CayuaiiHble MPOIECCHI, COyYaliHble MATPUIBI 1 MHTETPUPYEMbIE MOIEJN .

JIncrok 2.

3amaua 1. laBapuaHTHbIe aHCcaMOu vs mMaTpuilbl Buraepa

Marpunamu Burnepa Ha3bIBAIOTCHd 3PMUTOBbI MATPUIbI, MATPUYHbBIE JEMEHTHI KOTOPBIX
Ha W BBINIE TJIABHONH AWATOHAJIM ABJIAIOTCA HE3aBHCHMBIMH CIIYYalHBIMHA BEJIWYMHAMMU.
[Ipejmnosiarasi, 9T0O MJIOTHOCTH BEPOSITHOCTEH MaTPUYHBIX 3JIeMeHTOB Marpuil Burnepa
nuddepeHIIpyeMbl, TOKAaXKUTe, YTO e IMHCTBEHHBII MPUMeD, KOT/Ia Mepa Ha BelleCTBeH-
HBIX (KOMILIEKCHBIX, KBATEPHUOHHO-BEIIECTBEHHBIX ) MATPHIIAX BUrHepa HHBApUAHTHA OT-
HOCHTEJbHO [PHUCOSTUHEHHOIO JeHCTBUsI OPTOrOHAJBHON (YHUTAPHO, YHUTAPHONW CHM-
IJIEKTUYECKOTT) TPYIIIbI, JaeTcst Mepoii Buaa

P(dA) = Z " exp (—aTrA® + bTrA) dA

Ykazanmue:

1) 3amerhbre, 9TO MATPHIBI [EPECTAHOBKH - YACTHBIH CJIydYail YHUTAPHBIX MaTPHIL.
[lokazkuTe, 9TO 371€EMEHTHI HA TJIABHOW JTUArOHAJIN OJUHAKOBO pacipeeensbl. To ke camoe
CIpaBe/ITUBO IJIsl 9JIeMEHTOB BHe IVIaBHOU quaronanu. TakmM ob6pa3oM Mepa 3ajaeTcs B
TepMUHAX JIByX Heu3BeCTHbIX JuddepennupyeMbix yHKIUIA.

2) Yrobbl BBISICHUTD B 3TUX DYHKIWI, Tonpobyiite moTpeboBaTh MHBAPHAHTHOCTH
[0 OTHOIIEHHWIO K KOHKPETHOMY OECKOHEYHO MAJIOMY YHUTAPHOMY TPeoOpa30BAHUIOTHUIIA
MaJIOro BpallleHUus B IIOCKOCTH HATIHYTOW Ha JiBa 0A3UCHBIX BEKTOpa. Permure momy-
YeHHBbIe UM depeHuaIbHble YPaBHEHUS, W BOCIOIB3YHTECh T€M, YTO WHBAPUAHTHOCTH
ILTOTHOCTH TpedyeT, 4ToObl OHa ObLIa (byHKIHEH cl1eqoB cTenenei MaTpuibl A.

Banaua 2. CBOINCTBO MAKCUMAJIBHOI CJAYYAMHOCTHU AYCCOBBIX AHCAM-
BJIE

[okasknre, uro pacnpenenenne P(H) = Z 'exp [-Tr(H?)/2] makcumusupyer GyHK-
[IHOHATT «IHTPOINH»

S(P) = —/p(H) log P(H)d"H

npu yeaosun E(Tr(H?)) =n, tne n = N + BN(N — 1)/2 — uucno creneneit ¢cBOGOIbI, a
dH - mepa nebera B R” Ha n HE3aBUCHMBIX KOMIIOHEHT MATPHYHBIX 3JIEMEHTOB.

