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1 Лекция

1.1 О лошадях

1.1.1 Первое наблюдение “волны переноса”

Первое наблюдение уединенной волны в 1834г. сделал шотландский ученый и
инженер Дж. Скотт Рассел (1808–1882). Окончив Университет Глазго в 16 лет,
он работал в Отделении естественной истории в Эдинбурге, где изучал пропуск-
ную способность канала Юнион. Вот в процессе поиска наиболее оптимальной
конструкции барж для каналов, он доложил о следующем:

“Я наблюдал за движением баржи, которую быстро тащила вдоль
узкого канала пара лошадей, когда внезапно баржа остановилась –
вся масса воды в канале пришла в движение; вода собралась у носа
корабля в состоянии бурного волнения, затем вдруг оторвалась от
него и покатилась вперед с большой скоростью, приняв вид большо-
го уединенного возвышения; округлый, гладкий, четко выраженный
холм воды продолжал свое движение по каналу без видимого изме-
нения формы или уменьшения скорости. Я бросился за этой волной
верхом на лошади и догнал ее, когда она все еще двигалась со скоро-
стью около восьми или девяти миль в час, сохраняя первоначальную
форму, и имела около тридцати футов в длину и от фута до полутора
футов в высоту. Ее высота постепенно уменьшалась, и после одной
или двух миль погони я потерял ее в изгибах канала. Так в августе
месяце 1834г. произошла моя первая встреча с этим необыкновенным
и прекрасным явлением, которое я назвал Волной Переноса ..."

По английски:

I was observing the motion of a boat which was rapidly drawn along
a narrow channel by a pair of horses, when the boat suddenly stopped—
not so the mass of water in the channel which it had put in motion; it
accumulated round the prow of the vessel in a state of violent agitation,
then suddenly leaving it behind, rolled forward with great velocity, assum-
ing the form of a large solitary elevation, a rounded, smooth and well-
defined heap of water, which continued its course along the channel
apparently without change of form or diminution of speed. I followed
it on horseback, and overtook it still rolling on at a rate of some eight or
nine miles an hour [14 km/h], preserving its original figure some thirty
feet [9 m] long and a foot to a foot and a half [300–450 mm] in height.
Its height gradually diminished, and after a chase of one or two miles
[2–3 km] I lost it in the windings of the channel. Such, in the month
of August 1834, was my first chance interview with that singular and
beautiful phenomenon which I have called the Wave of Translation.
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Скотт Расселл провел ряд экспериментов (в домашних условиях!) и обнару-
жил несколько важных свойств таких волн:

• Эти волны стабильны и могут “путешествовать” на большие расстояния

• Их скорость зависит от высоты волны, а ширина от глубины воды

• В отличие от обычных волн, эти волны никогда на сливаются.

Его экспериментальные результаты, как казалось, противоречили теории гид-
родинамики Ньютона и Бернулли. Эйри и Стокс столкнулись с проблемой объ-
яснения этих результатов посредством современной им теории волн на воде.
Первые объснения появились лишь в 1870-х годах. В 1872г. Буссинеску пред-
ложил уравнение, описывающее длинные волны на поверхности жидкости и
показал, что оно имеет решение типа уединенной волны. В 1876 году лорд Ре-
лей (статья в Philosophical Magazine) в рамках своего математического подхода
поддержал результаты Рассела и Буссинеку.

Однако реальный прорыв произошел в 1895г.: Кортевег и де Фриз получили
уравнение распространения волн в одном направлении по поверхности мелкого
канала (для невязкой, несжимаемой, однородной жидкости в постоянном поле
тяжести)

ut − 6uux + uxxx = 0. (1.1)

Они показали, что это уравнение обладает уединенной волной, т.е. решением
вида

u(x, t) =
−2κ2

ch 2κ(x− 4κ2t− x0)
(1.2)

(отклонение уровня воды от стационарного для дальнейшего удобства обозна-
чено −u), где параметр κ – произвольная положительная константа, не фикси-
рованная уравнением. Именно эту волну и наблюдал Рассел.

1.1.2 Уравнение Кортевега–де Фриза – баланс дисперсии и нелиней-
ности

Рассмотрим волновой процесс в предположении

1. отсутствия диссипации,

2. отсутствия дисперсии,

3. малости амплитуды колебаний ϕ

Тогда волновой процесс описывается волновым уравнением:

∂2t ϕ = c2∂2x ϕ . (1.3)
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Диссипативные системы – такие системы у которых механическая энергия (сум-
ма кинетической и потенциальной) убывает, переходя в другие формы, напри-
мер в теплоту (dissipatio – рассеивание, исчезновение (лат.)).

Дисперсия (dispersio – рассеяние (лат.)) – зависимость фазовой скорости
гармонической волны от ее частоты. Гармоническая (плоская) волна:

eiwt−ikx , (1.4)

где ω – частота, k – волновой вектор,

ω(k) = kv(k) (1.5)

v(k) – фазовая скорость. Групповая скорость=
∂ω

∂k
. Дисперсионное соотношение

– уравнение, связывающее частоту колебаний ω и волновой вектор k: ω = ω(k).
Диссипация приводит к затуханию волны, дисперсия – к расползанию и пе-

ремешиванию пакетов, а нелинейные эффекты – к укручению фронтов. Эффект
нелинейности хорошо демонстрирует бездисперсное уравнение КдФ:

ut = 6uux, (1.6)

которое решается следующим образом. Найдем s из уравнения

s = x+ 6tu0(s),

где u0(x) – начальное данное. Тогда решение задачи Коши для (1.6) дается
посредством

u(t, x) = u0(s(t, x)). (1.7)

Рассмотрим как можно учесть малую нелинейность и дисперсию. Выделим
из общего решения волнового уравнения ψ = ψ1(x − ct) + ψ2(x + ct) волну,
распространяющуюся, скажем, направо:

∂t ϕ+c∂x ϕ = 0. (1.8)

Учтем нелинейную поправку к фазовой скорости: v(k) = v0+v1k
2+v2k

4+. . ., так
что закон дисперсии принимает вид ω = ck − βk3 (член порядка k2 отсутству-
ет, поскольку гармоническая волна должна удовлетворять дифференциальному
уравнения с вещественными коэффициентами). Такой закон дисперсии дается
уравнением:

∂t ϕ+c∂x ϕ+β∂3x ϕ = 0 (1.9)

Теперь введем нелинейность. Уравнения (1.8) и (1.9) имеют вид законов со-
хранения: ∂tψ+∂xj = 0, т.е.

∫
dxψ(x, t) сохраняется во времени. Добавим первую

квадратичную поправку к j, что сохранит это свойство: j = cψ + β∂2xψ + α
2
ψ2.

Тогда ∂tψ + c∂xψ + β∂3xψ + αψ∂xψ = 0, что после замены x −→ x+ ct, ψ = −β
α
u

дает уравнение КдФ.
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1.1.3 Развитие теории нелинейных уравнений

В 1954г. Ферми, Паста и Улам, изучая на ЭВМ поведение цепочки нелинейных
осцилляторов (что можно рассматривать как численное моделирование КдФ),
обнаружили аномально медленную стохастизацию этой этой динамической си-
стемы.

В 1958г. Сагдеев показал, что в плазме могут распространяться солитоны, а
Гарднер и Морикава в 1960 г. показали, что уравнения, описывающие сильную
плазму аналогичны КдФ.

В 1965г. Забуски и Крускал, экспериментируя с численными решениями
КдФ показали, что солитоны сталкиваются упруго и ввели само понятие “со-
литон”. Затем были открыты бесконечные серии законов сохранения.

Мы будем называть солитонами любые (экспоненциально) ло-
кализованные нелинейные волны, которые взаимодействуют с про-
извольными локальными возмущениями и всегда восстанавливают
асимптотически свою форму.

