKBUBAJEHTHO
CYIIECTBOBAHUIO BIOKeHud 1) : K — A guncyiosoro nosist K B aaredpy A:

Va,z €Kz + 22) = n(z1) +1(22),  n(z122) = m(n(z1),m(22)), (1.6)
KOTOPOEe 00/1a/1aeT JIOMOJHUTEIbHBIM CBOHCTBOM:
Vae A, VzeK: m(a,n(z)) =mn(z),a)=z2-a. (1.7)

DKBUBAJEHTHOCTH CYIIECTBOBAHUS €INHUIHOIO 3/IeMEHTA W HAJHIHSI BJIOYKEHUS 1101 B aJIr-
Oepy JI0Ka3bIBaeTCcs HECJ0:KHO. /leficTBUTE/IBHO, ecji B ajredpe CymecTByeT eJIMHUIHBIN d1e-
MEHT €4, TO BJoKeHHe 1) : K — A onpenessercs Taxk

VzeK: n(z)=z-e4 € A

CpoiicTBa BJIOKEHUs 00ECIEYUBAIOTCA AKCHOMAaMHU JIMHEHHOI'O MMPOCTPAHCTBA.

U obpatHo, ecau ecTh Biroxkenue 1) : K — A co ceoitcrBoMm (1.7), T0 ero 3HaUeHUE B eJIUHUIE
qucI0Boro mos gaer saement 7)(lg) € A, kKoTopblil yAoBIeTBOPSIET TPEGOBAHUSM TPETHETO
MMYHKTa HAIIETO OITPeJIeJIeHHsI, TO €CTh SABJIAeTCd eIMHUIHBIM 3JIEMEHTOM € 4:

n(lg) € A: Vae A m(n(lg),a) =m(a,n(lx)) =lxra=a = n(lk) e

Bamernm, 9T0 KoMIo3uIus orobpazkernuii m o (n ® id) (coorsercrBerno m o (id ® 1)), Koropas
nepesouT K ® A B A (coorBercrerno A ® K B A), peanmsyer ecTecTBeHHBIH H30MOPGhU3M
KA A(ARK = A), 3aiaunblii COOTHONTEHTEM

Vae A, Vz€EK, z2®Q®a=1x®z-a— 2-a.
HeiictBurenbro, B coorBercrun ¢ (1.7) Mbl noxyvaem s Va € A, Vz € K:
z®a @n(z)@a s m(n(z),a) =z - a.
CdopmynnpyeM Tenepb onpee/enne acconuaTuBHOi K-aareOpel B HOBBIX TEPMHUHAX.

Onpenenenune 1.2 Accoyuamuerot anreebpoti HaJ 9UCJIOBBIM oJeM K Ha3bIBAETCs JIMHEITHOE
K-ipocTpaHcTBO A, /1J1sT KOTOPOTO ONpejesieH TOMOMOP(U3M M JTHHEHHBIX TPOCTPAHCTB:

m: AA— A

Ha3bIBAEMBbII YMHOZKEHHUEM, TaKOIU/I, qTO CJaeAyollad AuarpaMMa KOMMYTaTHBHA:

A AR A
dm m ® id

Ao A m . A-—""" AoA

Jlng noJstydeHns: acCOMMATUBHON aareOphbl ¢ eJMHUIEH MOCTYJIMPYEeTCs CYIEeCTBOBaHHE ellle O/l
HOT'O OTOOparKeHusT — BJIOKEHUS T0JIsI B aareopy.



Omnpenenenne 1.3 Accoyuamusroti anrzebpoti ¢ edunuyet HAT IUCTOBBIM MojeM K Ha3bIBa-
ercs acconmaruBHas K-aiarebpa A, B KOTOPOii JONOJHATEILHO K ONEPAIMHA YMHOKEHUSI Olpe-
JesieHo Biaoxkenune 10 K — A (eamHuia), Takoe, 9T0 CJOELYONAsl AHArpaMMa KOMMYTATHBHA

ARK 2 A 2 KA
id®n . n®id

AA m A m A® A

Yeaosue KOMMyTaTuBHOCTH ayre6psl — m(a,b) = m(b,a) mas a060# mapbl 3JeMeHTOB @ u b
— TOXKe MePeNnuChiBAeTCsl Ha si3bIKe 0ToOpazkenuii. [Ist 9Toro 3a1aercss 0ro0paskeHue mepecra-
nosku P

P: A A—- AR A, Pla®b) =b® a.

Teneps yca0Bre KOMMYTATHBHOCTH aJreOpsl A 3ammuchbiBaeTcs KaK yCIOBHE paBEHCTBA 0TOOpa-
KEHUS M W €r0 KOMIO3UIINHU ¢ MePecTaHOBKOI:

m=moP < m(ab)=m(ba) Va,be A.

Anrebpa JIu u ee yuuBepcasbHada obepThIBaoIasa ajaredbpa

Anrebpsr Jlu u ux yHuBepcaabHbIE 00€DPTHIBAOINE aaredpbl UTPAIOT OOIBIMYIO POJb B (-
3UYECKUX TEOPUAX (KJIACCHYECKOii M KBAHTOBOII MeXaHWKe, KBAHTOBOW TEODHM TIOJS U T.II.).
Pa3noobpastbie cuMMeTpun (pU3nIecKux cucTeM (IPOCTPAHCTBEHHO-BPEMEHHbIE U BHY TPEHHHE)
OTMHCHIBAIOTCS JIEMEeHTaMu TPy JIu, a reHepaTopbl HeCKOHETHO MAJIBIX TPeoOPa30BaHUil, COOT-
BETCTBYIOIUX 3TUM CAMMETPHSIM, IBISIOTCS deMenTaMu aare6p JIu. Maremarudyeckn anredpa
JIu ompejesisieTcs CaeAyONUM 00Pa30M.

Onpenesenne 1.4 Anzebpoti JIu nag noineM K HasbBaeTcs JauHEHOe K-IpocTpaHcTBO L, HA
KOTOPOM JIOIIOJIHUTE/IHHO 33/ 1aHa OuinHeiHas aHTHCUMMeTPUYHAA onepanusa — ckooka Jlu [, ] :
L ® L — L ynoBaeTBopsmomias ToxKaIecTBy Arobn

VabceLl: Ja,l[bc]]+1b[call +[c|a,b]] = 0.

Ha npakruke (17s vy GbU3n9ecKoii Teopun) BasKHbI He camu ajireOpsl JIu, a ux npejcran-
JeHns. HamoMHUM cOOTBeTCTBYIOIEe OMpPeiesIeHne.

Onpenenenne. [Ipencrasirennem aaredpsl JIu £ B auHeitHoMm K-ipocTpaHcTBe V' Ha3bIBAETCS
orobpaxkenne T, nepesojsinee L B anredpy JuHeitbx oneparopos End(V), co crenyomumu
CBOMCTBaMHU:

1. Yai,as € L, V21,20 EK: T(zl cay+ 29 - ag) = zlf(al) + zgf(ag)

~ ~

2. Ya,be L: T([a,b]) = T(a)T(b) — T(b)T(a).
Kaxk yzke roBopuiock Bbile, anredpa JuHeitHbix oneparopos End (V') npencrapisier coboit ac-

CONMATHBHYIO ajreOpy ¢ eJAuHHIEeH (TOXKJIECTBEHHBIM onepaTopoM). JIobyo acconmaTuBHyio
aarebpy A MoxkHO npesparuThb B ajarebpy Jlu, ecan onpepenursh cKOOKy JIn ABYyX HpOU3BOJIL-
HBIX JIEMEHTOB n3 A Kak X KOMMYTaTop. BTOpOil MyHKT ONpejeneHus MpeIcTaBJIeHns] Kak
pa3 Tpebyer, 9TOOBI CKOOKa JIu 1BYX 9/1€eMEeHTOB 0TOOpazKaach B KOMMYTaTOp UX 0bpa3oB. AJ-
reGpa Jlu, nosyuennas u3 acconmaruBHoil anre6pel End(V) samanuem ckoOku Jlu JrHEHHBIX
OLEepaToOPOB B BUJIE U3 KOMMYyTaTOpa, 00brun0 0b603nauaerca gl(V). Kaxk Buano u3 oupepesenns,
oTobparkeHne T onpeaensier romomopdusm anrebp Ju L u gl(V). Tlostomy sKBEBaJEHTHOE
OTIpejie/IeHne JIMHEHHOTO TTPeICTaBIeHnsT (DOPMYIUPYETCs CIELYIONUM 00PA3OM.



Omnpenenenne 1.5 Ipedcmasaeruem anzebpo JIu L 6 aunetinom npocmpancmee V. nasvlea-
emes eomomoppusm T anzebp JluT - L — gl(V).

[IpocTpancrBo V' ¢ 3a1aHHBIM Ha HeM IIpeacTaBaeHneM ajreOpsl Jlu L HazpiBaeTcss L-MOILYIEM.

Tor daxr, uro ckobka JIu Bcerjia npejacTapisieTcss KoOMMYMamopom JUHEHHBIX OllePaTOpPOB
ue ciaydaer. OH SBASETCS OTPaKEHWEM BaKHOM cBs3u aiaredp Jlu m acconmmaTtuBHBIX ajaredp c
equnuteit. C npousBosibHOI anreOps! JIu L Beerya cBsi3aHa HEKOTOPAsT aCCOMUATUBHAS OECKO-
HeuHoMepHas ajrebpa U(L), Koropas Ha3blBaeTcs YHHBEPCAJbHON 0bepThiBatolieil aarebpoit
nanHO# ayredpsl JIn L. OcHOBHOE CBOHCTBO yHHBEPCAJBHON 00epTHIBAIOIIEH 3aKJIIOYAETCS B
TOM, 4TO JI060e mpeacTapaenne aareOpsl JIu £ MoxkeT OBITH HOJIYUEHO U3 HEKOTOPOro IIpejl-
crasaenns U(L). Tlosromy, ecm Tpebyercss paboTaTh TOJIBKO C MPEACTABICHUAME AIre6psl Jlu
(B GosbImuHCTBe (DU3HUECKUX 33729 9TO TakK), TO MOKHO IEepeidTH K ee YHHBEPCAIbHOH 06ep-
THIBAIOIIEH aaredpe H I0JIb30BAThCS €€ IMPeICTaBIeHHIMHE.

YuupepcajibHas odepThIBatolias 11000 anredpsl JIu obsragaer emne 0JHUM BaKHERIITNM J1JIsT
bU3NKU CBOHCTBOM — OHA MPUHAIIEKUT K Kaaccy aaredbp Xomda. CTpykTypa aaredpsl Xotda
HO3BOJISIET CTPOUTH TEH30PHBIE [IPOU3BE/IeHHs MpeacTaBienuii anre6pel U(L) (a 3naunr u L),
ITO JAeT BO3MOYKHOCTH OIMCHIBATH CJIOKHYIO (DU3MIECKYIO CHCTEMY KaK COBOKYIHOCTH €e 60-
Jiee TIPOCTBIX qacTen. O,HI/IH N3 CaMBbIX HU3BECTHBLIX TMIPUMEPOB — MPABUJIO CJIOXKEHUA YTJIOBBIX
MOMEHTOB B KBAHTOBOI TeOpUH (CJI0KeHHE CIIMHOB HECKOJbKHUX YACTHII, WJIH CIIHH-OPOUTATBHOE
B3aMMOJIEfiCTBHE B aTOMe U TaK Jajee).