3a,uaqa 3. MUHUMAJIbBHBI [IPUMEP TAYCCOBBIX AHCAMBJIEN

Haiiaure npsamoii auaronanun3aiueil pacupe/enienne cOOCTBEHHBIX 3HAYEHUN MaTpuIL
pasMepa 2 X 2 U3 rayCCOBLIX OPTOTOHAIBHOTO, YHUTAPHOTO U CUMILIEKTHYECKOTO aHCAMOISI.

a) PaccmopuTe BemecTpennyio cumMerpuunyio marpuimy A € R**2) ¢ HezaBuCHMBI-
MH MATPHYHBIME 3JIeMEHTaMH, ai1,dzs ~ N(0,1),a15 = az ~ N(0,1/y/2). Ilocrpoiire
OpTOrOHAJIbHBIE NPeoOpa30BaHus, JUAroOHAU3yOmue 31 Marpuipl. OT pacupeae/ieHus
MaTPUYHBIX 3JEMEHTOB epeiiiuTe K HOBBIM IePEeMEHHBIM — COOCTBEHHBIM 3HAYCHUAM U
YIUIy TIOBOPOTa, KOTOPBI 3a/laeT OPTOroHabHOE IpeobpazoBanue. lIponnrerpupyiire mno
YIJIY U HafiuTe pacupejeeHne cCOOCTBEHHBIX 3HAYCHUIA.

b)* Tlompobyiite mpojesaTb TO ke caMoe I SPMUTOBBIX H KBATEPHHOHHO-
BEIECTBEHHBIX IPMHUTOBBIX MATPHIL 2 X 2 ¢ HOPMAJIbLHO pACIPeaeTeHHBIMA MATPHIHBIMHA
9JIEMEHTAMM, TIPUMEHUB JIJIs JIUATOHAIU3AINH YHUTAPHBIE U CUMILJIEKTHYECKUE MaTPHIILI



COOTBETCTBEHHO. B KBaTepHUOHHOM CJIydae MOYXKHO JIyMaTh O KBaTepHUOHAX KaK O MaTPH-
Iax KaK 0 MaTpuIax 2 X 2, HocTpoeHHbIX u3 Marpun Ilaynu, eg = I, e, = iop, k= 1,2, 3.
Be]l[eCTBeHHbIﬁ KBaTEPHUOH B TaKOM IIDEACTAaBJICHUN UMEECT BU/

e 2 1 W - KOMIIJICKCHBIC 9HUCJIA.

Bangaua 4. OBPAIIEHVE BPEMEHU U BBIPOXK/IEHUE KPAMEPA

1. ¥Yb6egurech, 9TO BEIIECTBEHHO-KBATEPHHOHHAA 3pMUTOBa Marpuma X = X €
HY*N koMMyTpyeT ¢ omepaTopoM obpamenns BpeMern 1 = ZonC, tae Zoy i= €9 @ Iy,
a C' — KOMILJIEKCHOE CONpsIzKeHne, AefiCTBYIONee Ha KBATEPHUOHBI CJIELYIONUM 00pa3oM
CerC = (=1)"ep, k = 0,...,3. (ByKBaibuO KOMIUIEKCHBIM COIpszKeHueM omeparop C
Oy/eT, ecJii peau30BaTh KBATEPHUOHBI B TepMuHax MatTpuil Ilaynu, eg = I, e, = ioy, k =
1,2, 3, a KBaTepHUHHO BeIIeCTBEHHbIE MATPHUILI X KaK KOMILJIEKCHBbIE OJIOYHBIE MaTPHUILI
u3 CHV*2N | nocrpoennble u3 6710K0B 2x2).

2. Tlokaxkure, 9T0 MATPHILI, KOMMYTPYIOIIHE C OHEPATOPOM OOpAIEHUs] BPEMEHH,
UMEIOT JIBOSKO BBIPOKIEHHBIN CIEKTP.

1) TIpeamonoxnm ¢ coberBernbiii BekTop X ¢ cobcTBeHHBIM 3HaUeHneM . [Tokaxure,
910 T'p — TOXKe COOTBEHHBIN BEKTOP ¢ COOCTBEHHBIM 3HAYCHHEM .

2) Ucnonnsys cBoiicTBo T?% = — Iy, TOKazKUTE 9TO 9TH BEKTOPA OPTOTOHAIBHEL.

3amaua 5. KPYTOBBIE AHCAMBJIN
BuiBeure pacnpejesienne cobCTBEHHBIX 3HAYEHUI CAydafiHBIX MaTPUIL B OPTOTOHAJb-
HOM, YHUTAPHOM M CUMIIIEKTUYECKOM KPYT'OBBIX chaM6JIHX.