В 1967г. Гарднер, Грин, Крускал и Миура предложили метод спектрального
преобразования как метод решения задачи Коши

u(0, x) = u0(x), (1.10)

для уравнения КдФ, где u0(x) – заданное начальное данное. Современный ва-
риант этого метода называется методом обратной задачи рассеяния.

В 1968г. Лакс (Peter David Lax) обобщил метод обратной задачи рассеяния и
вскрыл алгебраический механизм, лежащий в основе работы Гарднера, Грина,
Крускала и Миуры. Уравнение КдФ эквивалентно представлению Лакса

Lt = [L,A] (1.11)

для пары дифференциальных операторов L и A (говорят также, что операторы
L и A образуют лаксову пару):

L = −∂2x + u , (1.12)

A = 4∂3x − 6u∂x − 3ux. (1.13)

Как мы увидим в дальнейшем, именно соотношение (1.11) лежит в основе при-
менимости метода обратной задачи к нелинейным эволюционным уравнениям.
Само существование и конкретный вид этих операторов, конечно, зависят от
рассматриваемого нелинейного уравнения.

В 1971г. Гарденер, Захаров и Фаддеев построили теорию уравнения КдФ как
гамильтоновой системы. В классической механике имеется теорема Лиувилля,
согласно которой система, в которой число интегралов движения в инволюции
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совпадает с числом степеней свободы n, может быть полностью проинтегрирова-
на (решена) методом разделения переменных в уравнении Гамильтона–Якоби.
Такая система является интегрируемой системой. Траектория такой системы
в 2n-мерном фазовом пространстве может быть представлена в подходящих
переменных (переменных действие-угол) как намотка на n-мерном торе. Си-
стема, число интегралов в которой меньше числа степеней свободы, проявляет
хаотическое поведение, то есть траектории в фазовом пространстве с близки-
ми начальными условиями могут экспоненциально расходиться. При неболь-
шой деформации интегрируемой системы в неинтегрируемую n-мерный тор в
2n-мерном фазовом пространстве разрушается (“размывается”), превращаясь,
например в странный аттрактор.

В 1971г. Захаров и Шабат решили методом обратной задачи нелинейное
уравнение Шредингера! В 1973г. метод был применен сразу к нескольким урав-
нениям в работе Абловица, Каупа, Ньюэлла и Сигура. После этих работ стало
понятно, что уравнение КдФ – не единственное интегрируемое уравнение!!!

В 1975г. Захаров и Шабат предложили процедуру одевания.
Помимо уравнения КдФ в XIX веке были известны: уравнение sine-Гордон

и уравнения Цицейки. Для уравнения sine-Гордон, возникающего при описании
поверхностей постоянной отрицательной кривизны, был открыт способ постро-
ения и “размножения” солитонных решений – преобразование Беклунда.

В создание и развитие теории солитонов огромный вклад внесли школы
Фаддеева и Новикова.

1.2 Общая схема метода обратной задачи. Уравнение

Кортевега–де Фриза

Рассмотрим теперь подробнее схему метода обратной задачи на примере урав-
нения Кортевега–де Фриза. Лаксова пара для него дана в (1.12) и (1.13):

L = −∂2x + u , (1.14)

A = 4∂3x − 6u∂x − 3ux. (1.15)

Важнейшей особенностью пары Лакса является то, что временна́я производная
не входит в L-оператор. Таким образом мы можем рассматривать t как пара-
метр и исследовать спектральные свойства этого оператора, т.е., исследовать
решения уравнения

L y = λy. (1.16)

Это уравнение на функцию y(t, x) есть спектральная проблема для операто-
ра (1.12), иногда оно также называется вспомогательной линейной задачей
для рассматриваемого нелинейного уравнения. Заметим, что в силу (1.11)

(L−λ)(yt +A y) = 0 , (1.17)

7



т.е. комбинация yt + A y также удовлетворяет уравнению (1.16), но не обязана
быть нулем. В то же время, уравнение

yt = −A y (1.18)

совместно с уравнением (1.16) в силу (1.11). Здесь уместно подчеркнуть, что
совместность уравнений означает лишь наличие их общего решения, но отнюдь
не то, что каждое решение одного из них будет решением и другого.

Уравнение (1.16) хорошо известно в физике: это стационарное одномерное
уравнение Шредингера. Впрочем, оно также исследовалось математиками еще
в XIX веке (уравнение Штурма–Лиувилля). Для нас важно, что для уравне-
ния (1.16) разрешимы прямая и обратная задачи рассеяния. Прямая задача:
определение по потенциалу u данных рассеяния, которые мы обозначим S. Их
определения и свойства будут даны в последующих лекциях. Обратная задача:
восстановление потенциала u по данным рассеяния. При этом мы покажем как
из условия достаточно быстрого убывания потенциала на пространственной бес-
конечности равенства (1.17) и (1.18) приводят к линейным дифференциальным
уравнениям по t на данные рассеяния. Таким образом, как уже говорилось, об-
щая схема метода обратной задачи рассеяния в применении к теории нелиней-
ных интегрируемых уравнений демонстрируется следующей диаграммой: По

Задача Коши
ut − 6uux + uxxx = 0
u(0, x) = u0(x)

Прямая
задача

Данные рассеяния

при t = 0:
S0

Эволюция по t
(решается явно)

Данные рассеяния

при произвольном t:
S(t)

Обратная
задача

Решение
задачи Коши

u(t, x)

заданному начальному данному u0(x) строятся отвечающие ему данные рассе-
яния S0. Далее, явно решается уравнение временной эволюции для спектраль-
ных данных, т.е. мы находим данные рассеяния S(t). По ним, используя урав-
нения обратной задачи, мы восстанавливаем потенциал u(t, x), который ввиду
эквивалентности (1.11) и уравнения КдФ (1.1) есть решение этого нелинейного
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уравнения и поставленной задачи Коши. Таким образом, решение нелинейного
уравнения свелось к решению трех линейных задач, одна из которых решается
явно! Как мы видили ранее, весь метод основан именно на разрешимости об-
ратной задачи. Это – основное условие применимости метода. Очевидно, что
для уравнения (1.1) есть и гораздо более простая “лаксова пара”:

L = ∂x + u, A = 3u2 − uxx, (1.19)

для которой также равенство (1.11) эквивалентно уравнения КдФ (1.1). Однако,
такой L-оператор – преобразование подобия оператора ∂x:

L = exp

(
−

∫ x

u(x)

)
∂x exp

(
−

∫ x

u(x)

)
,

где в отличии от рассмотренного ранее оператора K оператор преобразования
является оператором умножения. Поэтому такой оператор L имеет тривиаль-
ный спектр, не зависящий от u(x), и соответственно, обратная задача для него
не имеет смысла. Отметим, что такого рода бесполезные “пары Лакса” могут
быть выписаны для любого уравнения в любом числе измерений. Поэтому, го-
воря об интегрируемых уравнениях, мы всегда будем иметь ввиду наличие для
них лаксовой пары, в которой для оператора L осмыслены прямая и обратная
задачи.

Литература:
В. Е. Захаров, С. В. Манаков, С. П. Новиков, Л. П. Питаевский, “Теория

солитонов: Метод обратной задачи”, М., “Наука”, 1980.
Ф. Калоджеро, А. Дегасперис, “Спектральные преобразования и солитоны.

Методы решения и исследования нелинейных эволюционных уравнений”, М.,
“Мир”, 1985.
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2 Лекция

2.1 Многомерные и дискретные уравнения.