Hamum renepb GopMajbHOE onpe/iesienne yHuBepcaabHoii obepreiBaorieii airedbpsr [HJ.

Onpenenenne 1.6 Ywnusepcarvroti obepmuisatoweti arzebpoti arzebpu, JIu L HA3BIBaETCS ac-
connaTuBHast anrebpa ¢ eqununei U (L), 1st KOTOPOH BHIMIOJHEHBI CJIEIY 0NN TPEOOBAHUS

1. CymecrByer quHeitHoe oTobpazkenue p: L — U(L).
2. Vabe L plla,b]) = pla)p(b) — p(b)pla).
3. Anrebpa U(L) mopoxKaeTcst CBOMM €MHUYHBIM 3JIEMEHTOM €y U TOAMHOKeCTBOM p(L).

4. Ecan 3a1aH HEKOTOPBIH roMOMOpdu3M ¢, oToOpazKkaonuii £ B TPOU3BOIBHYIO acCOIHA-
THBHYIO aarebpy A ¢ equHuIeil 1 yroBaeTBOPSIONIHi TpeOOBAHUIO MyHKTa 2, TO €CTh

L2 A ¢(la,b]) = d(a)(b) — d(b)é(a),

TO BCErJa MOYKHO TOCTPOUTH TOMOMOP(MH3M acCCOIMUATUBHBIX aaredbp ¢ eaunuiei ¢ :
U(L) — A, 11g KOTOPOro KOMMYTATHBHA CJICAYIONAS JIUATPAMMA:

TO €CTh, TOMOMOP(MU3M ¢ MPEACTABUM B BUIEe KOMIIO3UIINU OTOOPAKEHHUI
¢=1op.

MozKHO TIOKa3aTh, 9TO JaHHBIM OIpele/eHueM YHHBEpcaIbHasg 00epThIBaolas aJjredpa ompe-
JIeJIAeTCS € IMHCTBEHHBIM 00Pa30M ¢ TOYHOCTBIO JI0 U30MOPGU3MA.



JlaBaiiTe Temepb MOAPOOHO OCTAHOBUMCS HA MYyHKTAaX 9TOrO OMpeJeaeHns U YSICHUM cebe uX
CMBICT.

JluneitHoe oToOpakeHme p, CyIeCTBOBAHIE KOTOPOro TPeOyeT MepBbhiil IYHKT OIPe e/ IeHN I,
nepesojutT anredpy JIlu £ B Hekoropoe moamuokecTBO p(L) C U(L) yHUBEpCcanbHON 06ep-
ThIBaloIIeil ajareOpel. B cuily yc/IoBHsS W3 BTOPOTO IMyHKTa ¥ JIMHEHHOCTH p 9TO MOJAMHOXKECTBO
aBagercs noganredpoit JIn? B U (L) — romomMopdHbIM 06pa3oM uexoaHol anre6psr JIn L. Jlerko
BHJIETH, YTO ME€PBbIE JBA IIYHKTA ONPEe/IeHNs yHUBEPCAJIBHON 00epThIBAIOIIEH aIreOPhl BBIOJI-
HEHBI JIJIs1 JTF000r0 JTHHEHHOTO npe/craBaenus aaredpsr L (¢ 3amenoit U (L) Ha acCONMATHBHY O
anrebpy End(V)).

Tperuit nyHKT O3HAYAET, YTO COCTAB/IASA BCEBO3MOXKHbBIE KOHEwHbLe TPOU3BEICHHS dJIeMEH-
ToB u3 p(L) u Gepst KoHewnbie JIUHEHHbBIe KOMOUHATINY ITUX MPOU3BEIEHUI ¢ JOMOJTHUTETHHBIM
€/IMHUIHBIM 9JIEMEHTOM €17, Mbl MOYKEM IOJIYYUTh JIIOOOH JI€MEHT YyHUBEPCAJIbHO 00epThiBa-
formeit. I mockobky cama L siBjisgiercst TuHEHHOH 06071049K0H NMPON3BOJIBHBIX (DUKCHPOBAHHBIX
Oa3MCHBIX JIEMEHTOB €;, MBI 3aKJII0UaeM, 9TO BCA yHUBEPCAIbHast 00epTHIBAOMAs ajarebpa mo-
pozK1aeTcs HabopoM 371eMeHTOB p(e;) — obpaszamu Ga3sUCHBIX 3JeMeHTOB anrebpsl JIu e; OTHO-
CUTEJIbHO 0TOOPAXKEHUS P U JONOJHUTEIHHBIM €THHAYHBIM 3JIEMEHTOM €7/, KOTOPBIH He3aBUCHM
ot p(e;).

U, makower, 4eTBepTHI MYHKT ONpeie/ieHns, HauOo/ee CyIMeCTBeHHBIH € MPAKTUIECKON
TOYKHU 3PEHHs, MPUBOIUT K TOMY, UTO JI000e mpeacraBienne £ MOXKeT ObITh MOy YeHO U3 HEKO-
toporo npejcrasienus U(L). JdeficTBUTENbHO, B Y4ETBEPTOM IIYHKTE FOBOPUTCS O TOMOMOPQU3-
Max anareopsl JIu £ B nmpousBosbHYIO0 acconuaruBHyo aarebpy A. B wactHOoCTH, B KadecTBe
Takoil anre6pbl Moxker ObITh B3dTa End(V) — asrebpa JuHEHHBIX 0OMepaTOpPOB B HEKOTOPOM
BekTOpHOM npoctpancTee V. Ho Toraa romomopdusm ¢, 0 KOTOPOM HJIET pedb B OIPeIe/IeHNH,
Oymer peann3oBbiBaTh npescTapienne L B V. CoracHo OnpeaeeHnio Mbl MOYKEM TTePEeRTH OT
L x U(L) ¢ nomotpio romomMopdusma p, a 3areM 00s3aTeIbHO HaliIeTCs TAKOe IPEeICTABICHHE
1) YHEBepCAJIbHOI obepThIBaloIieil aJreOpbl B TOM 2Ke caMOM IIpocTpaHcTBe V', KoTopoe Oyuer
COBIAJATEL ¢ MPEJCTABICHUEM ¢ Ha dJIeMeHTax aareopnr L.

[TpuBenennoe BoiNIe 3aMedanne 0 MHOKETCTBE {p(€;)} 00pa3oB 6a3uCHBIX BEKTOPOB, MOPOZK-
JIAOIIEM YHUBEPCAJIBHYIO 00ePTHIBAIOIILY IO aaredpy, JaeT MPakTUIecKnii crocod ee mMOCTPOEHU.
IMeHHO 3TO MOCTPOEHWE MBI MCIOJIB30BAMN B MPEABIAYIINAX JEKIHIX, KOTIa PAcCMaTPUBAIN
kBanToBanue ckobku Ilyaccona-/Iu na Marpudnoit anredpe.

Urak, pukcupyem B gannoit aaredpe JIu £ Gasucubiit nabop Bektopos® {e;}, 1 <i < dim L,
L = Spang({e;}) (ss upocrorsr GOPMYJIUPOBOK Mbl PACCMATPUBAECM KOHETHOMEDPHbIIT CJry uaii)
1 HAXOJMM CTPYKTYpPHBbIE KOHCTAHTHI OTHOCHTEIBLHO 3TOr0 Hasmca:

e, e;] = C’i]’?ek.

Barem Mbl ¢TPOUM CBOGOIHYIO TeH30pHYyI0 aarebpy T (L) smuelinoro npocrpancrsa L u Gepem
dakTop T0# acconuaTUBHON aare6psl 10 ABYCTOPOHHeMY Haeasy (J), IOPOKIEHHOMY MOMHO-
xkectBoM J C T(L) 2JeMeHTOB TeH30pPHO# aireGphi:

J:{ei®ej—ej®ei—0ifek]1§i<jgdimﬁ}.

2Crporo rosops, yausepcaabhas obepThisatomasn U (L) n3HadaibHo He ABIgeTca aarebpoit JIu u mosTomy He
MozkeT uMmeTh mopanrebp Jln. OHako, Kak yKe 00bsACHATOCH Bhime, B U (L), KaK U BO BCAKOH ACCOMAATHBHON
anrebpe, MOKeT OBITH BBE/IEHA CTPYKTypa ajiaredpnl Jlu yepe3 KoMMyTaTop ee 3JIeMEeHTOB.

3Hawma xoncrpykius, TakuM obpasoM, Oyjer sapucerb or Bblbopa 6Gasuca B airebpe Jlu, HO IIOCKOJILKY
pasnuYHbIE DA3UCH CBA3AHBI O0PATUMBIMU JINHEHHBIMU TTPEOOPA3OBAHUSIME, TO APYTOM BHIOOP MCXOIHOTO Ha3wmca,
MpUBEIET K U30MOPQHON KOHCTPYKIINK YHUBEPCAIBHON 00EPTHIBAIOIIEH aaredphI.



ITo onpenenenunio, naean (J) COCTONT U3 6cex FMEMEHTOB U;; € 1(L), AMEIOMUX CIIeIyIonmuii
o0IIMit BUI;

U =X®((e®e —e ®e — C’ek)®Y VX, Y eT(L), 1<i,j7<N.

Yuomanyrerii dakrop Tensopuoit anredor T(L) no uaeany (J) u Gyger yHUBepCaaLHONH 06ep-
THIBBITOTIEH arebpoit aaredper Jlu L:

2 bwnaaredopnr nu aaredopsr Xonda

Aunre6psr Xonda (cMm., nampumep, [Ba, Al) apistiores npeacraButessivu 6oJiee MIUPOKOTO KIac-
ca buasiredp. buasiredbpa — 310 acconuarusHasd ajarebpa ¢ eJMHULEN, B KOTOPOH HOMUMO YMHO-
ZKeHud 1 eJMHUILBI OIIpeaAe /IeHbl ABE AOIMOJIHUTE/IbHBIC Ollepallill — KOYMHOXKeHNe U KOCeAJUHHNIA.
Buanredpa cranosurcs anredopoit Xorda, ecin B Heit BO3MOXKHO OITPeJAeINTh TPEThIO JTOMOIHU-
TeJIbHYIO OIIepaIliio — TaK Ha3bIBaeMblil aHTUIOA. B mamHOM pasiesie MbI MOAPOOHO pa3depem
olIpeJie/IeHre ITHX ONMEpalliii, a TaK»Ke PacCMOTPUM HanboJIee BayKHbIE [IJIsT HAC IPUMePHI aJredp

Xomda.

KoyMHOXKeH1e n KOeJImHUIIA

g Toro, 9TOOHI JTydIlle TOHATH CMBIC U (DYHKITNHN YIOMSHYTBIX B MO/I3aT0JIOBKE OllEePaInii,
PACCMOTPUM BOMPOC O TEH30PHOM MPOU3BEJCHUH MOJY/Ieil HaJl acCONUATHBHON aarebpoit (To
€CTh, TPOCTPAHCTB € 3aJIAHHBIM TIPEJICTABICHIEM TON anreGphr).

[Tpenmosiozkum, 9TO 3a1aHa acconuaTuBHas ajarebpa A ¢ eqnHuIell 1 eCTh 1Ba €e IpeIcTaB-
JIEHHUs B KOHEYHOMEPHBIX BEKTODHBIX mpocTpaHcTBax Vi u Vo, O603HAYMM COOTBETCTBYIONIHNE
orobpaxenns are6psr A B End(V;) n End(V3) cnvsonamu Ty n Th COOTBETCTBEHHO:

T,: VYaeA, Tya)eEnd(V)).