3amauya 6. AHCAMBJIb BUITEPTA

Mepa BumepTta — MHOTOMepHOE 0606menne pacupeaeaennd x2. Ilyers X € RY*P— ge-
mecTBerHas1, § = 1, KoMILIeKcHast, § = 2 WM KBaTepPHUOHHO-BellleCTBeHHas, [ = 4, MarT-
pula € HE3aBUCUMbIMU HOPMaJIbHO DaCHpeAC/ICHHBIMHA MAaTPUYHbIMU JIEMCHTAMU, HE3a-
BUCHMBbI€ BEIECTBEHHBIE KOMIIOHEHTHI KOTOPHIX UMeIoT Jauctepcuio 1/, u N < p.

1) Tokazxure, uro spmuToBa Mapuna A = XX pacnpenenena 1mo 3aKoHy

P(dA) = C'e™ 2T (det A [ d Ay, (1)
1<yJ
rmea=p—N+1-—2/5.
VYkazanne: OIuH U3 CIOCOOOB - HCIOJIH30BATH COOTBETCTBUE MEXKIY PACIpeIe/IeHHsI-

MH U HPOU3BOIANIUME (DYHKIMSIMA MOMEHTOB (MM XapaKTePUCTHICCKUMU (DYHKIHSIMHA ).
Borauciure npousBogsinyo MyHKITHIO BHIA

MA(@) =K exp Z C"‘)”A” + 2 Z @iinj =K exp Tr (@+A) 5

1<j

JIByMsI CIIOCODAMMU: TIPSIMBIM WHTEIDUPOBAHHEM O Mepe Ha MaTpuiiax X W UHTerpUpo-
BarenM 10 Mepe (1). 3gecs © — mocrogHHAS SPMUTOBA BeIECTBEHHAS (KOMILJIEKCHAS,



KBaTePHUOHHO-BEIECTBEHHAsI) MATpulia. [Ipr 3TOM BOCHOJIB3YHTECH T€M, YTO MATPHIA

© mpuBOINTCA K JIWATOHATBHOW MaTpure D COOTBETCTBYIONIMM YHUTAPHBIM TPEodPa3o-

Bannem © = UDUT, a tak xe Tem daxroM, 9ro Mepbl JleGera ma marpunax X u A

HHBAPHAHTHBI OTHOCHTENBbHO Tpeobpasopannii X — UX u A — UAU™ coorsercTBenHO.
2) IMokazkure, 9T0 pacrpejieseHne COOCTBEHHBIX 3HAYEHNH MATPUIHl A nUMeeT BHUJL

N
FOu ) = 27 e s ERN TP T I = A7
=1

i<j

3amaya T7.BAPUAIIMOHHASA 3AJAYA [OJId PACHPEIEJEHUA IIACTYPA-
MAPYEHKO.

[LrorHOCTL pacnpeeseHns COOCTBEHHBIX 3HAYECHHIT BHIOOPOUYHONH KOBAPHUAIMOHHON
Marpunbsl N X N umeer BHI

N
8
FOu o Aw) =zt e s B M T T I = A1, (2)
i=1 i<j
rie = 1,2,4 u a = alN. llpeanonoxum. aro npu N — oo ciaydaiiHasg SMIAPHIECKAS
cHeKkTpaJibHas Mepa

| X
Ly = N ;5Ai/m

CTPEMUTCS K HEKOTOPOil JEeTePMUHUCTUUYCKONH Mepe L., ¢ KOHEYHBIM HOCHTEJEM, B TOM
CMBICJIe, 9TO JJisi JTI0O0H OrpaHmYeHHOl HenpepbiBHON (yHKIuu f() mpeen cpejHero

suga N 'E <Zf\;1 f()\Z/N)> BBIYHCIISETCSA KAK

Jm NUE( S50/ ) = [ f@)dLalo)

a) Craprys ¢ mioTHocTH (2) copMyupyiiTe BADHAIIHOHHYIO 33/1a9y O HAXOXKJICHUH TIpe-
JEJTBHOU SMITMPUIECKONH MEPHI.