Рассмотрим уравнение Кадомцева–Петвиашвили (КП)

(ut − 6uux + uxxx)x = 3σ2uyy (2.1)

на вещественную функцию u(t, x, y). Здесь σ2 = ±1. В случае σ2 = 1 это уравне-
ние называется КПI, а при σ2 = −1 – КПII. Уравнение КП – один из основных
примеров в области интегрируемых уравнений в пространстве 2+1 измерений.
В физических задачах оно возникает в самых разных контекстах и для обо-
их знаков σ2. При этом свойства решений этих уравнений сильно зависят от
выбора знака. Оператор Лакса имеет вид

L = iσ∂y + ∂2x − u(x, y), σ = 1, i (2.2)

Здесь мы будем рассматривать уравнение КПII, т.е.

(ut − 6uux + uxxx)x = −3uyy. (2.3)

Его пара Лакса есть

L = −∂y + ∂2x − u(x, y), (2.4)

A = 4∂3x − 6u∂x − 3ux − 3

x∫

∞

dx′ uy(x
′, y), (2.5)

так что (2.3) эквивалентно (1.11).
В последнее время большой интерес вызывают разностные уравнения, т.е.

уравнения на функции, некоторые из переменных которых (возмножно, все)
принимают дискретные значения. Наиболее известным здесь является раз-
ностное уравнение Хироты. Это уравнение на вещественнозначную функ-
цию v(m1, m2, m3) трех дискретных переменных mi ∈ Z, i = 1, 2, 3. Вводя обо-
значения для первых разностей:

v1(m1, m2, m3) = v(m1 + 1, m2, m3)− v(m1, m2, m3),

v2(m1, m2, m3) = v(m1, m2 + 1, m3)− v(m1, m2, m3),

и т.д., это уравнение записывается как:
[
v1 − v2

]
v1,2 +

[
v2 − v3

]
v2,3 +

[
v3 − v1

]
v3,1 = 0. (2.6)

Аналогично предыдущим построениям выводится и пара Лакса этого уравне-
ния:

ϕ2(n, k) = ϕ1(n, k) + (v2(n)− v1(n))ϕ(n, k), (2.7)

ϕ3(n, k) = ϕ1(n, k) + (v3(n)− v1(n))ϕ(n, k). (2.8)

Посредством предельных процедур уравнение Хироты порождает многие (в
неабелевом случае – возможно, все) интегрируемые уравнения.
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2.2 Коммутаторные тождества

Для любых двух элементов A и B произвольной ассоциативной алгебры выпол-
нено следующее коммутаторное тождество:

4[A3, [A,B]]− 3[A2, [A2, B]]− [A, [A, [A, [A,B]]]] = 0. (2.9)

Для доказательства этого тождества достаточно раскрыть все скобки, поль-
зуясь свойством ассоциативности. Заметим теперь, что коммутаторы степеней
оператора A коммутируют между собою. Поэтому мы можем задать зависи-
мость B от произвольного набора времен t1, t2, . . . формулами

Bt1 = [A,B], Bt2 = [A2, B], Bt3 = [A3, B], . . . , (2.10)

что в силу (2.9) означает, что функция B(t1, t2, t3) удовлетворяет уравнению

4
∂2B(t)

∂t1∂t3
− 3

∂2B(t)

∂t22
−
∂4B(t)

∂t41
= 0, (2.11)

т.е. линеаризованному уравнению КПII.
Тождество (2.9), как было сказано, можно доказывать непосредственной

проверкой. Однако проще провести доказательство для случая, когда оператор
A есть оператор умножения в некотором пространстве: (Af)(x) = xf(x), а опе-
ратор B – интегральный оператор (Bf)(x) =

∫
dyB(x, y)f(y) с произвольным

ядром B(x, y). Тогда для ядра коммутатора имеем [A,B](x, y) = (x− y)B(x, y),
и аналогично, для всех старших степеней [An, B](x, y) = (xn − yn)B(x, y). Вооб-
ще, для произвольной функции от оператора A имеем [F (A), B](x, y) = (F (x)−

F (y))B(x, y). Обозначая α = x−y, β = x2−y2, имеем: x =
β + α2

2α
и y =

β − α2

2α
.

Так что F (x)− F (y) = F

(
β + α2

2α

)
− F

(
β − α2

2α

)
, что, собственно, и дает тож-

дество. В частности, полагая F (A) = An, получаем

2n(xn − yn)(x− y)n−2 =
n∑

m=1

n!(1 − (−1)m)

m!(n−m)!
(x− y)2(m−1)(x2 − y2)n−m,

так что мы пришли к полубесконечному набору коммутаторных тождеств

[An, [A, . . . , [A,︸ ︷︷ ︸
n−2

B] . . .] =

=
1

2n−1

[(n−1)/2]∑

m=0

n!

(2m+ 1)!(n− 2m− 1)!
[A2, . . . , [A2,︸ ︷︷ ︸

n−2m−1

[A, . . . , [A,︸ ︷︷ ︸
4m

B] . . .], n ≥ 2,

(2.12)
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которое также можно проверить непосредственно. Здесь [(n − 1)/2] означает
целую часть числа. В силу (2.10) мы видим, что по переменным t1, t2 и tn
выполняются уравнения:

∂n−1B(t)

∂tn−2
1 ∂tn

=
1

2n−1

[(n−1)/2]∑

m=0

n!

(2m+ 1)!(n− 2m− 1)!

∂n+2m−1B(t)

∂t4m1 ∂tn−2m−1
2

, (2.13)

которые называются высшими линеаризованными уравнениями КПII иерархии.
В этом проявляется одно из специфических свойств интегрируемых уравнений:
они всегда являются элементами бесконечных иерархий интегрируемых урав-
нений, упорядоченных по степеням старших производных. При этом следует
иметь ввиду, что включение, скажем, четырех времен (например, t1, t2, t3 и t4)
не означает, что мы имеем интегрируемое уравнение функции четырех перемен-
ных. На самом деле, функция B(t) в этом случае удовлетворяет двум уравне-
ниям из (2.13), каждое из которых является уравнением по трем независимым
переменным: при n = 3 это t1, t2 и t3, а при n = 4 – это t1, t2 и t4.

Введя зависимость оператора B от “времен” (независимых переменных) по
(2.10) мы прошли к линейным дифференциальным уравнениям, которым он
удовлетворяет в силу коммутаторных тождеств. Теперь наша задача – постро-
ить соответствующие нелинейные уравнения. Однако предварительно мы рас-
смотрим операторную реализацию элементов A и B ассоциативной алгебры.
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3 Лекция

3.1 Commutator identity and linear equation on an associ-
ative algebra

We start with the following simple observation. Let we have an associative algebra
with unit I and let for some element A in this algebra there exist inverse elements
(A − aiI)

−1 for some constants a1, a2, a3 ∈ C (a1 6= a2 6= a3 6= a1). In what follows
we omit unity operator and write A− ai in such cases. Let B be any other element
of this algebra. It is easy to check that there exists commutator identity

a12
{
(A− a1)(A− a2)B(A− a1)

−1(A− a2)
−1 + (A− a3)B(A− a3)

−1
}
+

+a23
{
(A− a2)(A− a3)B(A− a2)

−1(A− a3)
−1 + (A− a1)B(A− a1)

−1
}
+ (3.1)

+a31
{
(A− a3)(A− a1)B(A− a3)

−1(A− a1)
−1 + (A− a2)B(A− a2)

−1
}
= 0,

where we denoted differences

aij = ai − aj 6= 0 for i 6= j. (3.2)

Eq. (3.1) also can be written as

a12
{
(A− a1)(A− a2)B(A− a1)

−1(A− a2)
−1+

+ (A− a3)B(A− a3)
−1
}
+ cycle(1, 2, 3) = 0, (3.3)

Notice that if some difference equals to zero, say a12, we do not need to make
calculations based on properties of the algebra to prove that (3.1) is identity of the
kind 0 = 0. So in what follows we set that all differences in (3.2) are nonzero.