PacemorpuMm Tenepb TensopHoe mpomseienue W o= V) ® V5 u 3aaauMcess BOIPOCOM, MOK-
HO JIM IOCTPOWTH mpencrapienune A B npocrpancrse W u Kak oHO 6yIeT CBA3HO C Ty u Ty?
Boobriie ToBOpst, 11T TPOU3BOILHON aarebpsl A OTBET HEM3BECTEH W HAXOXKJICHUE CTPYKTYPHI
A-Moy/is Ha TeH30pHOM Lpou3BegeHun AByX A-Momyseil ouenb HerpuBuasbHas 3agada. Or-
METHUM, OJHAKO, 9TO B IPOCTpaHCTBe W OTHOCHTEIBHO JIEMEHTAPHO CTPOUTCS MPEICTaBICHIE
TEH30PHOI0 POU3BEIeHN IBYX Komuii airedbpsl A. CorsacHo omnpe/ieIeHuio, TeH30PHOe IPOU3-
BeJICHIEe ACCOMUATUBHBIX ayrebp ¢ exununei A ® B ecTh acconumaTuBaas ajaredbpa, KOTOpast Kak
BEKTOPHOE IPOCTPAHCTBO COBIAAET C TEH30PHBIM MPOU3BEIeHINEeM BEKTOPHBIX MPOCTpaHcTB A
u B, onepanust yMHOXKEHHsI 331a€TCa cooTHOMmEeHneM (a1 ® by) x (ag ® by) = (ag - az) @ (by - by),
n eﬂHHHquIIUJ JIEMEHT JaeTCd IIPOu3BeIeHUEM €JUMHUYIHBIX 9JIEMCEHTOB aJIFe6p—COMHO}KI/ITeﬂeIU/I:
e4 @ eg. YUUTHIBas 3TO ONpEEJIeHNe, JErKo POBEPHTH, UT0 oTobpaszkenue () U3 TEH30PHOTO
kBajipata aare6psr A B End(W)

Qa®b) =Ti(a) @ Ty(b), VYambe AR A:. (2.1)

3agaer upeacrapienne AQ A s W =V, ® V;.

3ameuanmne. OTMETHM, UTO 37Ch MBI PACCMATPUBAEM MPOCTEHINHH Caydail accONMMaTUBHON
aarebpwl, BIpoueM, jgocrarodano odmuii. Ho, Boobie roBops, cTpyKTypa acConuaTuBHOM aared-
pbl Ha TEH30PHOM KBaJpaTe He BCerja MOXKeT OBITh BBEJEHA MPOCTBIM CIIOCOOOM, OIMMCAHHBIM



BoImIe: (a1 ® by) * (ay ® by) = (ag - az) @ (by - be). TOHKHI MOMEHT 3AKJIIOYAETCS B CJIEYIOMIEM.
QaKkTUYECKH, IPUBE/IEHHOE YMHOKEHUE eCTh 0TOOpaykeHuil u3 wemeepmot TeH30pHON CTelneHn
anrebpbl A B TeH30pHBIH KBAIPAT, KOTOPOE COCTOUT W3 KOMIO3UINH CJICAYIONIHX OMePaIHii:

a1 ® by ® az @ by Las, a1 ® az @ by @ by e m(ay, az) ® m(by, by),

rae cumBor m @ A® A — A obosuagaer ymuoxkenne B A (Bbiine 0003HAYABIIEECST TOIKOM 115t
IpocTOTH). 31ech Phs — oObIuHast mepecTaHoBKa Ph3 > as ® by = by ® as. To ecTh, smeMeHTHI ay
1 by M3 pasHbIX KOMIOHEHT TEH30PHOTO Mpou3BeieHus A nepecraBiagiorcs, “He 3aMedas’ Jpyr
JIPYTa, & IMOTOM MEePEMHOKAIOTCS ¢ COOTBETCTBYIONIMME 3JIEMEHTAMU HAIlel KOHCTPYKIIUH.

OsiHaKo, CYIIECTBYIOT, HAPUMED, TaK HA3bIBAEMbIE CyHepaarebphl (accoruaTuBHble aared-
DBl C Zo-I'DAJLyUPOBKOI1 ), SJIEMEHTHI KOTOPBIX II€PECTABJISIOTCS O HPABUILY

Poper>a @b = (—1)®b ® a, (2.2)

rje @ 0603HadaeT TPaIyupoBKY s1eMenTa a (rpajyupopka @ pasia 0 mwin 1 U3 Ko/bla BEIYETOB
o MOIyJio 2). JIjist TEH30PHOTO KBaJpaTa CylepanreGpbl mepecTaHoBKa Pog M3 MpUBEIEHHOM
BBIIIIE TEMOYKH O0TOOpazKeHUH JT0JKHA OBITH 3aMeHeHa Ha cyneprepectanoBky (2.2). ITosromy
ajiredpamdeckas CTPYKTYpa Ha TEH30PHOM KBaJipaTe CylepajreOpbl YC/I0KHIETC:

(a1 @ by) * (az ® bs) = (—1)"%(ay - as) ® (by - bs).

DTa YKe TOHKOCTh MEePEHOCHTCS Ha TEOPHIO MPEICTABICHUIN Cymepajredpbl B CYIepIpPOCTPAH-
CTBax, IJie HAJ0 YUUTHIBATH HE TOJBKO I'DAYUPOBKY JIEMEHTOB aareOpbl, HO U I'DATyUPOBKY
BEKTOPOB ITPOCTPAHCTBA MPe/ICTABIECHUS.

B cayuae anrebGpbl ypaBHeHUsI oTpaxkeHuii (anrebpa, MOJyUeHHAsT KBAHTOBAHHEM CKOOKH
Cemenoa Tsub-1T1Tanckoro) curyanust ere 6ojiee CJIOKHAS: IPH ONEICTCHUN YMHOKEHHST 1€~
MEHTOB T€H30PHOTO KBa/JIpaTa ajaredbpbl YpaBHEHHS OTPaKEHUl MEePeCTAHOBKY Frs HE0OXOMMO
3aMEeHATh Ha 0oJiee CJIOKHBbIE 0TOOparKeHn.

IIpemonoKuM Telephb, 9T0 y Hac nMeeTcd HeKOTopoe JHHeiiHoe oTobpaskenne A agre6pol
A B mpoussenenune A ® A

Vae A: Aa) = Zai ®a; =aq) Qap), a,a; €A (2.3)

B mocnenaem paBeHCTBe MBI BBeJI HOBBIE, OUeHBb YA00HBIE 0DO3HAUEHUS I CYMMBI dJIeMeH-
TOB T€H30PHOTO Mpou3BeeHusd. lanHble 0003HAUEHNS MUPOKO MPUMEHSIIOTCA B TEOPUH aJredbp
Xomda n KBAaHTOBBIX IPYII (Tak HaszbiBaeMble 0003Hadenust Cpuiepa — Sweedler’s notation).

Ecyin B39Th KOMIIO3UIIMIO OTOOPazKeHmit QOA, TO KayKIOMY 3JIeMEHTY aareOpsl A Mbl ocTa-
BUM B COOTBETCTBHE JIMHEHHBIH omepaTop, AefiCTBYIONUil B TeH30pHOM Tpou3Beenun Vi & Vs:

A

Yae A: (Q o A)(CL) = Q(a(l) X a(Q)) = T1<a(1)) X Tg(a(g)).

Jliist TOTO, UTOOBI TaKast KOMIIO3HUIIMS 0TOOpayKeHUii 3a1aBajia npejacrasierne ajarebpo A, orob-
pazkenne A TOMEMO JITHEHHOCTH JOJIZKHO YIOBJIETBOPATH €eIlle HeCKOJIbBKUM CBoiicTBaM. B gact-
HOCTH, JII0O60€ TpeJICTaBIeHHe eCTh TOMOMOPMQU3M aaredp, caeJoBaTeIbHO oTobpakeHne A Tak-
JKe JIOJIZKHO ObITh 20Momoppusmom anredpsl A B anrebpy A @ A:

Va,be A: A(ab) = A(a)A(b). (2.4)
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Kpome ToTO, € IMHIYIHBIN 9JIEMEHT aaredpbl TOJIXKEH IPEeACTABIATHCS TOXKICCTBEHHBIM Ollepa-
TOPOM B TIPOCTPAHCTBE TPEJICTABICHUS, CJAEI0BATETHHO

Ales) =es®eq.

Paccmorpum najee Tpu npejcraBienus naireil ajaredper B npoctpanctBax Vi, Vo u Vi, B Ten-
30PHOM IIPOM3BEICHUH ITHX TPEX MPOCTPAHCTB MBI TOZKE MOMXKEM IMOCTPOHTD IpeICTaBICHHE
anrebpel A. s sToro HeobxoauMo oTobpasuTh aarebpy A B mpousBeleHHe TpeX ee KOMUi
AR A® A. [lonb3ysich romomopdusMoM A 3T0i eI MOXKHO JTOCTHYD ABYMs myTsimu. CHa-
gaja npumenennem A nepexogum ot A k A ® A, a 3arem eme pa3 npumMensieM A K 0epBOMY
coMHOXKHUTeI0 B ipousseennn A® A u He Tporaem Bropoii (omepanusa A ®id). an npuvens-
eM A KO BTOPOMY COMHOXKHUTeJII0, He MeHsis mepsbiii (onepanus id ® A). Ha nepsom myTn Mbr
CHavaJIa CTPOUM IpeJIcCTaBIeHre B MpousBedeHnn Vi ® Vo, a TOTOM pe3yiabTaT IMepeMHOXKAEM C
npejcraBiaenueM B V3. BTopoit myTh mojipazymMeBaeT mocTpoenune mpeactasienus B Vo ® Vs, a 3a-
TeM yMHOZKEHHUE Ha IIpejicTapienue B npocrpanctse V1. Ho mockobKy TeH30pHOE IPOU3BEIeHIE
BEKTODPHBIX MPOCTPAHCTB aCCONUATUBHO

VieV) V=V e (V2 V),

TO €CTECTBEHHO MOTPeboBaTh, YTOOBI ONMMCAHHBIE BHIIIE CIIOCOOBI MOCTPOEHUS IPeJICTaABICHNS
B TEH30PHOM IIPOM3BEJICHUU TPEX ITPOCTPAHCTB JaBaJad Obl OJUH M TOT K€ pPe3yJIbTaT. DTO
IPUBOIUT K TPEOOBAHUIO KOACCOUUAMUSHOCTU TOMOMOpdH3Ma A

(A®id)o A = (id® A) o A. (2.5)

Orobpaxkenrne A B Teopun OGuajiredp Ha3biBaeTCsi KOyMHOXKeHueM. Takoe Ha3BaHHe OCHOBAHO
Ha TOM, 4TO KOyMHOXKeHHe A JeficTByeT B 00paTHOM HAIPABJIEHUH 110 CPABHEHUIO ¢ ONEPAIH-
eif yMHOXKeHHUsT m: yMHO)KeHHe otobpaxaer A @ A B A, a KOyMHOKEHHE BBITIOJHSIET MPSIMO
HMPOTHUBOIIOJIOXKHOE JelicTBre. TpeboBanme KOACCOMUATUBHOCTH A HA s3bIKE KOMMYTATHBHBIX
JIHarpaMM TOJIYYaeTCsS W3 TUArpaMMbl, BBIpazKalomiell acCOMMAaTUBHOCTh YMHOYKEHUS M, 3aMe-
HOU BCEX CTPEJIOK Ha MPOTUBOMOJIOKHBIE U MOJICTAHOBKOW OMepamuu KOYMHOKeHHsT A BMeCTO
YMHOYXKEHUS 170