6) Banuiure pereHre BADUAIMOHHON 3a/1a41 B BUJIe HHTEIPAJTLHOTO YDABHEHUS M, IPO-
nuddepentmopsas ero, ¢ momonibio (opmyn Coxonkoro-Ilnemens 3anummure 3amady
Pumana-I'minbepra s npeodbpazosanus Ctuibrbeca oT L.

B) Permute mosydueHuyto 3aja4dy u, obpatus npeobpasopanue CTHIBTHECA, BBIBEJIUTE PAC-
npenenenne Ilactypa-Mapuenko.

Sa;Laqa 8. ®oPMVYJIA 'EVMHE AJIA YHUTAPHBIX OPTOTOHAJIBHBIX MHOTI'OYJIE-
HOB.
[Iyctn
P,(n)=z"+..., n=0,1,2,...

CHCTEMa YHUTAPHBIX MHOTOWIEHOB, OPTOTOHAJIBLHBIX OTHOCHTENBHO MephI (),

/ Py (2) Por(2)da() = hudom.



Hokazkure, ato P, () MOXKHO MpeJCTABATH B BHJIE

H(x — ml)] ,

i=1

1

= E
n!Dn,1

Bu(x)

rae MaTOXKUJaHHNEe BbIYUCIACTCA OTHOCUTEJIbHO MepPhbI

p(dry X ... x dx,) = H (x; — xj)Qda(xl) cdo(zy),

1<i<j<n
u D, = det | [ 2" da(z)]

0<i,j<n

3amadya 9. JIEMMA KPUCTO®E/A-/[APBY
Paccmorpure cucremy yHUTApHBIX MHOTOYJIEHOB

n
po(x) =2"+ ...,
OPTOrOHATBHBIX OTHOCHTEJLHO Beca w(x) ¢ HOPMUPOBKOIA
<pk7pm> = /pk<x>pm(l’)w(l’)dl’ - 6k,mhm7 k7m - 07 ]-7 ceey
KOTODPbIe YJOBJIETBOPAIOT TPEXWIEHHBIM PEKYPPEHTHBIM COOTHOIICHUSIM

Pret1(x) + (Ap — 2)pi(x) + Brpr—1(x) = 0,

rje
(TDk, Pr) Ry,
g D, i hi—1
[IycTh
w(z)
V() 1= pu() h
coorBeTcTByOIHUit 6asuc Pypoe, a
N-1
En(e,y) = 3 ta(@)u(y)
n=0

npoektop paunra N. Jlokxkure dhopmynnt Kpucrodes-/lapoy

- U1 (2)Yn(y) — Un ()N -1 (y)

KN(:I"7y): y—1x

Ky(z,x) = vy (@)vn-1(x) — Yy (x)Py_ 1 (x)),
rae Ve =/ hi/hi-1.

3amaga 10. MATPUIIA AKOBU



B ycaoBugx mpeaprayieit 3agaqu 6ecKoHeUHas MaTPUIlA BUIA

AO ’}/1 0 0
M A oy 0

Q= 0 v Ay v . |,
0 0

HaspiBaeTcs Marpuiieit fkoou. lokaxkure ciemayiomniue popMyJibl s [IpeICTaBIeHUs Op-
TOTOHAJIBHBIX MHOTOWIEHOB U SJIpa

px(e) = det (2 — Q). Kn(eny) = YW 4o @ Q)w— @)

NxN hn_1 (N—=1)x(N—1)

rje onupeaejaure/]in IOHUMalOTCd KaK IVIaBHbIE MUHOPDLI IIOPAddKa N.

3agaua 11. AHCAMBJIb JIATEPPA-BUIIIEPTA
[LnorHoCTh pacupejenennss COOCTBEHHBIX 3HAYEHUN KOBAPUAIMOHHBIX BBIOOPOYHBIX
MaTpull u3 ancambiig Jlareppa-Bumepra umeer Bu

N
Fy. o Aw) = Z7 e 2 H)\fa/z T =1

i=1 i<j

rie \; € [0,00) (em. Jlucrok 1.).