In this case in order to prove (3.1) we have to use associativity of the algebra that
enables to open parenthesis. But as a simplified approach, also in search for such
identities we can consider some special realization of elements A and B of the algebra
as operators in some space. Say, let we have L2 on the real axis, f(x) ∈ L2. Let A
be multiplication operator: (Af)(x) = xf(x), and (Bf)(x) = intdyB(x, y)f(y) be
some integral operator. Applying then the l.h.s. of (3.1) to f we get that in the
integral with respect to y integrand B(x, y)f(y) got factor

a12

{
(x− a1)(x− a2)

(y − a1)(y − a2)
+
x− a3
y − a3

}
+ a23

{
(x− a2)(x− a3)

(y − a2)(y − a3)
+
x− a1
y − a1

}
+

+ a31

{
(x− a3)(x− a1)

(y − a3)(y − a1)
+
x− a2
x− a2

}
= 0, (3.4)

where now equality follow by simple calculations and takes place for any x and y.
In this course we consider discrete equations, i.e., equations depending on discrete

variables 1,2, etc. In other words we consider functions and operators (matrices)
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u(m), F (m), etc., depending on m = {m1,M2,M3, . . .}, where mi ∈ Z. Throughout
this text we use the following notation

F (1)(m) = F (m1 + 1, m2, m3), F (2)(m) = F (m1, m2 + 1, m3),

F (2,3)(m) = F (m1, m2 + 1, m3 + 1), etc.
(3.5)

so that upper indexes 1, 2, 3 and so on in parenthesis denote unit shifts of the
variable with the same number. It is clear that such shifts commute:

F (1,2) ≡ (F (1))(2) ≡ (F (2))(1) ≡ F (2,1). (3.6)

Existence of identity (3.3) suggests to introduce dependence of B on three
discrete variables m1, m2, m3 belonging to Z by means of equalities

B(1) = (A− a1I)B(A− a1I)
−1,

B(2) = (A− a2I)B(A− a2I)
−1,

B(3) = (A− a3I)B(A− a3I)
−1,

(3.7)

Then by (3.1), or (3.3) B(m) obeys linear difference equation

a12
{
B(12) +B(3)

}
+ cycle{1, 2, 3} = 0. (3.8)

While this equation, valid on an arbitrary associative algebra, will be the main
subject of our consideration here, it is not the only identity of such kind. Let us
consider “derivation” of the above equality. Following (3.7) and above realization of

elements of associative algebra we denote αi =
x− ai
y − ai

. Next, we use, say, equations

for i = 1, 2 in order to write x and y as functions of α1 and α2. Then we insert these
values in α3 that gives polynomial relation

a12
{
α1α2 + α3

}
+ cycle{1, 2, 3} = 0, (3.9)

that is the way to write (3.8) in terms of that special realization. Of course, finally
one has to check that equalities (3.1), or (3.8) are valid for any elements of associative
algebra.

In what follows we show that linear difference equation (3.8) can be lifted to
nonlinear integrable difference equation—the famous Hirota difference equation, that
has a lot of literature.

3.2 Cauchy–Green formula

Below we use terminology of the theory of functions of complex variables and
notation z = zRe + izIm ∈ C. We also write d2z = dzRedzIm ≡ 2idz ∧ dz and
derivatives ∂z = 1

2
(∂zRe

− i∂zIm) ≡ ∂, ∂z = 1
2
(∂zRe

+ i∂zIm) ≡ ∂. Function f(z) is
analytic if it is differentiable and obeys Cauchy conditions, that in these terms can
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be written as ∂zf(z) = 0. Here we do not assume analyticity of functions under
consideration and use notation f(z) as short for f(zRe, zIm), i.e., function of two real
variables. Under proper assumptions on smoothness of a function f(z) of complex
variable and border ∂D of a simply connected domain D on C one has Green’s
formulas:

2i

∫

D

d2z ∂f(z) =

∮

∂D

dz f(z), 2i

∫

D

d2z ∂f(z) = −

∮

∂D

dz̄ f(z),

where domain D is to the left from the contour ∂D in process of integration by it.
Useful relation is given by means of the formula from the theory of distributions:

∂
1

z
= πδ(z) ≡ πδ(zRe)δ(zIm),

where δ(zRe) and δ(zIm) are delta-functions of their arguments. In order to prove this
relation we let function f(z) to be infinitely differentiable and to decay at z → ∞
faster than any power of z (both these conditions are too strong, in fact) and use
definition of derivative of a distribution:

∫
d2
(
∂
1

z

)
f(z) = −

∫
d2

1

z
∂f(z) =

= − lim
ε→0

∫

|z|>ε

d2z
1

z
∂f(z) = − lim

ε→0

∫

|z|>ε

d2z ∂
f(z)

z
=

where we used that in this domain function 1/z is analytic; then by the Green’s
formula

=
−1

2i
lim
ǫ→0

∮

|z|=ε

dz
f(z)

z
=

−f(0)

2i
lim
ǫ→0

∮

|z|=ε

dz
1

z
= πf(0),

where f(0) was substituted for f(z) for ε small enough and the last integral was
calculated explicitly. By means of these relations we can prove the Cauchy–Green
formula:

f(z) = −
1

2πi

∮

∂D

dz ′ f(z
′)

z − z′
+

1

π

∫

D

d2z′

z − z′
∂
′
f(z′),

when z ∈ D ⊂ C and f(z) = 0 otherwise. This formula generalizes to the non-

holomorphic case the standard Cauchy formula. Here we denoted ∂
′
= ∂z̄′

3.3 Operator realization of elements of an associative algebra.

In order to arrive to nonlinear evolution equation we need a so called “dressing
procedure”, that in its turn require specific realization of elements of associative
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algebra. Taking that we are working here with discrete variables running through Z

into account, we consider (infinite) matrices F , G, ets. Let T denotes shift matrix
Tm1,m′

1
= δm1,m′

1
+1. For any matrix F = {Fij}i,j∈Z we introduce fn(m1) = Fm1,m1−n,

so that matrix F can be written as

F =
∑

n∈Z

fnT
n, (3.10)

where all matrices fn = diag{fn(m1)}m1∈Z are diagonal, i.e., mutually commuting
ones. Notice, that this is leading consideration only, so we do not discuss convergence
of the above series. With this accuracy we uniquely associate to every matrix F its
symbol

F̃ (m1, z) =
∑

n∈Z

fn(m1)z
n, (3.11)

where m1 ∈ Z, z = zRe + izIm ∈ C. It is easy to see that the standard product of
matrices F and G in terms of their symbols takes the form

F̃G(m1, z) =

∮

|ζ|=1

dζ

2πiζ
F̃ (m1, zζ)

∑

m′

1
∈Z

ζm1−m′

1G̃(m′
1, z). (3.12)

Here and below we use relations

∮

|ζ|=1

dζ ζn

2πiζ
= δn,0, δc(ζj) =

∞∑

n=−∞

ζnj , (3.13)

where the latter one gives the delta-function on the contour, i.e.,

∮

|ζ1|=1

dζ1
2πiζ1

f(ζ1)δc(ζ1) = f(1) (3.14)

for a test-function f(ζ). In other words, if function ϕ(ζ) on the unit circle ζ ∈ C,
|ζ | = 1, admits decomposition in the Fourier series, i.e.,

ϕ(ζ) =
∑

n∈Z

ϕn ζ
−n, then ϕn =

∮

|ζ|=1

dζ ζn−1

2πi
ϕ(ζ), (3.15)

that means direct and inverse Fourier transforms correspondingly. We see that the
composition law (3.12) gives a kind of “deformed” Fourier transform. Moreover, in

the case where symbol F̃ (m1, z) of operator F is independent of z (due to (3.10)
this means that infinite matrix F is diagonal) this law reduces to the composition
of the direct and inverse Fourier transforms, so that

F̃G(m1, z) = F̃ (m1)G̃(m1, z) (3.16)
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for any operator G. Thus operators with z-independent symbols play the role of
multiplication ones.