Jpyroit anemenT 6uajredpbl — KOEJAMHUIA € — HMOABALETCS U3 HEOOXOIMMOCTH CTPOUTH O/I-
HOMEpHBIE TIpeJIcTaBIeHus. B pesyibrare KoeauHUIA — 9T0 roMoMoMOpdu3M u3 A B 9HCI0BOE
nosie K (IpOTHBOIOIOKHO BJIOKEHUIO, OCYIIECTBISIEMOMY €JIUHUIEH 7)):

Va,be A: ¢e(a) €K, e(ab) =¢c(a)e(b). (2.6)
B3amMOCBA3b KOCTUHUIBI U KOYMHOKEHHS BRIPAKAIOTCH CICAYIOMed hopMyIoii:
(e®id)o A= (id®e)o A =id. (2.7)

YuacrBylomne B 310l popmysie Komno3unuu orobpazkenuii nepesoaar A B K® A wim B ARK,
9T0, B CBOIO 09epeib, n3oMopduo A. CoorHormenne (2.7) Tpebyer, 9To0bl JaHHBIE KOMITO3UIIHH
OBLITE IPOCTO TOZKIECTBEHHBIMEI OTOOPAYKEHUSIME ¢ YIeTOM 9TOT0 H30MOP(MHU3MA, TO €CTh MPOU3-
BOJIBHBII 371eMeHT a € A 1o1KeH 0To6paxkaThest B 1y ® a (nim B a® k), 9T0 OTOKIECTBIAETCS
¢ a.

[TosicauM cMBbICJT TAKOTO TpeboBaHus Ha HpuMepe npejcraBiennii ajgredpor A. ITycrs 3aaH0
[IpeJICTaB/ICHHE T aareoper A B mHeiiHOM mpocrpaHcTBe V!

~

Vae A: T(a) € End(V).
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YTO MOJYIUTCS, €CJTU MBI IPUMEHAM K MIPOU3BOJILHOMY 9JIEMEHTY ¢ U3 HalIel aareGpbl KOMIIO-
sunuio orobpaxenuii (¢ ® id) o A? Mbr nmoaygaem

(8 & id) oA: a = an) Qagp) — 8(@(1)) & a) = 1x ® 8(@(1)) “a(g) € 1x ® A.

[Tocsreiree paBeHCTBO CIPaBeIINBO HA TOM OCHOBAHHH, 9TO £(a()) ecTh 4ncio u3 nons K, a
B COOTBETCTBHHU C OIpeIeJeHHeM TeH30PHOrO NMPOU3BEICHUS JTHHeIHbIX TPOCTpancTs Vz € K :
(z-a)®@b=a® (z-b) pia m06bIX a u b.

Takum obpasoM, J0OOMY 3JaeMEHTY a u3 aaredpsl A MBI MOXKEM COIOCTABUTH TPH JIMHEH -
HBIX OIIepaTopa B IPOCTPAHCTBE IIPEJCTABICHAA V — 5TO OIEpaTOpHI T(a), T(g(a(l)) “ Q) I
T(é(a(g)) - a(1y). ITOCKOIBKY KOEJMHHUIA € €CTh 1O ONpPe/IeTeHHI0 TOMOMOPMH3M, TO KaXK bl 13
STHUX OMepaTopoB onpenessier npeacrasienne A B mpocrpanctse V. Cormacuo dhopmyste (2.7)

a=¢(aw) - a@) = £(aw) - aq),

un cjieg0BaTeJIbHO BC€ TPHU BHIMIECYITOMAHYTHIX JINHETHBIX ornepaTopa nIpoCcTO COBIIadail0T (SaﬂaIOT
OJIHO U TO 2Ke TIpeJicTaBienne aareopsl A).

AGcerparupysich or npecraBiaenuii anreopsl A u o0beauHsis cootHomenus (2.4) — (2.7),
HOJIy9aeM CJIelyIoHiee OlpeleeHne.

Onpeneneune 2.1 Buanzebpoti Haa IUCIOBBIM TOJeM K Ha3bIBAETCS acColaTHBHAs K-aji-
rebpa A, B KOTOpPO#i MOMUMO ONEPAIMU YMHOXKEHUS] W eJUHUIBI JOMOTHUTEIBHO 3aJIaHbl 1B
orobpazkeHust — KoyMHO)KeHue A

A5 A0A: Ala) =) di®d] = an) ®ap

u koeauHuna € : A — K, KoTopble 00J1aJal0T CAeIYIONIME CBOHCTBAMU:
1. KoymHOXKeHHe U KOEJUHUIA ABJIAIOTCA roMoMopdu3Mamu aaredp ¢ eumHuIe, To ecth
Va,be A: A(ab) = A(a)A(a),  e(ab) = e(a)e(b),

A(GA):QA@GA, 8(€A):1K.

2. Koymuo)KeHne KoaccormuaTuBHO (2.5), 9T0 9KBUBAJIEHTHO KOMMYTATHBHOCTH CJIEJLYIOTIEH
JArarpaMMBbl:

A A® A
id® A A ®id

AGA—B 4B L AwA

3. s mpou3BOJBHOrO 3aeMeHTa a € A BBIIOJIHEHO COOTHOIIEHUE
Ala) =aqy®ap = claq) - ae = claw) - aq) = a, (2.8)

9TO 3KBUBAJIECHTHO KOMMYTAaTHUBHOCTH C.HG,ILyIOH_[eIL/'I JAuarpaMMBI:
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ARK 2 A X KA

d®e id e ®id

ASA - A A B AwA

[TorgepkneM, 9T0O B TpeTheM IIyHKTe ONpeJie/eHld CUMBOJIbL d(1) U G(2) He 0bA3aTeIbHO 0003Ha-
Yal0T UMEHHO 064 dj1eMeHTa aarebpor A, 3a koMmakTHeIME 0003HadeHusiMu CBuIepa CKPbITO,
BOODIIE TOBOPS, CYMMUPOSEHUE TIO JEMEHTAM aJredpbl, TO eCTh

elany) -ap =a & Ze(a;) -al = a.

Hy u emie oaun pa3 orMeTuM, 4TO JUATPAMMBI, ONPEJIEIAIONINEe CBOMCTBA KOYMHOXKEHUS W KO-
CIUHNIBI, TOJBKO HaIllpaBJICHHUEM CTPEJJIOK OTJINYAIOTCA OT AUaTr'PaMM, OIIPpeae IAdonInx cBoOlicTBaA
YMHOXKEHHUsI U eJINHUIBI B ACCONUATHBHON ajrebpe (cm. ompenenenus 1.2 u 1.3).

AnTumnosm

Anrebpa Xomda npeacrapiaser coboit bmaaredpy, B KOTOPOH JOMOTHATEIBHO OHPEeIeIeH0
eIle OJHO 0TOOparKeHne — TaK Ha3bIBAEMBIN anmunod. s WLTIoCTpaud CMBICIA 3TOTO OTO0-
pazkeHud JlapaiTe OnATh PACCMOTPHAM HAIIl IIPAMeEDP O MOCTPOCHUH NTPEACTABJACHUN acCOIUaTNB-
HOfl a/redphI.

TIycTh HAM 33400 NPEACTABICHIE HEKOTOPOil acconmarnsuoi amreops 1 : A — End(V).
MozkeM JTH MBI IO 3TOMY IIPEJICTABACHIIO HOCTPOUTH MPeICTABICHIE T* B JIyaJIbHOM IIPOCTPAH-
crBe V*7 OkasbiBaeTcd, JJIsI 9TOTO HEOOXOJIUMO MMETh HEKOTOpPOe JUHEeHHOe 0TOOparKeHHe aJl-
rebpol A B cebst, obj1agatoniee CBORCTBOM GHMUOMOMOPPHHOCTU:

A5 A S(ab) = S(B)S(a) VYa,be A (2.9)

Bech st KpATKOCTH TPOU3BEJICHHE JIeMEHTOB ajareGpbl 3amucano B Bujae ab Bmecto m(a,b).
To ecth oTobpaxkerue S MeHsSIET MOPAIOK CIeJOBAHUS COMHOXKHTeIeH. Ilpumep Takoro anTu-
TOMOMOPhHOTrO JIMHEHHOTO 0TOGPaKEHUsT — SPMHUTOBO CONpsIZKeHHEe (MU TPAHCTIOHUPOBAHUE )
MaTpHIL.

Ecan Taxkoe 0TOGpazkeHHe MMEeTCst, To 10 3aJanHoMy npexcrasiermo 1 : A — End(V)
[Ip€e/ICTaBICHHE T* B JIyaJIbHOM IIPOCTPAHCTBE V™ CTPOUTCH TaK:

Vae AVEEV*: THa)pe=¢, (&) Z(T(S(a)bv), VveV

To ectb, onepaTop T *(a) meiicTBYsl HA TPOM3BOJIBHBIN JuHEHbIH byHKIHOHAT  (BEKTOD MPO-
crpaHcTBa V) mepeBoguT ero B Apyroit byHKIMoHAT £, 3HAYEHHE KOTOPOTO Ha MPOU3BOJBHOM
BeKTOpe v € V' JaHO B MOCJEIHEM PaBEHCTBE.

Sanuiiem 310 onpesesienne B 60gee CUMMETPUIHON (hopme:

(T7(a) > &, v) = (£, T(S(a)) > v). (2.10)

~

Orobpazkenne S B MpaBoil 9acTH rapaHTUPYeT CBOMCTBO roMoMopdHOCTH npeacTaBaenus 1™,
TO €CTh 00eCIeYnBAET BHIIIOJTHEHNE PABEHCTBA

T*(ab) = T*(a)T*(b) Ya,be A
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JokazaTeabcTBO HECIOXKHO:
(T* ()T (b)> & 0) = (T(0)>&,T(S(a)) >v) = (& T(SB)T(S(a)) > v) =
(€. T(S()S(a) > v) =) (€. T(S(ab)) > v) & (T (ab) > €, 0)

Ecan A ssasercs 6uanrebpoit ¢ orobpaxkennem anrunona S (1o ecth, anrebpoii Xomda),
TO ee MpeACTABICHNS 00JIAJAI0T CJIEAYIOMIM BaKHBIM CBOHCTBOM: JII060€ npeacTasienne 1’ B
JUHEHHOM TpocTpaHcTBe V' nopoxkmaer npejacrapienne aarebpsl A B mpocrpanctse End(V).
OTOT (PaKT XOPOIIO U3BECTEH B TEOPHUH MpecTaBIeHuil rpynn u ajareop Jlu. [leiicTBuTenbHO,
nycrb G mpousBosibHas rpymia (He obsi3areabao rpymna Jlu), a £ nekoropast anrebpa Jlu. Eciu
D:G—End(V)uT: L — End(V) ects ux npeacrasienns B auuefiHoM n1pocTpancrse V, 1o
0TOOpayKeHUsT BUIA

Fw D(@FD™ (g) u Fw|[T(a),F], geG,aecl, FeEndV) (2.11)

apJistiorcst npejcrasienusvu G u L B ipoctpancree End (V). I'pynmosast anrebpa, oredaronias
rpynie G (11060€ TnHeiiHOe Mpe/ICTaBIeHIe IPYIIIIbI SBJSETCS U MPEICTABICHIEM ee TPYIIIOBOi
anreOphI), a TaKyKe YHEBEpCaIbHasi 00epThiBatoOIias aaredpa aarebpsl Jlu npeacraBasiior coboii
npumMepsl ajaredbp Xorga, mo3TOMY TPUBEIeHHBIE BHITIE MPEICTABICHUS CTh YaCTHBIN CayJaii
obmieit popMyJIbI, KOTOPYIO MBI Cefidac MOJIy IhM.