Vcronbsys muorowenst Jlareppa, LY (x) (He0GX01uMbIe CIIPABOUHBLE CBEICHUS IIDH-
BEJIEHBI B KOHIIE 33JIa49H ), TTOCTPOiiTe Koppeaanuonuoe saapo Ky (z,y), ana cayuas [ = 2
1 a > 0. IlpoBeauTe ero aCHMITOTHYECKUH AHAN3 B PA3IAYHBIX TIPEJIEIaX:

1. BeiBenuTe ypaBHeHNMe Ha TPOU3BOAAIILY IO (DYHKIHIO MHOTOUJIEHOB Jlareppa u3 Tpéx-
WIEHHBIX PEKYPPEHTHBIX COOTHOIIEHU T U, PEITUB ero, TOKAYKUTE, YTO MPOW3BOISIIIAS
dyHKIUA UMeeT BUJL

- exp (—1%)
G (x,t) := LW (g)th = —— 2~ 1=t/
= P = T

Sanunmre HHTErPaIbHOE MPECTABICHNe MHOrO41eHOB Jlareppa.

2. UccnenyiiTe moBegeHne MOJIYUYeHHOTO WHTerpaa B npejaene N — 00, cauTas 9To
0 < a < 0o ocTaeTcss KOHEUHOH BeTMINHOM, U BBIBEIUTE MpeaeabHble (hOPMYIbL I
KOPPEJAIMUOHHOrO $/Ipa B Pa3JIMYHBIX CKEeHJIUHTOBBIX MpeJieaax:

(a) Tlokazkute, 9TO CPeAHSS LIIOTHOCTH

p(z) = lim Ky(Nz,Nzx)
N—o0
JTaeTcsd YaCTHBIM caydaeM pactpeaenenns [lactypa-Mapdaerko. Ero moxkno 1me-
pemnucaTh Kak Kak 9eTBepPThKPYTOBOU 3aKOH — IOJIOBHHY IOJIYKPYIVIOTO 3aKOHA,
Burnepa. O6bsicHUTE 3Ty CBA3b.



(b) ITokazkuTe, 9TO BO BHYTpeHHeil yacTu crmektpa, 0 < w < 4, mpeJeabHoe KOp-
PeISIMOHHOE SIJIPO

1
K3M(w,y) = lim ——

Ky (Nw+i Nw+i>
N—vos p(w)

Y
p(w) p(w)
HE 3aBHCHT OT pedepeHTHOH TOUYKH W B CTPEMUTCH K CHHYC-sIJIpY.

(c) TTokaxkuTe UTO MPHU HEKOTOPOM BBHIGOPE KOHCTAHTHI 0 KOPPEJISAIHOHHOE SIIPO B
OKPECTHOCTH IPABOrO Kpasi CliekTpa (pexKuM Msrkoro kpas, soft edge)) cxo-
autcst K saapy Aiipu

eotvedee (g gy = lim N30 Ky (4N + o N3z, AN + o N/3y)
—00
_ Ai(w) Al (y) — Ai(y)Ai'(z)
— p—

Kzgft edge<1‘7 y) = KAiry(‘T’ y)‘

(d) ITokaxkuTe, 9TO Ha JIEBOH TpaHHUIlE CEKTpa (B pexKHMe KeCTKOro Kpas, hard
edge scaling limit) KoppessiuoHHOE AAPO CXOAUTCs K 1py Beccess

hard edge - : 1 x Y
K e(ey) = Jim oo (530 7y)
Jo(V2)V9 1 (VY) — Ja(VY)VE T (V)

2(z —y)
(e) Y6emurech , uTo mpu a = £1/2 MbI BO3BpAIaeMcst K YeTHO U HEYeTHON JacTh

CUHYC 4Jpa, a B Ipeaesie a — 00, KOrJa JIEBbII Kpail OTOABUATAETCA OT TBEPAOHA
CTEHKH, K siApy DHpH.