As useful examples we mention that for the unit and shift matrices (I and T
correspondingly) in(m1) = δm1,0 and tn(m1) = δm1,1, so by the above definition we
have for the symbols:

Ĩ(m, z) = 1, T̃ (m, z) = z. (3.17)

Relation (3.10) shows that we use an analog of the normal order: all shift operators
are placed to the right from multiplication ones, that is confirmed by (3.16). Cor-
respondingly, let G be a function of the shift operator only, i.e., due to (3.10) and

(3.11) its symbol is independent of the discrete variable, G̃(m1, z) ≡ G̃(z). Then by
(3.12) we get

F̃G(m1, z) = F̃ (m1, z)G̃(z) (3.18)

for an arbitrary F . Similarity transformation by means of operator T , as follows
from (3.12) and (3.18), gives a shift of the discrete variable

T̃ FT−1(m1, z) = F̃ (m1 + 1, z), i.e., TFT−1 = F (1), (3.19)

where notation (3.5) was used. This relation is essential for construction below.
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4 Lecture.

4.1 Operator realization of elements of an associative algebra
(continuation).

On the set of these functions F (m, z) we define the following linear operations:

complex conjugation: F̃ ∗(m, z) = F̃ (m, z), (4.1)

transposition: F̃T(m, z) =

∮

|ζ|=1

dζ

2πiζ
F̃ (m− n, ζ)(zζn), (4.2)

Hermitian conjugation: F † = (FT)∗. (4.3)

In what follows we consider set of “pseudo-matrix” operators F , G, . . . given by
their symbols F̃ , G̃, . . . with the above composition law. We impose condition that
these symbols are tempered distributions with respect to their variables, or Fourier
coefficients of distributions. But in generic situation we do not expect any relation
of the kind (3.10) of these operators with matrices, in particular, we do not expect
any analyticity property of the symbols of operators with respect to the variable
z. Because of this one can introduce on this set operations that are well defined in
terms of symbols, but have no analog on the set of matrices. In particular, we define
operation of ∂̄-differentiation: F → ∂̄F :

( ˜̄∂F )(m, z) = ∂F̃ (m, z)

∂z
. (4.4)

This derivative is the measure of departure of the symbol of operator from analyticity,
so it also give a measure of departure of operator from the infinite matrix, i.e., from
situation when series in (3.10) converges. In particular, unit and shift operators, as
follows from (3.17) obey

∂̄I = 0, ∂̄T = 0. (4.5)

We consider operators A and B as operators of the above kind with symbols Ã
and B̃. Dependence of the symbol of B on m1, B

(1) = (A−a1)B(A−a1)
−1 is exactly

as the one under the similarity transformation (3.19) by means of operator T . Thus
we can set

A = T + a1, i.e., Ã(m, z) = z + a1. (4.6)

Then in correspondence to (3.7)

B(1) = TBT−1, B(2) = (T + a12)B(T + a12)
−1,

B(3) = (T + a13)B(T + a13)
−1,

(4.7)

where notations (3.5) and (3.2) were used. Symbol B̃(m1, m2, m3, z) of operator B
depends now on the three discrete variables, m1, m2, m3 ∈ Z, besides the variable
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z. In what follows we use notation B̃(m, z), setting m = {m1, m2, m3}. Dependence
on m2 and m3 does not affect (3.12), where product of symbols must be considered
as pointwise with respect to these variables, so that

(FG)(i) = F (i)G(i), i = 1, 2, 3, (4.8)

where for i = 1 this equality follows from (3.12).

4.2 Symbol of operator B.

Thanks tom-dependence of operatorB specified in (4.7), its symbol can be presented
as

B̃(m, z) =

∮

|ζ|=1

dζ

2πiζ
ζm1

(
zζ + a12
z + a12

)m2
(
zζ + a13
z + a13

)m3

b(ζ, z), (4.9)

where b(ζ, z) is some function. It is reasonable to exclude its exponential growth with
respect to m2 and m3. So we impose conditions |zζ + a12| = |z + a12|, |zζ + a13| =
|z+a13|, that are equivalent to either ζ = 1, or z/z = ζa12/a12 = ζa13/a13. The first
condition leads to a trivial constant operator in (4.9), so we consider the second one
only. Because of it: a12/a12 = a13/a13, and thus (shifting phase of z, if necessary)
we can choose all aj to be real. This means that function b(ζ, z) has support on
the surface ζ = z/z. In the simplest case b(ζ, z) = δc(ζz/z̄)f(z), where δc is the

δ-function on the unit circle and R̃(z) is an arbitrary function of z ∈ C. Then
representation (4.9) for the symbol of B becomes

B̃(m, z) =

(
z

z

)m1
(
z + a12
z + a12

)m2
(
z + a13
z + a13

)m3

f(z), (4.10)

Taking property of the m-dependent factor here into account, it is reasonable to

input condition that R̃(z) = R̃(z). Then also

B̃(m, z) = B̃(m, z), i.e., B∗ = B, (4.11)

where notation (4.1) was used. In generic situation b(ζ, z) in (4.9) can be proportional
to the finite sum of derivatives of δc(ζ), that we do not consider here in order to

avoid asymptotic growth of B̃(m, z) by m.
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5 Lecture.

5.1 Dressing procedure

The main object of our construction, dressing operator K with symbol K̃(m, z),
is introduced as solution of the ∂-problem:

∂K = KB,

lim
z→∞

K̃(m, z) = 1,
(5.1)

where product in the r.h.s. is understood in the sense of (3.12). Differential ∂-
equation here due to (3.12) and (4.10) in terms of symbols sounds as

∂ K̃(m, z) = K̃(m, z)

(
z

z

)m1
(
z + a12
z + a12

)m2
(
z + a13
z + a13

)m3

f(z), (5.2)

so we can use the Cauchy–Green formula and write that inside any domain D

K̃(m, z) = −
1

2πi

∮

∂D

dz ′ K̃(m, z′)

z − z′
+

1

π

∫

D

d2z

z − z′
∂
′
K̃(m, z′).

In order to get integral equation on K̃(m, z) we have to expand the domain D on
the whole complex plane, so that we have to impose some asymptotic condition on
behavior of this symbol at z-infinity. Notice that if it tends to some constant value
f∞, then the first term here equals this constant. So setting asymptotic condition
in (5.1) we can extent domain D to the whole complex plain C, so that in terms of
symbols we get integral equation

K̃(m, z) = 1 +
1

π

∫
d2z′

z − z′
∂
′
K̃(m, z′). (5.3)

This integral equation is equivalent to the problem (5.1) and can be used to prove
existence and uniqueness of solution of this problem. Here we do not go in this
details and we assume this unique solvability. This assumption is crucial for our
construction, but not essential for its results. As the first result of this assumption we
get that because of conjugation property of B (see (4.11)) we also have conjugation
property for the dressing operator:

K∗ = K. (5.4)

Let us consider an operator F in our class of operators, such that its symbol F̃ (m, z)
is entire function of z, i.e. ∂F = 0, see (4.4). Thanks to (3.12) we have that ∂FK =
F∂K = FKB, so that FK obey the same differential equation in (5.1). Then we
get instead of (5.3) integral equation

F̃K(m, z) = F̃ (m, z) +
1

π

∫
d2z′

z − z′
∂
′
K̃(m, z′), ∂F = 0, (5.5)
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assuming that the integral converges. Thus asymptotic behavior of the composed
operator FK is determined by the asymptotic behavior of the symbol of operator F .
Vice verse, due to assumption on the unique solvability of the problem (5.1) we see
that any solution of the equation ∂G = GB with asymptotic behavior determined
by entire function F̃ (m, z) can be written as

G = FK. (5.6)

Indeed, difference G − FK obeys the same differential equation ∂(G − FK) =
(G − FK)B but with zero inhomogeneous term, as asymptotics of this difference
equals to zero.