WTtak, nycTh ecTh IpeicTaBIeHIe T anre6pel Xonda A B mmHeiiHOM npocTpancTse V. Boce-
nosbzyemcst rem, uro End(V) uzomopduo renszopuomy npoumssegenuio V @ V*. Beneacrsue
9TOr0 M30MOPMU3Ma MBI MOXKEM CBECTH 3aJa4y MOCTPOEHHs IpejcraBieHus ajaredbpol A Ha
npocTpaHcTie JiuHeHHBIX oneparopos End(V) k nocrpoenuto npejcrasienns A Ha npocTpas-
ctBe V ®V*. A ara moc/ieHss 3aa49a JIETKO PEIIaeTcsl, TAK KaK Y HAC eCTh IPeICTaBIeHHS Tu
T* 8V u V* COOTBETCTBEHHO, H €CTH ONEPAIHST KOYMHOXKeHHsI A, KOTOpas MO3BOJISET CTPOUTD
TEH30PHbBIE TPOU3BEICHUS TPEICTABICHTHIA.

Takum 06pasom, perent cienyouwit. vest npeacrasrenne 7 : A — End(V), crpoum npes-
crasnenne 1% : A — End(V*), a 3arem ¢ moMoIipio KOyMHOKeHNs A 01y IaeM [IPeICTaBIeHUE
A B pocrpanctse V @ V*:

YVaeA: a A> a) @ a@) — T(a(l)) X T*(a(g)) € End(V @ V™).

[Monb3ysacek dbopmysoit (1.5), paromieit siBHbIi Buj, n3oMopdu3Ma JHHEHHBIX omepaTopos Ha V'
1 BeKTOpoB u3 V ® V*, a takxke onpemeseruem (2.10), Mbl moJgydaeM CJIeIyONHNA BHBIH BUJL
npejcrasienus anrebpol Xomda A na npocrpancree End(V) (ob6o3nauum 3T0 npejgcraBienue

Q):

Vac A, FeEnd(V): Q(a)v F =T(an)FT(S(aw)). (2.12)
JImHelHOCTH onepaTopa Q(a) O4YeBUJIHA U3 ONIPEACJACHUL, & OCHOBHBIC CBOMCTBA IIPEACTaBICHNA
Q(z-a+2-d)=2-Qla)+2-Q(d), Q(ab) =Q(a)Q(b) (2.13)

IpsAMO CIeAyoT u3 cBoiictB A, € u S. B caenyromiem pasjiese Mbl paCCMOTPHM KOHKPETHBIE TIPH-
Mephbl anrebp Xonda n mokazkem, Kak npejacrapierns (2.11) momyuatorcs us obrmeii bopMystbl
(2.12).

o cux mop ot 0To6parXKeHust aHTUIIOAA S Mbl TPeOOBAN TOJBKO aHTHIOMOMOpdHOCTH (2.9).
OjtHako Ha S HAJIATAETCs el OJHO OIPAHMYEHUE, KOTOPOE OIPEJIe/IsieT ero CBI3H ¢ KOYMHOKe-
nueM A u koeguauneii €. CMbICI 3TOr0 OrpaHuYeHust (Ho Kpalineil mepe 114 TEOpun MpeicTaB-
JIEHWH) MOYKHO MPOMJUTIOCTPUPOBATh Ha TipuMepe dopmy.ast (2.12).

14



PaccMOTpUM TOXKIECTBEHHBIN omeparop 1 B mpocTpancTBe V' M HOPOKIAEMOe UM OJZHOMED-
noe noaupocrparctso B End(V'). g sroro ciyuas dbopmyna (2.12) upuaumaer Bug

Q(a) > 1 = T(aw)T(S(aw)) = T(an)S(aw)).

EcrecTBennO OTPe60BaTh, YTOOB OJHOMEPHOE IIOJIIPOCTPAHCTBO, MOPOXKICHHOE TOXKICCTBEeH-
ubiM oueparopom B End(V'), 6110 nHBapHaHTHBIM OTHOCHTEBHO npejcTaBienus Q (Kaxk 1o
U MPOUCXOJUT B YACTHBIX CJOydasx, npegcrabieHubix B (2.11)). To ecth Mbl TpeGyem, dToObI
neticreue Q(a) Ha I MPUBOANJIO OBl JIUITH K MOSBJIEHUIO YNCJIOBOTO MHOYKUTEJIsI, 3aBUCSIIETO OT
KOHKpeTHoro a € A:

Q(a) > I = Ao,

WM, VIATHIBas TPEIbIAYILYIO (DOPMYIY U TOT (DAKT, UTO TOXKICCTBEHHBIN OIEpPaTOp SIBJISETCS
IpeJICTaBJAeHUEM €UHUTHOIO JIEMEHTa ajaredpbl, OJIydaeM

~

T(awyS(ag)) = Ma)T(e4).

[Tpu sToM oueBHHO, uTO B cuiay (2.13) dbyukuus A : A — K peajusyer oJHOMEPHOE MpeI-
crapiaenune aaredpor A. Takas GyHKIuUs y HAC yKe €Crb — 9T0 0TOOParKEHUE KOEIUMHHUIbL E.
[ToaTomMy JOmOJIHUTEILHOE OTpaHUYEHHE, HAJaraeMoe Ha OTOOpazKeHwe aHTHIIOJA, HA YPOBHE
aJIredphl BBITJISIUT CJIEYIONNUM 00pa3oM

am)S(a@) = e(a)ea.

AHajlornvyHbie pacCyKICHWUsS, TPOBEICHHBIC JIJIS CIydas MPABBIX AyaJbHBIX IPOCTPAHCTB, IPH-
BOAAT K COOTHOTITEHUIO

S(any)ap) = c(a)ea.

Ha sa3bike oToOparkeHuit 3TH JIBa COOTHOIIEHUS IIEPEITUCHIBAIOTCS B BUIE PABEHCTBA CJIEIYIOIINX
KOMIIO3UIINI

mo(id®S)oA=noe=mo (S®id)o A. (2.14)

Hamomuum, 910 m u 1) 0003HAYAIOT YMHOKEHHE W eJuHuIly aareopsr A.

U, makoHen, oTMeTHM, 9TO CBOWCTBO aHTUTOMOMOPMHOCTH OTOOPaXKeHUsd aHTUIOAA TTPHBO-
JIAT K CJETYIONINM pPaBEeHCTBAM, KOTOPble MOKA3bIBAIOT, KaK CBA3AHBI KOYMHOMKEHHe W KOeJu-
HUIA OT JeMeHTa S(a) ¢ STUMHU Ke ONepaIysiMi OT CAMOTO 3JIEMEHTa a:

AoS=Pppo(S®S5)oA, goS=¢.
Hanaum Teneps mosHOe ompejesieHne ajaredbpsr Xoimda.

Omnpenenenne 2.2 Aanzebpoti Xonga nan nonem K HaswsiBaercs 6uanrebpa A vaa K, B KOTOPOi
B JIONOJIHEHHE K OI€pAIlUsgM YMHOXKEHUs 1M, KOYMHOXKeHHs A, TOMOMOPMU3MOB €IUHUIIBI 1)
U KOeJWHHUNLI € 3agan anturomopdusm S @ A — A, Ha3pIBaeMblii AHTUIIOIOM, TAKOH, 4TO
BBITIOJTHEHBI COOTHOIIEHUsT (2.14), TO ecTh ClaeayIonas JuarpaMma siBJIsieTcsi KOMMY TATHBHON

A

A A—B 4 CA® A

d® S K S ®id

AA—" AT AR A




Hdyanbubie anaredpsr Xomda

B saknodenne JaHHOIO pasiesa pacCMOTPHM eIlle OJHH 00bEeKT — TaK HA3BIBAEMYIO 0yad.ib-
Hyto anzebpy Xonga. Kaxnas acconnaruBaas aiarebpa A sBIsSeTcs M0 ONpeTeIeHHI0 JIHHEHHBIM
MPOCTPAHCTBOM, CHAOXKEHHBIM JOMOIHATEILHON Oepalyeii mepeMHOKeHUsI BeKTOPoB. Ecim Mbt
PacCMOTPHUM JlyasibHOE JIMHEHHOe MPOCTPaHcTBO A*, TO jijist IpOU3BO/IbHOI asrebpbl A B 3T0M
JIyaJbHOM MPOCTPAHCTBE BOOOINE NOBODPSI HEJb3sT BBECTH ONMEPAIHI0 YMHOKEHNS BEKTOPOB (JIH-
HeltHbIX (hyHKIMOHAIOB Ha A), KoTopas npeBparuia Obl JTuHEHOe TPOCTpancTBo A* B accomu-
aTuBHYIO aare6py. OcHOBHAA TPYIHOCTH COCTOUT B obecmevdeHUH AuHelHocmy MYHKIHOHATA-
IPOM3BEIeHNS, TaK KaK ONepalns YMHOXKEHHsS 3JeMEeHTOB aareOphl J0/KHA JTaBATh JI€MEHT
TOr'o 2Ke IpoCTpaHCTBa, K KOTOPOMY IIpUHaAJIEZ2KaT COMHOZKHUTEJIN.

Ecin >xe ucxonnas anredbpa A apisierca ajarebpoit Xonda, To ayaabHOe K Hell TPOoCTPaHCTBO
TOKe TipeBpailaercs B ajaredpy Xornda. s aToro HeoOXouMo 3a4aTh Olepalui yMHOKEHWS
1 KOYMHOYKeHHS JUHEHHBIX (YHKIHOHAIOB, YKa3aTh (DYHKIMOHAJIBI €IHHHUIIBI U KOeTIMHHIIBL, &
TakxKe AyaJabHbI aHTHION. [IpHBeIeM cOOTBETCTBYIOIIEe KOHCTPYKTHBHOE ONpeIeIeHue.