Ucnoap3syiiTe caeyomue cpaBodnbie (hOpMyJIbL:
Mmuorounens! Jlareppa Lgca)(x) oproronaiabuel B Ly([0,00), w(x)dz) ¢ Becom w(zx) =

®e™*. Jlns pemieHnst JOCTATOYHO 3HATH KOI(MDMUITHEHT TIPH CTAPIIEM WIeHe

X

n
LW (z) = x”u + wieHbl 60JIee HU3KUX MOPSIKOB

HOpMY'
nom n!
a Tak zKe KO DUIHMETHTHI TPEXUJICHHBIX PEKYPPEHTHBIX COOTHOIIEHM

—(n+ DL (z) + 2n+a+1—2) L (x)—(n+ a) L', (z) = 0.

5n,ma

QOyuknun Jiipu u beccessd MOKHO IOHUMATD B CMBICJIE KX HHTEI'PAJIbHBIX IIPeJICTABICHUIH,
HallpuMep

1 oo

AZ(Z) _ % ei(zt+t3/3)dt
(12)" [on 2N\ dt
ne) = L [T (-2 A

13ameTsTe, 9TO IPH TAKOM TPaJHIEOHHOM OIIPeIeIeHIN, MHOTOWICHE! Jlareppa He aBISIOTCa HE yHH-
TApHLIMU HU HOPMUPOBAHHbLIMU Ha €IMHUILY.



WK JIOOBIX Jpyrux. B mocieaneM uHTerpasie KOHTYP MHTEIPUPOBAHUS HAYHUHAECTCS B
—o00 — 10, 3akaHunmBaercs B —oo + 10 n 0bXoauT paspes dbyHKIHMH t4T! mposenenublii
BAOJIb OTPHUIIATEJIBbHONA 4acTu JEeHCTBUTEJILHON OCH.

3agadya 12. Yucsao gacTurm B JeTEPMIHAHTHOM TOYEYHOM ITPIIECCE

[Tycrs (X,Conf(X),P) — merepMuHAHTHBI TOYEUTHBIH MPOTECC, 33JaBAEMBbIli KOppe-
JANMOHHBIM  glpoM K, @ X X X — C, koropoe olmpejenseT JUHERHBIH OIpeaTop

K, Ly(X, 1) — Lo(X, ),
Rof(x) = / Kol ) f@)duly),  f(x) € La(X, 1),

gpJIsgiomuiica npoektopoMm, K2 = K,, Ha HOIIPOCTPAHCTBO DPa3MEpPHOCTH N, T.e.
dimlmK,, = n. loxkaxkure, yro 00Ilee YUCJI0 FACTUIL B TOM IIPOIECCe HMOYTH HAaBEPHOE
paBHO N,

P(v(X) =n) = 1.

3agada 13. YUucao gacTull B MHTEPBAaJie B TaAyCCOBOM YHUTApHOM aHcamOJie
U IMyaCCOHOBCKOM IIPOIIECCE.

Paccmorpure rayccoB yHUTApHBIH ancamM0b/Ib MATPHUIL 12 X N, TJe IJIOTHOCTD Pacipejie-
JIEHU A CO6CTB€HHbIX 3HaUYeHU uMeerT BH

1 1 n 2
G, 1y
fAn'B(:rl,...,xn): ZGUE® EPMRES H |z — x|
n 1<i<j<n

[Iycte E,(L) := v([-L/v/n,L/\/n]) — uucio coGCTBEHHBIX 3HAYEHUH B OTpe3Ke
—L/\/n,L/\/n] n E(L) := lim E, (L) B cMBIcJIe MOMEHTOB. BBIYHCINTE JIUCTIEPCHIO
9 n—oo n

D(E(L)) cayuaituoit Besmaunsl F(L) n JOKaXKUTe, IT0 UMEET MECTO MPEIE

. DE(L) 1

lim —— = —.

L—oco InL 2
[IpomenaiiTe TO YKe caMoe JJisT MMYyacCOHOBCKOTO TOYEUTOr'0 MPOIEcca ¢ WHTEHCHBHOCTHIO
p B Réuisa xyba [—L, L]%, a takKe BBIYACIUTE BEPOATHOCTH OTCYTCTBUA YACTHI B 3TOM
KyOe