Dependence of operator K on variables m is introduced by means of the same
∂-problem:

∂K(j) = K(j)B(j), lim
z→∞

K̃(j)(m, z) = 1, j = 1, 2, 3, (5.7)

where (4.8) was taken into account. But we have to check that evolutions of K
defined in this way are mutually compatible. We use here that compatibility of
evolution equations of operator B is obvious by construction. Then by (4.8) and
(5.7) ∂K(i,j) = K(i,j)B(i,j) and ∂K(j,i) = K(j,i)B(i,j) for any i, j = 1, 2, 3. Thus
difference K(i,j)−K(j,i) obeys ∂-equation in (5.1), but with zero asymptotic behavior.
So this difference equals to zero due to the assumption on the unique solvability.
Let us consider consequences of the equality (4.7) for operator K. Notice that this
operator, as any operator of the class under consideration obeys (3.19),

K(1) = TKT−1, (5.8)

that is compatible with (5.7) for j = 1 because of of the first equality in (4.7).
Consider now j = 2. Thanks to (4.5) and (4.7) we derive

∂(K(2)(T + a12)) = (K(2)(T + a12))B,

i.e., product K(2)(T + a12) obeys the same ∂-equation but with asymptotics that
growth linearly at z-infinity. Thus thanks to observation in (5.6) there exists mul-
tiplication operator X—operator with symbol independent of the variable z—such
that K(2)(T + a12) = (T + X)K. In order to determine this operator we have to
specify asymptotic condition in (5.1) by means of the next term of expansion,

K = I + uT−1 + . . . , z → ∞, (5.9)

where dots denote terms with symbols decaying faster than z−1, and where u is a
multiplication operator. So in terms of symbols this can be written as

K̃(m, z) = 1 +
u(m)

z
+ . . . , z → ∞. (5.10)
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We assume below that u(m) decays rapidly enough at m-infinity:

lim
mi→∞

u(m) = 0, (5.11)

while in fact it would be enough to impose condition that it tends to an arbitrary
constant.

Thus we get that due to (5.8)

K(2)(T + a12) = K(1)T + (a12 + u(2) − u(1))K, (5.12)

Analogous consideration shows that the evolution with respect to m3 is given by
equation

K(3)(T + a13) = K(1)T + (a13 + u(3) − u(1))K. (5.13)
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6 Lecture

6.1 Hirota difference equation

Thanks to (3.16) and (3.18) in terms of symbols relations (5.12) and (5.13) sound
as

(z + a12)K̃
(2)(m, z) = zK̃(1)(m, z) +

(
u(2)(m)− u(1)(m) + a12

)
K̃(m, z), (6.1a)

(z + a13)K̃
(3)(m, z) = zK̃(1)(m, z) +

(
u(3)(m)− u(1)(m) + a13

)
K̃(m, z), (6.1b)

so that variable z ∈ C plays the role of a spectral parameter. Equations (6.1) are
compatible by construction:

K(2,3) = K(3,2), (6.2)

as we have proved on the previous lecture. Thanks to (5.12) and (5.13) direct check
of this compatibility gives

K(2,3)(T + a13)(T + a12) = (K(2)(T + a1,2))
(3)(T + a1,3) = K(1,1)T 2+

+ (a1,3 + a1,2 − u(1,1) + u(2,3))K(1)T + (a1,2 + u(2,3) − u(1,3))(a1,3 + u(3) − u(1))K,

K(3,2)(T + a13)(T + a12) = (K(3)(T + a1,3))
(2)(T + a1,2) = K(1,1)T 2+

+ (a1,3 + a1,2 − u(1,1) + u(2,3))K(1)T + (a1,3 + u(2,3) − u(1,2))(a1,2 + u(2) − u(1))K.

Summarizing, we get that function u(m) obeys

(a1,2 + u(2,3) − u(1,3))(a1,3 + u(3) − u(1)) = (a1,3 + u(2,3) − u(1,2))(a1,2 + u(2) − u(1)),

that can be simplified say as

u(12)(u(2) − u(1) + a12) + a12u
(3) + u(23)(u(3) − u(2) + a23) + a23u

(1)+

+u(31)(u(1) − u(3) + a31) + a31u
(2) = 0, (6.3)

so that the original Eq. (3.8) is its linearized version. This is one of forms of the
Hirota difference equation. Thus by means of our dressing procedure we arrived
to nonlinear counterpart of the original linear equation on operator B. Moreover,
we constructed Lax representation (here it is better to use term “zero-curvature
condition”): equations (6.1a), (6.1b) on an auxiliary (in a sense that it does not

participate in (6.3)) function K̃(m, z). It is easy to check that now we can forget
about condition of unique solvability of the problem (5.1) that was so essential in
derivation. Indeed, equivalence of (6.3) and compatibility condition does needs no
any assumption and can be checked directly.

For the following it would be reasonable to simplify notations. For shortness we
introduce a new dependent variable

v(m) = u(m)−m1a1 −m2a2 −m3a3, (6.4)
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so that
v(i) − v(j) = u(i) − u(j) + aji, (6.5)

that substitute combination that appeared in equations above. In particular for the
Hirota difference equation instead of (6.3) we get

v(1,2)(v(1) − v(2)) + v(2,3)(v(2) − v(3)) + v(3,1)(v(3) − v(1)) = 0, (6.6)

that is the more standard way to write down the Hirota difference equation. Notice
that while constants ai are absent in (6.6), by (6.4) they determine the asymptotic
behavior of v(m): this function grows linearly with respect to m at infinity. Thanks
to (6.5) this means that asymptotically

lim
mi,mj→∞

(
v(i) − v(j)

)
= aji. (6.7)

Let us mention that this asymptotic behavior cancels ill definiteness of (6.6). Indeed,
consider the Cauchy problem for the (6.6):

v(m1, m2, 0) = v0(m1, m2), (6.8)

where v0 is some given function. This Cauchy problem has two trivial solutions:

either v(3) ≡ v(1), or v(3) ≡ v(2). (6.9)

But it is just condition (6.7) that forbids this equalities thanks to (3.2). Below we
show that in our case such Cauchy problem is uniquely solvable.
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7 Lecture

7.1 Jost solution.

We continue to change notations. We define the spectral parameter k as

k = z + a1, (7.1)

(cf. (4.6)) that makes relation above more symmetric. And we introduce two more
functions:

χ(m, k) = K̃(m, k − a1), (7.2)

ϕ(m, k) = E(m, k)χ(m, k), k ∈ C, (7.3)

where

E(m, k) = (k − a1)
m1(k − a2)

m2(k − a3)
m3 , (7.4)

Function ϕ(m, k) is called Jost solution—Jost was the first to realize that in study of
the spectral problem for the Schrödinger equation it is useful to introduce functions
that admit analytic continuation in the complex domain. In our case instead of
analyticity we have ∂-problem (5.1). Formally it (strictly speaking, (5.2)) can be
written for the Jost solution as

∂ϕ(m, k)

∂k
= r(k)ϕ(m, k), (7.5)

where
r(k) = f(k + a1). (7.6)

Notice that (7.5) does not contain dependence on variables mi: it appears only due
to the asymptotic condition in (5.1). So it is better to write equations on χ, that
also follow from (5.2):

∂χ(m, k)

∂k
=
E(m, k)

E(m, k)
r(k)χ(m, k), (7.7)

lim
k→∞

χ(m, k) = 1. (7.8)