Omnpenenenne 2.3 Anredpoit Xonda, ayaabhoil k K-anaredpe Xonda A ¢ oneparusavu m, 1,
A, ¢ n S, nazpiBaerca auHeiinoe K-npocrpancrso A* co ciaeayomuMu ¢cBoiicTBaMu:

1. A* ectb AyaJibHOE MPOCTPAHCTBO K A, TO eCTh 3a/1aHa HEBLIPOXK IeHHad OunnHeiiHnas dhop-

ma (,): A*@A—K

2. B mpocrpancrBe A* onpesesiens oneparun yMHOKeHUst M u KoymHOKeHus A* B coOT-
BecTCTBUU C (hopMyIaMu

VECeA, Vae A: (m*(§,¢),a) = (£ ® ¢, Ala)), (2.15)

VEe A", Va,be A: (A*(&),a @by = (¢, m(a,b)). (2.16)

3. B npocrpancrse A* onpeseieHbl eUHNNA €% U KOEIUHUNA €° B COOTBETCTBUH C (DOpMy-
JlaMu

Vae A:  (ey,a) =¢c(a), €4 =n"(1k), (2.17)

VEe A" 7€) = (§ea),  ea=n(ly). (2.18)

4. B npocrpancTBe A* 3a1aH0 0TOOpaKeHHe aHTHIIONA S B COOTBETCTBUM ¢ (POPMYJIOH

VEE A Vae A (SH€),a) = (£, 5(a)). (2.19)

[TpusenenHoOe BbINE KOHCTPYKTUBHOE ONPEICICHNE HY KIA€TCA B IPOBEPKE KOPPEKTHOCTH, T10-
CKOJIbKY BCE BBEJCHHBIC OTICPAINH CBA3AHBI PA3JINIHBIMA JOMOJIHATEIHHBIMA COOTHONEHUSIMH,
HampuMep, TakuMu Kak (2.5), (2.7) u (2.14) anst koanarebpandeckux cTpyKTyp. Mbl He Oymem
IPOBOIUTEL 3Ty IPOBEPKY B HOJHOM 00beMe, HO YATATEII0 HACTOATEJLHO PEKOMEHIYyeTCd ITO
Ce]1aTh, YTOObI OCBOUTCS C OIIPeJeeHus MU onepaiuii ajaredbpbl Xonda u 1oJy4uTb HEKOTO-
pulii onblT B pabore ¢ auMu. MBI Ke /I TpUMeEpa OrPAHHYUMCS PACCMOTPEHHEM OINepPaIliy
YMHOKEHNST M* U eJUHAIBL €.

[Ipex e Bcero HEOOXOTUMO YOEAUThHCs, YTO Olepalius, onpeesiertas B (2.15), ocytecTsisi-
eT orobpazkenne u3 A* x A* B A*, 1o ecTb 1106011 nape JuHERHBIX GyHKIMOHAIOB U3 A* oTobpa-
JKeHHe ™ CTABUT B COOTBETCTBUE HEKOTOPLI Aunetinnt dyrxkmmonan na A. 3aTeM Hy?KHO IPO-
BEPUTH, YTO BHITIOIHSIIOTCS TUCTPHOYTHBHBIE 3aKOHBI YMHOXKeHuUs (10 ectb, m* : A*@A* — A*)
1, HAKOHEIl, HY?KHO MPOBEPHUTH aCCONUATUBHOCTH ONEPAINN YMHOKEHUS m™.
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Bribepem [Ba Mpon3BOIBHBIX THHEAHBIX hyHKIHOHAIA &1 1 & 13 A* 1 paceMoTpuM GyHKITH-
onas m*(&y, &), neiicTBue KOTOPOro Ha BeKTOPbHI anrebpor A onpessiercs coornommenuem (2.15).
JIuHefiHOCTh TAaHHOTO (DYHKIIMOHAJIA HEMEJJIEHHO CJIe/lyeT U3 JUHEHHOCTH TOMOMOP(MU3Ma, KO-
ymHOo)KeHust A. JleficTBUTEIBHO, MbI JOJIKHBI TOKA3aTh, YTO JJIsT TPOU3BOJBHON Mapbl duce
21, 29 € K 1 /11000# mapsl BEKTOPOB a1, o € A BBINOJHEHO CJIeIyIONee PABEHCTBO:

m* (&1, &) (21 - a1 + 22 - az) = z1m (&1, &) (a1) + 22m” (81, &2) (a2).
Onnako B cuy onpefenenus (2.15) 970 CBOAUTCS K CBOWCTBY JIMHEHOCTH KOYMHOYKEHHSI
Az - a1+ 29 - ag) = 21 - Alar) + 22 - Aag),

KOTOPOE BBIMOJIHEHO 10 onpeenenuio A. JIucTpuOyTHBHOCTD 3aKOHA YMHOMKEHUsI JIMHEHHBIX
dYHKITMOHAIOB

m* (&1, 8o + &) = m* (&1, §2) +m* (&1, 83)

ecThb caeacrsue oumuneiinocru ¢hopmbl (), 3aJaHHON HA TEH30PHOM IIPOU3BEJCHUY JyaTbHBIX
npocrpancte A u A*.
CBOHCTBO accONUATUBHOCTU IIPOU3BEIEHUs M 00eCIednBaeTCsa KOACCOIUATUBHOCTBIO Olle-
pamun A (em. (2.5))
(id® A)o A =(A®id) o A.

Y1o0ObI He 3arpOMOZKIATh BBIKIAIKH, IIPUMEM BPEMEHHO COKPAIEHHOe 0003HAYEHUE JIJId YMHO-
JKeHust PYHKITMOHATIOB

m*(§,¢) =&+ C.

AcconnaTHBHOCTD MPOU3BEIEHHS IO OIIPEIEJeHNI0 O3HATAET CJIEIVIONEee PABEHCTBO

Eix(§ax&s) = (&1 x &) &3

PaccMoTpnm 3HadeHne TpaBoil W JIeBO dacTeil 9TOro MpejIogaraeMoro paBeHCTBa Ha TPOU3-
BOJIbHOM BeKTOpe a anrebpsl A. [lonbsysics onpenesrenusamu (2.15) u (2.3), moaydgaem ciaeayio-
IIYIO TENOYKY TOXKIECTBEHHBIX IPe0bpa3oBaHumii

(E1x (§2%&3),a) = (&1 @ (§2%E3), Ala)) = (&1, aq))(§2 * &3, a(2)) =
(€1, a01))(§2a ® &3, Ala)) = (1 @& ® &, (Id® A) 0 A(a)).

L1 Broporo BapuaHTa lepeMHOKeHUs PYHKIIMOHAJIOB COBEPIIEHHO aHAJIOIMYHO 110JIy4aeM

(&% &) x&,0) = (G @& &, (A®id) o Aa)).

Ternepb 04eBUIHO, Y4TO TpebyeMoe CBOWCTBO acCONMUATHBHOCTH YMHOXKeHus (2.15) ecTh mpsimoe
CJIEJICTBHE KOACCOMUATHBHOCTH A.

B xadecrse BTOPOro npumepa IpoBepuM, 4TO (PYHKIUOHAJ €%, 3aJaHHbIIl COOTHOIIEHUuEeM
(2.17) meficTBuTebHO 3aaeT equHUILy B agrebpe A* orHocHTEbHO yMHOXKeHUsS m*. Jljist 9T0rO0
HaJI0 IPOBEPUTH, UTO JIJIst JII00Oro JuHeiiHoro byuknuonaa & n3 A* BBIOJHEHO CBOHCTBO

m* (e, €) =m"(§ i) =&

DurcupyeM MPOU3BOJIBHBINA BEKTOP @ € A U, O/Ib3YSCh IPUBEJICHHBIMA BBIIIE OIPEICICHUAMI
7 CBOHMCTBAMH KOCTPYKTYD, ITOJyYaeM
(2.15) , (2.17)

(m*(el,§),a) =" (ex,am)(§ ae) = clan) (§ae) = (€ elaw) -ap) = a)
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Takum obpazom, byHKIHOHATH m* (€%, §) 1 £ IPUHIMAIOT paBHBIE 3HAYMEHUS Ha JTI000M BEKTODE
asre6psl A, a 910 1 03HAYAET UX PABEHCTBO. AHAJIOIMYHO 1IpoBepsiercst cBoiicTBo M* (€, %) =&,
YTO 3aBEPIIACT JOKA3aATeJbCTBO eANHNIHOCTH (DYHKINOHAIA €y (2.17) OTHOCHTENbHO yMHOMKE-
HUS M*.

B 3akifodenne oTMeTnM, 4TO BCe HEOOXOIMMBIE CBOMCTBA JyaJbHBIX ONEPANNl SBISIOTCS
CTIEICTBUEM CBOMCTB COOTBETCTBYIOIIUX koonepayut. Mbl yiKe yOemIWIHCh, UTO acCOONHUATHB-
HOCTBH M* ecThb ciejcTBre KoacconuaruBHOCTH A. TouHO Tak Ke, KOACCONUATHBHOCTD JIyaJbHO-
ro KoymMHOKeHust A* Gyjier cjie0BaTh U3 aCCONUATHBHOCTH YMHOYKEHUsI M B HCXO/HOI anarebpe
Xonda, n Tak jajnee. Beg 3Tta KapTHHKA COBEPIIEHHO CUMMETPUYHA B 00€ CTOPOHBI, TIOITOMY
anrebpel Xonda A u A* Ha3BIBAIOT elle 63aUMHO OYaAbHBLMU.

3 IIpumepnbl KOCTpYKTYp m ajredop Xoida

B sTom pasmesie npuBeieHbl HEKOTOPBIE IIPUMepbl Haubosee U3BeCTHBIX aaredp Xomda. Mbl
OJIPOOHO PACCMOTPUM YHHUBEPCAJILHYIO 0O€PTHIBAIONIYIO aJredpy KOHEYHOMEPHON KOMILIEKC-
HOIl TOIyIpocToii anredOpsl JIu, anaredpy GpyHKIuil Ha Tpylne U Tak Ha3BIBAEMYIO IPYIIIOBYIO
arebpy, MOPOXKJIEHHYI0 HEKOTOPOW KOHEJYHOit (,ZLJIH HIPOCTOTHI I/I3.HO)K€HI/IH) rpymmoit. Kpome
TOr'0, MBI IIPUBEJIEM ONpPE/Ie/IeHIe KOYMHOXKEHU ¥ KOEJUHHUIIBI Ha, ajiredpe peryaspHbXx pyHK-
il Ha HEKOMMYTAaTHBHON MarpuuHoii anredpe Maty (K), KoTopoe HHLyIIHPOBAHO MATPUIHBIM
ymHOokeHueMm B Maty (K).

YHuBepcajibHag 00epThIBaOMIad ajlredpa KOHEYHOMEPHOI nmojaynpocToii anredpst JIn

BriGepeM HEKOTOPYI0 KOHEYHOMEPHYIO MOIYIpocTyIo anarebpy JIn L, mOpoKIeHHYIo rene-
patopamu {e;} ¢ mepecTaHOBOYHBIME COOTHOIIEHUSME

e, e;] = Cif ek, (3.1)

u nepeifieM K ee yHUBEpCaabHON obeprhiBatomeit anredpe U(L). Ins ynpomenus 0603Haqe-
HUIT TeHepaTOPhl yHUBEPCAILHOM 00epThiBatoNieil OyeM 0003HaYATh TeMU 2Ke OyKBaMH €;, a ee
ejuaUIy — cuMBOJIOM 1. CTpykTypa anredopsr Xomda Ha anrebpe U (L) 3a1aercs ciieayommm
0obpa3oM.

Yrepxkaenne 3.1 Koymuoxkenne A, KOeIUHUIA € W AHTUNON S HA TeHEPATOPaX YHHBEP-
caJIbHOI 0bepThIBaloIIel aaredbpbl JeHCTBYIOT CJIEILYIONMM 00pa3oM

A(@l) =¢ & 11// + 11,/ X €;, A(lu) = 1u X 11/{, (32)
5(67;) = O, 5(1u) = 1]1(7
S(ez) = —€;, S(lu) = 1u. (34)

Ha mpousBoJibHbIe 7eMeHThl aireOpel U (L) neilcTBue 3TUX Omepainuii pacipocTPaHSIeTCs 10
CBOWCTBY (aHTH)rOMOMOPQHOCTH.