Equations in terms of this function looks to be more complicated then in terms of
the function ϕ, but in the discrete case considered here the latter one, Eq. (7.5), is
correct only for all mi ≥ 0. Analog of function χ was also introduced in the study of
the spectral problem for the Schrödinger equation by Faddeev, so it is often referred
to as Faddeev function.
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We list here some properties of these functions that follow from the previous
results. Thus for any k ∈ C we have that

ϕ(m, k) = ϕ(m, k), χ(m, k) = χ(m, k), r(k) = r(k), (7.9)

χ(m, k) = 1 +
u(m)

k
+ o(k−1), k → ∞, (7.10)

u(m) = u(m). (7.11)

In terms of the function χ(m, k) equations of the Lax pair take the form

(k− a2)χ
(2)(m, k) = (k− a1)χ

(1)(m, k) +
(
u(2)(m)− u(1)(m) + a12

)
χ(m, k), (7.12a)

(k− a3)χ
(3)(m, k) = (k− a1)χ

(1)(m, k) +
(
u(3)(m)− u(1)(m) + a13

)
χ(m, k), (7.12b)

(k− a3)χ
(3)(m, k) = (k− a2)χ

(2)(m, k) +
(
u(3)(m)− u(2)(m) + a23

)
χ(m, k), (7.12c)

thus preserving invariance with respect to the cycle permutations of the indexes
{1, 2, 3}. For the Jost solutions themselves we have Lax pair of HDE being given by
any two of the following three equations

ϕ(2) = ϕ(1) +
(
v(2) − v(1)

)
ϕ, (7.13a)

ϕ(3) = ϕ(2) +
(
v(3) − v(2)

)
ϕ, (7.13b)

ϕ(1) = ϕ(3) +
(
v(1) − v(3)

)
ϕ. (7.13c)

Thus passage from χ to ϕ cancel explicit dependence on k, it appears due to the
normalization condition (7.8) only. It is easy to check that the HDE is condition of
compatibility for any pair of equations with respect to all three variables mi. At the
same time Eq. (6.6) can be considered as an evolution equation, where, say, m1 and
m2 play role of the space variables, and m3 is the time one.

7.2 Direct problem: Green’s function and Jost solution

Let us prove that equation (7.12a) can be written in integrable form like:

χ(m, k) = 1 +
∑

n1,n2∈Z

G(m− n, k)(u(2)(n)− u(1)(n))χ(n, k), k ∈ C, (7.14)

where the Green’s function is equal to

G(m, k) =

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−1
1 ζm2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
. (7.15)
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For this sake we use (7.14) to write down

(k − a2)χ
(2)(m, k)− (k − a1)χ

(1)(m, k) = a12+

+
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

(
(k − a2)ζ2 − (k − a1)ζ1

)
ζm1−n1−1
1 ζm2−n2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
×

× (u(2)(n)− u(1)(n))χ(n, k) =

= a12 +
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2 (u(2)(n)− u(1)(n))χ(n, k)+

+ a12
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a2 − a1
×

× (u(2)(n)− u(1)(n))χ(n, k) =

= a12 + a12(χ(m, k)− 1) + (u(2)(m)− u(1)(m))χ(m, k)).

Denominator of the integral in the r.h.s. of (7.15) has zeros in the two cases only:
where

ζ1 = ζ2 = 1 or ζ1 =
k − a1
k − a1

, ζ2 =
k − a2
k − a2

, (7.16)

so the integral converges and defines G(m, k) as distribution with respect to k. Any
of these representations show that the Green’s function has properties of conjugation

G(m, k) = G(m, k) =
(k − a1

k − a1

)m1
(k − a2

k − a2

)m2

G(m, k) (7.17)

and antisymmetry

G(m1, m2, k) = −G(m2, m1, k)
∣∣∣
a1↔a2

. (7.18)

Say, we use here:

G(m, k) =

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−1
1 ζm2−1

2

(k − a2)ζ2 − (k − a1)ζ1 + a1 − a2
=

=

(
k − a1

k − a1

)m1−1(
k − a2

k − a2

)m2−1

×

×

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

(
ζ1
k − a1
k − a1

)m1−1(
ζ2
k − a2
k − a2

)m2−1

(k − a2)
k − a2
k − a2

ζ2 − (k − a1)
k − a1
k − a1

ζ1 + a1 − a2

=

=

(
k − a1

k − a1

)m1
(
k − a2

k − a2

)m2

G(m, k).
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7.3 Properties of the Jost solutions

Here we study properties of the function χ(m, k) defined by equation (7.14), in
which connection we assume below unique solvability of this equation. Because of
(7.17) reality of the potential u(m) is equivalent to condition

χ(m, k) = χ(m, k), (7.19)

while second equality in (7.17) shows that function

χ̃(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

χ(m, k) (7.20)

obeys integral equation

χ̃(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

+

+
∑

n1,n2∈Z

G(m− n, k)
(
u(2)(n)− u(1)(n)

)
χ̃(n, k), (7.21)

i.e., equation with the same kernel as in (7.14).
Asymptotic behavior of χ(m, k) follows thanks to equations (7.14):

lim
k→∞

χ(m, k) = 1, lim
|m1|+|m2|→∞

χ(m, k) = 1, (7.22)

and for the second term of 1/k expansion we get

k(χ(m, k)− 1) →

→
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

ζ2 − ζ1

(
u(2)(n)− u(1)(n)

)
=

=
∑

n1,n2

∮

|ζ1|=1

dζ1
2πi

∮

|ζ2|=1

dζ2
2πi

ζm1−n1−1
1 ζm2−n2−1

2

ζ2 − ζ1

(
u(n)ζ2 − u(n)ζ1

)
,

so that
lim
k→∞

k(χ(m, k)− 1) = u(m). (7.23)

This limiting values is independent of the half plane where k → ∞. It is worth to
mention that from the difference equation (7.12a) we get the asymptotics behavior in
the form k(χ(2)(m, k)−χ(1)(m, k)) → u(2)(m)−u(1)(m) only. In fact it is equivalent
to (7.15) thanks to the asymptotic decaying of the potential and the second equality
in (7.22).
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8 Lecture.

8.1 Time evolution and Inverse problem

Time evolution, i.e., dependence of χ(m, k) on m3 is switched on by means of (7.12b)
and for the Jost solution itself it follows by (7.3). Let us introduce scattering data
and find out their evolution. The departure from analyticity of χ(m, k) is given by
the ∂-differentiation of Eq. (7.14), so that we have

∂χ(m, k)

∂k
=

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

r(k,m3)+

+
∑

n1,n2∈Z

G(m− n, k)(u(2)(n)− u(1)(n))
∂χ(n, k)

∂k
. (8.1)

Here we introduced scattering data r(m3, k) defined by the equality

r(m3, k) = −
sgn Im k

2πi(k − a1)(k − a2)
×

×
∑

m1,m2∈Z

(
k − a1

k − a1

)m1
(
k − a2

k − a2

)m2

(u(2)(m)− u(1)(m))χ(m, k). (8.2)

Because of Eq. (7.19) (i.e., because of reality of the potential u(m)) we have that
r(k,m3) obeys

r(m3, k) = r(m3, k). (8.3)

Under assumption of the unique solvability of the problem (7.21) we get by (8.1)
that ∂χ(m, k)/∂k = r(m3, k)χ̃(m, k), or thanks to (7.20) that

∂χ(m, k)

∂k
=

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2

r(m3, k)χ(m, k). (8.4)

Time evolution of the spectral data, i.e., dependence on m3 trivially follows from
∂-differentiation of the equation (7.12b) of the Lax pair, and (8.1):

r(m3, k) =

(
k − a3
k − a3

)m3

r(k), (8.5)

where function r(k) is independent of m3 and by (8.2) is uniquely defined by the
initial data.