Cwbicst mocsteueit (pbpassl 3TOT0 Y TBEPKIEHUsT 3aKII049aeTCs B caeayomeM. CBOHCTBO T0-
MOMOPGHOCTH 0TOOpazkKeHnsa A 10 OIpeaeIeHn0 03HAYAET, YTO

Va,beU(L):  Ala+b)=A(a) +A®), Alab) = A(a)A(b). (3.5)

Ho s11000i1 ssiemenT yHUBEPCAJILHO 00epThIBAIONIEH a/ireOPbl HOPOKIAETCs ITPOU3BEIEHUEM KO-
HEYHOIO YHCJIA €e PeHePATOPOB (MIH KOHEYHOMN JnHeiHONH KoMOHAIel TAKIX PON3BeIeHH ),
[O3TOMY 3JIeMEHThI XOI(POBON CTPYKTYPHI JOCTATOUHO 331aTh Ha reHeparopax U(L).
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HysneBble 3HavueHust KoeAuHUTIB (3.3) HA TeHepaTopax aare6pbl JIu MpakTHYECKH OYeBUJIHBL,
MMOCKOJIBKY OTOOparKeHNe KOEJIMHUIIBI PEAJTH3YET OJIHOMEPHOE MPEJICTABICHIE, & Y MOy IPOCTOM
asrebpsl JIu HeTpUBHAIBbHBIE OHOMEDHBIE TPEJICTABIEHUs] OTCYTCTBYIOT.

OrmeTnM erre CUMMETPHYHOCTh MPaBoil gacTu (3.2). DTa CHMMETPHYHOCTH O3HAYAET, YTO
YHUBepCaJbHas 00epThIBAIOIIAA aJredpa sBJIsgeTcs kokommymamusrot aaredpoit Xomda, To
ectb A = Po A,

Jlast mpoBepKu cupaBetuBOCTH Y TBep2Kaenns 3.1 HeoOX0AuMO J0Ka3aTh, 4TO 0TODpaZKe-
Hust A, € u S JEHCTBUTENIBHO SIBASIIOTCA NOMOMOP(U3MAME YHUBEPCAJIBLHON 00epTHhIBAOIEH
asredpol. /g 3Toro Tpedyercst, 9TOOBI YIIOMSIHYThIE OTOOPaXKEeHUs COXPAHSIN TePEeCTaHOBOY-
Hble cooTHOmeHus anreOper Jlu (3.1). IIpoBepum 310 Ha npuMepe Koymuoxkenus A. TToab3ysich
onpeseaenueM (3.2) momydaeMm

Aei)Ale)) =ee; @1y + 1y ®eej+e,Qej+ e Qe

Boraurast u3 910oro Beipaxenns npoussenenne A(e;)A(e;) ¢ 06paTHBIM MOPSIKOM F€HEPATOPOB,
LPUXOJIUM K Pe3yJibTarTy

Alei)Ale;) — Alej)Ales) =
(eie; — eje;) ® Ly + 1y @ (eie; — eje;) = Cif(ex @ Ly + 1y ® e,) = CEA(ey).
Takum 06pazoM, JuHeiiHoe oToOpazkeHue (3.2) coXpaHseT HePecTAHOBOYHbIE COOTHOIIEHU ST MeK-
ny reneparopamu. Ilocie sroro ma ocHoBe (3.5) OHO OYEBHIHBIM OGDPA30OM TPOIOJIZKAETCS [0
romomopdu3Ma Beeil yauBepcaabnoii obepreiBaomeii anrebpor A @ U(L) — U(L) @ U(L).
AHasormuHas MpoBepKa JErkKO BBIMOIHAETCA W /I 0TOOparkeHuil € u S, onpeneseHHbIX I0-
cpeacrsoM (3.3) u (3.4).

Ternepb MpoBEpUM, BHIIOJIHSIOTCS JIM PA3JIMUHbIe COOTHOIIEHHsI MEXK LY KOYMHOKEHUEM, KO-
eJIMHUIIEH U AHTUIONOM, TpebyeMmble ompejenenueM anreGpbl Xomda (cMm. onpenenenne 2.2 B
paszfedie 2).

CroiicTBO KOACCONMATUBHOCTH 0TOOpaykenus (3.2) HA ypOBHE reHepaTOPOB yHUBEPCAIBHOIL
obeprbiBaoLIell aareGpbl BHIIOIHAETCS, TTOCKOJIBKY

(1d®A)OA(61):€Z®1u®1u+1u®6,®1u+1u®1u®62:(A®ld)OA(62)

Y6eauMcest Tenephb B cripaBeiiuBocTy hopmyibt (2.14)
mo(id®S)oA=noe=mo (S®id)o A.

Kak u mpexie, ee 70CTaTOYHO TPOBEPUTDH HA reHepaTopax obepThiBalomieil aarebpol. s re-
HEPATOPOB €; TOJyvdaeM

mo (id® S) o Ae;) =mo (e; ® S(1y) + 1y ® S(e;)) =
m(e;, 1y) —m(ly, e;) =0 =noe(e),

a JIIsl eJMHUIBI aJarebph

mo (id®S)oA(ly) =mo (1 ® S(1y)) = 1y = noe(ly).
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g Bropoit yacTu (hopMyIbl BCe IPOBEPIETCs aHATIOTHIHO.
Ob6parumcst Tenepb K JIpyroMy cooTHommenuto B aarebpe Xomnda (cm. (2.7))

(id®e)oA=(e®id)o A =id.
Ha yposue reneparopos U(L) umeem

(ld (%9 8) @) A(Bz) =& 8(1u) + 11/{ & E(Bi) = 1]K =€; = 1d(ez)
(id & 6) o A(lu) =1y ® 6(11,{) =1y = id(lu).

Takum ob6pasom, orobpazxkenus (3.2) — (3.4) yA0BIEeTBOPSIOT BCeM TPeOOBAHUSM OIpeIeIeHUsT
CTPYKTYp ayrebpbl Xorda.

[Monyuum Tenepb aiast aarebpbl U(L) aBublil By obmmeit dopmynsl (2.12), mo3possoreii
0 3aJaHHOMY IpeicTaBlIeHH0 anreOpbl Xomda B JHHEHHOM HTpocTpaHcTBe V' IMOJIYyYHTH ee
npejcrasienne B npocrpancTse End(V) nuneiiHbx omeparopos, geicTByommx B V.

Nrak, nycrb ecTh HEKOTOPOE IIPEJICTaBIEHHE T asre6pbl U (L) (a coenoBaTesibHO u anredpbl
Jlu L) B mpocrpanctse V:

~

a— T(a) € End(V), VaelU(L).

[Tocrpoum npecrasienue Q anredpbt U (L) B upocrparcree End (V). BHoBb orpanuduMcs rese-
paTopaMu YHUBEPCAIbHOU obeprhiBatomieil anrebpor. Cormacho obimeit hopmyste (2.12) aeiicrue
oneparopa Q(e;) Ha TPOU3BOIBbHBIN JuHEHBIH onepatop F' € End (V') cBomuTes K ceyronemy

rae Iy = T(1y) — ToXKaeCTBEHHDI OnepaTop Ha pocTpancrse V. 31ech Mbl BOCIIOIb30BAIICH
ABHBIM BbIpazKCHHUEM 3JIEMEHTOB ei(l) 141 ei(g), BXOOAININX B KOMIIAKTHBIE O603HaquI/IH CBI/I,ZLJIepa
JJIsl KOYMHO?KEHU A

A(el) = €i(1) X €i(2) = € R 1y + 1y R e;.

Takum 06pasoM, oueparopsbl Q peasnsyior LpucoeuHenHoe JeficTsue upescrasienus T’ B 1po-
crpancre End(V) (em. dopmyay (2.11)).

Anrebpa ¢dyHKOUMit Ha rpynne m rpynmnosas ajaredpa

PaceMoTpuM Temneph OMH W3 TPOCTEHINAX ITPUMEPOB B3aMMHO JyaJdbHBIX aarebp Xonda.
[Iyctb G — KOHe4YHasi TPYINA, TO eCTh IPYINA ¢ KOHEYHBIM YHCJIOM JIEMEHTOB (HAIPUMED,
IpyIa mepecTaHoBOK m 00bekToB). I'pyiina BeiOpaHa KOHEYHON TOJBKO Jijisi TOTO, YTO0bI U3~
6eKaTh CJIOZKHOCTEH TEXHUYECKOI'0 XapaKTepa, KOTOPbIe BO3HUKAIOT 1pU paboTe ¢ HECKOHEYHO-
MEPHBIMH TPOCTPAHCTBAMHU.

Hamra 6mzkaitimast mesib OyJIeT COCTOATH B TOCTPOEHUN TaK Ha3bIBA€MO IPYITIOBO# aarebphl
K[G] u anre6psr uneiabix dyukuuit Fun(G) va K[G]. Ha s1ux anrebpax 3a1aercst CTpyKTypa
anareOpnl Xomda n OHN OKA3BIBAIOTCA AYAJbHBIMA JAPYT IPYTY.

Urak, mycts rpynna G COACPIKUT N PA3JIUIHBIX 3/1eMeHTOB |G| = n, KOTOpBIe MBI 0003HAUNM
9i, 1 <1 < n, eIMHAYHBINA 3JIEMEHT MyCTh OY/IET MePBBIM B 9TOi HyMepanuu eg = g;. O6pasyem
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n-MepHoe JuHeiiHOe pocTpancTBo K[G], 6azncoM KOToporo GyeM CYuTaTh ITH IPYIIIOBLIE JJ1e-
menTbl. 'To ecTh, BekTOpa npocrpancrsa K[G| npeacraBasgior coboil BCEBO3MOKHbBIE JTUHEHHBIE
KOMOMHAINH DAa3UCHBIX BEKTOPOB ¢; C YHUCJIOBBIMHU KO dunmenramu u3 mnoasd K:

K[G] ={v|v= Zvigi, v' € K}
i=1

DTO JinHeiTHOe TPOCTPAHCTBO JIETKO MPEBPAIAeTCs B acCONMMATUBHYIO K-aareOpy ¢ eMHuIIeH,
MOCKOJIPKY Ha 0A3UCHBIX BEKTOPAX UMeEEeTCs I'PYNIIOBOe YMHOXKEHUE

Vi,j: g 9 =0 €{g1,--., 9}

Taxkum 06pazoM, UMeeM 0YeBHIHOE MPABUIO YMHOXKEHHs TPOU3BOJIBHBIX BEKTOPOB U, v € K[G]

u-v:Zuingi-gj € K[G].

1,5

Acconnarupnast anrebpa ¢ exnnuneil K|G| HaspiBaercs rpynnosoit anrebpoit rpynmnst G. Au-
re6pa K[G] koMMyTaTHBHA TOTJIA M TOJIBKO TOrJa, Koraa rpynma G abesesa.

BaMmerumM, 4TO TEOpHusl MpeJcTaBaeHust 000l rpynnbl G sapisiercs (HaKTHUIECKH Teopueit
npejcTaBaennii ee rpynnosoit anre6per K[G|. JleficTBUTEIbHO, COMOCTABAAA SJIEMEHTAM TPYTI-
bl JIMHEHHBIE OIIePATOPBl B IPOCTPAHCTBE MPEACTABACHUS V, Mbl aBTOMATHYECKHU IIOJTYJIaeM
BO3MOKHOCTb HE TOJBKO IEPEMHOXKATH ITH OMEPATOPHI B COOTBETCTBHU € T'PYIIIOBBIM 3aKO-
HOM, HO U CKJIAJBIBATh UX U YMHOMXKATH HA JEMEHTHI YUCIOBOrO IO/ MO IPABUIAM AJIreOphI
End(V) (naunbie onepamuu B camoii rpyume orcyreryor). Takum o6pazom, go6oe npejacras-
JIEHUE TPYIIBl MOXKET OBITh PACIHIHPEHO J0 MPEJICTABIEHUS ee IPYIIIOBOil aaredpsl 1 HA0OOPOT,
eCJIM eCTh MpeJICTaBIeHIe TPYIITIOBOM aireOphl, TO OTPAHNYINBAsT €ro Ha Oa3NCHBIE BeKTOpa (3J1e-
MEHTBI TPYIIIbL), MbI TIOJIyYUM HEKOTODOE MPeJICTABICHHE CAMOIl IPYIIIIbI.

Crpykrypa anrebpsl Xomnda na K[G] BBOIUTCS TaK.

Vreepxkaenne 3.2 Koymuoxkenne Ag, KOeIUHANA £ U aHTAION S NefiCTBYIOT Ha GasHCHBIE
BEKTOPHI ¢; ayireGpsl K[G] cuenywomum obpazoMm

Aclgi]l = 9i ® gi (3.6)
ealgil = 1k (3.7
Salg] = g7t (3.8

Ha npoussosbubie sements anrebpor K[G] geiicrBue 3Tux onepanmii pacnpocTpaHsercs 1o
CBOMCTBY JIMHEAHOCTU.

JloKa3aTeIbeTBO STOTO YTBEPXKICHUS OCTABUM YUTATETIO B KAYeCTBE MPOCTOTO YIPAYKHEHHUS.

[Ipumepom apyroii BaxKHO# ajireOpbl, CBA3AHHOI € IPYIIIOH, saBjgeTcd ajiredpa pyHKIuii Ha
ueii. [lo onpenenennto, K-3HavqHOl (DyHKIHEil HA TpyIie Ha3biBaeTcsa orodbpaxkenne f : G — K.
B cuny koneunocru rpymisl |G| = n, awobag byHKIUA Ha Hell IpejCcTaB/IgeTcsd HEKOTOPHIM
BeKTOpOM npocTpancTBa K". MHOXKecTBO (bYHKIINI HA IPYIIe eCTECTBEHHBIM 00pa30M HaJess-
eTcsd CTPYKTYPOIl KOMMYTATUBHON aireOPhl HaT mosieM K, B KOTOPOil B Ka4ecTBe MPOU3BEICHUS
U CJ0zKeHusd PYHKIUH BLIOMPAETCH IOTOYEYHOE YMHOKEHUE U CJIOKeHHe UX 3HAYCHUIA:

(f1- f2)(9) = f1(9) f2(9), (f1 + f2)(9) = fi(g) + fal9), (3.9)
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a yMHOXKeHIe (DYHKIUI Ha 9rcia u3 noJis K 1aeTcs COOTBETCTBYIONUM TTPABUIOM TIPOCTPAHCTBA
K" (af)(g;) := a- f(g;). Enununeii anre6por Fung (G) asagerca dynknus 1p, TOXKICTBEHHO
paBHas lg Ha Jir0boM dmemenTe rpymmbl G:

Vge G, 1lp(g)=1 = 1p-f=f V[feFuG).

Takoe 3ajaHue ajredpanvdeckKux onepaiuii 1103Bosier paciumputhb anaredpy Fung(G) no anreb-
pbl JuHeiiHbIX GyHKIui Ha rpynnosoii anrebpe K[G]. st 9TOro JOCTATOYHO MOJOKUTH 110

OolpeJesJIeHHIO:
n

f) =Y v'flg:), VfeFug(G), Vv eK[G].
i=1
[ToMuMO OMUCAHHON BBHIIE ANTEOPAMIECKOl CTPYKTYphl MHOXKeCTBO Fung(G) obmamaer u
KoaJirebpandecKoil cTpyKTypoii, npeBpariaolneii ee B aaredpy Xornda.

Vreepxkaenue 3.3 B aareope dynkuunii Fung (G) moxuO 3a1aTh 0TOOpazKeHUs: KOYMHOKEHUS
Ap, KOeJUHUIBL € M AHTUIOAA Sp CACAYIONUM AeiiCTBAEM Ha IPOMU3BOJILHBIA 3j1eMeHT f €

Fun(G):

Ar(fl(g1,92) = fl91-92) Y1,92 € G, (3.10)
erlf] = f(eg) €K (3.11)
Srlfl9)=flg™") Vged. (3.12)

B stux dopmynax eg obo3HATAET eIMHIIHBIN d1eMeHT rpymibl G, a g1 - go — TPYIIOBOE MPO-
U3BeJIEHNE ¢ U (o.

Koneuno, HeobX0UMO MIPOBEPUTH KOPPEKTHOCTH ONpe/ie/IeHud olepaliuii ajredpol Xomda Ha
K[G] u Fung(G), npuBeseHHbIX B YTBep:KIACHUX 3.2 U 3.3, JOKa3aB, 4TO JJIsi HUX BBIIOJIHEe-
HBI BCe HEOOXOTUMBbIEe aKCHOMBI U3 omeeennsa aaredpbl Xomda. DTo HECT0KHOe YIIPasKHeHHe
OCTaBJIEM JIJIsl YUTATEJIS.

N nocnennee yrBepKaeHne B CBA3U ¢ puMepaMu 3Tux ajqedp Xormda 3akaiovdaeTcs B Cle-

JTYIOIIIEM.

Vrepxkaenue 3.4 Anre6pot Xonda G = K[G] u F = Fung(G) co crpykrypamu Ag, e¢ u
S¢ u3 Yrepxkaenus 3.2 u Ap, ep u Sp u3 YTBepKIeHU 3.3 COOTBETCTBEHHO 00Pa3yiOT Mapy
B3aUMHO JIyaJIbHbIX ajaredbp Xomda orHOCHTEIbHO OuanHeiinoit (hopmMbl

():Feg—=K: (fv):=/[f(v), VfeF Vved

Anrebpa mosmHoMuaabHLIX yHKnui Ha Maty (K)

Paccmorpum HekommyTaTusayo ajiredpy Maty (K), cocrosiryto u3 Bcex N X N mMarpur Ha
YUCJOBBIM moJjeM K. STO KOHEYHOMEepHaA aCCOL[I/IaTI/IBHaH aﬂre6pa, OOHUM M3 BO3MOZKHDBIX 6&-
3UCOB KOTOPOI# siBjIsteTcs 6asuc Mmarpuanbix equnun F 1 < i,7 < N. Hanomuum, 4To MaTpuna
Ef nMeeT eJIMHCTBEHHBIN HEHY/JIeBON MAaTPUYHBIN dJeMeHT paBHBIN lx, KOTOPBIN pacnosoxKeH
Ha IIepeceveHn - CTPOKH U j-T0 cTo0na. OTcoona JIeKro clieayer IpaBua0 YMHOXKEHAST MaT-
PUYHBIX €JIMHUIL

E!E} = 6] E.
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PaccMoTpuM JyanbHOE TPOCTPAHCTBO JTHHEHHBIX (DYHKIIMOHATIOB Ha 9THX MATPHIAX, KOTOPOE
MOZKHO OTOXKJIECTBHTD ¢ npocTpancTBoM N X N marpuil: 3Hadenue joboro dbyHnkimponaa () €
Maty (K) wa nponsBosibHoii Mmarpuie A € Maty (K) onpegensercs Gunnneiinoit dpopmoit

(Q 4) =Tr(QA). (3.13)

Onpegiesisist moroueuHoe ymuoxkenue juneitbix Gynmuit (Q - R)(A) = Q(A)R(A) mbr no-
cTponM GECKOHEYHOMEPHYIO KOMMYTATHBHYIO ACCOMUATUBHYIO aareOpy Py MOJUHOMUAILHBIX
dbyrkumit Ha MarpuuHoii anrebpe Maty(K). OkaspiBaercs, MAaTpUYHOE YMHOXKEHHE B ajiredpe
Mat v (K) unaymupyer depes JABocTBeHHOCTD (3.13) cTpykTypy OGuaarebpbl Ha Py .

Beenem aunetinse orobpaxerns A : Mat}y (K) — Maty (K) ® Maty (K) u € : Maty (K) — K
CJIELYIOIIUME TPABUJIAMH JJIs POU3BOIbHOrO (dbyukmuonata @ € Maty (K) u npou3BosbHBIX
marpurn, A, B € Mat y (K):

(AlQl, A®B)zy = (@, A-B),  £[@] = Q(In), (3.14)

e A - B obo3Hayaer mMarpudHoe yMmHO:KeHue, Iy — egumaudnas N X N marpuna, a Ouju-
Heitrast bopma (3.13) mpomoaKaercs Ha TEH30pHbBIe KBAAPATHI COOTBETCTBYIONINX TIPOCTPAHCTB
CTIeYIOIIUM €CTeCTBEHHBIM CIIOCOOOM:

CupapeyInBo CJIeayomnee yTBePK ICHUE.

Yreepxkaeuune 3.5 Pacmmpum jeiicTBue JimHeiHBIX oTOOparkeHnit A u €, 3agaHHbIX HOp-
mysnamu (3.14) Ha JuHEHHBIX DYHKIMOHATAX, HA BCIO aare6py Py HOJTHHOMHATHHBIX DYHKIH
noTpebOBaB OT PACIIUPEHHBIX ONlepanuit cBOMCTBA TOMOMOP(HOCTH, TO €CTh, TTOJOXKHAM IO OIpe-
JICJICHUTO

A[Q1Q2] = A[Q1]A[Q2],  e[Q1Q2] = €[Q1]e]Q2], VQ1,Q2 € Py.
Torna omepamun A u € OyIyT KOyMHOXKEHHEM U KOeTHHHUIEH B KOMMYTATHBHOM airedpe Py .

JIoKa3aTeIbCTBO OCTABJISIEM B KAYeCTBe YIPAYKHEHUsT YUTATeN0. B KauecTBe MOJe3HOr0 yKa3a-
HuS OTMeTHM Caeaylomee. Beegem B npocrpancree Maty (K) 6asuc { L7 }, apoiicTteennbiii 6azucy
MATPHYHBIX €JIUHHI] OTHOCHTENbHO dopmbl (3.13):

Onpegenure apuble GOPMYJIbL AeHCTBUS KOYMHOXKeHNA A 1 KOSJAUHUIBI € HA 6A3MCHDIE SJIeMEH-
Thl L] m npoBephTe BCE AKCHOMbBI KOCTPYKTYD Ha 3THX 3JeMeHTax. B cuiy ¢BOicTBA rOMOMOD-
duszma 11g A u € 910i poBepKu OYIET JOCTATOUHO J/Isl TOKA3ATENbCTBA O0IIEr0 YIBEP:KICHHS.
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