Summarizing, the inverse problem to determine χ(m, k) is given by the equation

∂χ(m, k)

∂k
= R(m, k)χ(m, k) (8.6)

with normalization condition (7.8). Here we denoted

R(m, k) =

(
k − a1
k − a1

)m1
(
k − a2
k − a2

)m2
(
k − a3
k − a3

)m3

r(k), k ∈ C . (8.7)
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For any r(k) this function obeys the linearized version of the Hirota difference
equation. We also mention that because of (8.5)

|R(m, k)| = |r(k,m3)| = |r(k)|, (8.8)

i.e., |R(m, k)| is independent of m.

8.2 Integrals of motion

Let us introduce function

ρ(k) =
∑

m1,m2∈Z

(u(2)(m)− u(1)(m))χ(m, k). (8.9)

Thanks to the asymptotic decaying of the potential u(m) and boundedness of the
function χ(m, k) by m this series converge and function ρ(k) decays when k → ∞.
It obeys conjugation property

ρ(k) = ρ(k) (8.10)

thanks to reality of the potential. For the ∂-derivative of this function we get

∂ρ(k)

∂k
= r(k)

(k − a3
k − a3

)m3 ∑

m1,m2∈Z

(k − a1
k − a1

)m1
(k − a2
k − a2

)m2(
u(2)(m)−u(1)(m))

)
χ(m, k).

Thanks to (8.2) and (8.5) we have

r(k) = −
sgn Imk

2πi(k − a1)(k − a2)

(k − a3
k − a3

)m3

×

×
∑

m1,m2∈Z

(k − a1
k − a1

)m1
(k − a2
k − a2

)m2(
u(2)(m)− u(1)(m))

)
χ(m, k),

so that combining results of these two relations we get

∂ρ(k)

∂k
= −2πi(k − a1)(k − a2) sgn

(
Im k

)
|r(k)|2. (8.11)

Now taking (7.8) into account we get that in terms of the scattering data function
ρ(k) is given by equality

ρ(k) = −2i

∫
d2k′

(k′ − a1)(k
′ − a2)

k − k′
sgn

(
Im k′

)
|r(k′)|2, (8.12)

where dk2 = dRe k Im dk. Thanks to Eq. (8.11) this proves that ρ(k) is independent
of time m3 and it is the generating function of the infinite set of integrals of motion.
Thus thanks to relation (7.23) the first nontrivial integral (the first coefficient of 1/k
expansion) is

ρ1 =
∑

n1,n2∈Z

(u(2)(m)− u(1)(m))u(m) =

= −2i

∫
d2k′(k′ − a1)(k

′ − a2) sgn
(
Im k′

)
|r(k′)|2. (8.13)
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9 Lecture.

9.1 Higher Hirota difference equations.

An obvious way to introduce new discrete independent variables in HDE is to
enlarge number of evolution equations of the kind (3.7), i.e., to introduce in addition
to the discrete variables {m1, m2, m3} as many another variables {m4, m5, . . .} as
one wants, so that dynamics with respect to any of them is given by means of
B(i) = (A−ai)B(A−ai)

−1, where a4, a5, . . . are different (real) parameters. All these
evolutions are mutually compatible and compatible with the original variables, but
their definition shows that for any i, j, k we have an analog of (3.8) (see also (3.2)):

aij
{
B(ij) +B(k)

}
+ cycle{i, j, k} = 0.

Then we get that with respect to any three variables mi, mj and mk function
u(m1, . . .) defined in (5.9) and function v(m) = u(m) −

∑
i aimi (cf. (6.4)) obey

the same HDE. Thus this “extension” is trivial one and can be interesting only for
the study of symmetries of the HDE.

Thus in order to get higher analogs of the HDE, we have to consider higher
analogs of the similarity transformations (3.7). Let pi = pi(T ), i = 1, 2, 3, be
polynomials of operator T of the orders ni with constant coefficients, i.e., symbols
p̃i(m, z) = pi(z) are polynomials of z ∈ C. We set also that all these polynomials
has simple and mutually different zeros and that the coefficients of the highest
powers equal to I. As before, we consider operator B with symbol B̃(m1, m2, m3, z)
depending on discrete variables mi ∈ Z, but now dependence on these variables is
given by

B(i) = piBp
−1
i , i = 1, 2, 3, (9.1)

instead of (3.7). Notice, that due to condition on the polynomials pi we can write
every of them as

pi(T ) =

ni∏

j=1

(T − xij), (9.2)

so that shift with respect to i-th variable by (9.1) is equivalent to the ni shifts in
the sense of (3.7). Nevertheless, derivation of evolution equations (9.1) by means of
such multidimensional reductions is very complicated even in the linear case, so we
construct nonlinear equations on the base of (9.1) directly. To be consistent with
the shift with respect to p1(T ) we choose

p1(T ) = T. (9.3)

‘
The dressing operator K is defined by the same ∂-problem (5.1) and its depen-

dence on mi is given by (9.1). Then, as before, under assumption of the unique
solvability of the (5.1), there exist polynomials Pi(T ) such that

K(i)pi = PiK, i = 1, 2, 3. (9.4)
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Let us write

pi(T ) =

ni∑

j=0

yijT
j, Pi(T ) =

ni∑

j=0

YijT
j, (9.5)

where yi,ni
= Yi,ni

≡ 1 and where all yij are constants, while Yij are multiplication

operators, Ỹij(m, z) = Ỹij(m). Then (9.4) takes the form

K(i)

ni∑

j=0

yijT
j =

ni∑

j=0

YijK
(1×j)T j, i = 1, 2, 3. (9.6)

Here we introduced notation (cf. (3.19)):

K̃(1×j)(m1, m2, . . . , z) = K̃(m1 + j,m2, . . . , z). (9.7)

Equation (9.6) can be simplified being written in terms of the Jost solution (cf.
(7.3))

ϕ(m, z) = K̃(m, z)p1(z)
m1p2(z)

m2p3(z)
m3 , (9.8)

that gives by (3.17), (9.6) and (9.7)

ϕ(i)(m1, m2, m3, z) =

mi∑

j=0

Yi,j(m)ϕ(m1 + j,m2, m3, z). (9.9)

Representation of the symbol of operator B follows from (9.1) in analogy to (4.9):

B̃(m, z) =

∮

|ζ|=1

dζ

2πiζ
ζm1

(
p2(ζz)

p2(z)

)m2
(
p3(ζz)

p3(z)

)m3

b(ζ, z),

where b(ζ, z) is some function. In order to prevent growth of the symbol with respect
to m2 or m3, we impose condition |pi(ζz)| = |pi(z)|. Moreover, for simplicity we take
that polynomials pi(z) has real coefficients and b(ζ, z) = δc(ζz/z)f(z), where δc(ζ)
is δ-function on the unit contour and f(z) is an arbitrary function of z ∈ C. Then
in analogy to (4.10) we get representation

B̃(m, z) =

(
z

z

)m1
(
p2(z)

p2(z)

)m2
(
p3(z)

p3(z)

)m3

f(z). (9.10)

By assumption of unique solvability of problem (5.1) we derive that evolution
equations (9.4) (or (9.6)) are compatible:

K(i,j) = K(j,i) (9.11)

for any i and j. This compatibility enables to derive discrete version of the Zakharov–
Shabat system. Indeed, thanks to (4.8) and (9.4)

K(i,j)pipj = P
(j)
i K(j)pj = P

(j)
i PjK, i, j = 1, 2, 3. (9.12)
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Taking that polynomials pi and pj with constant coefficients commute into account
(see (3.18)), we get that the l.h.s. is symmetric with respect to i and j thanks to
(9.11). Then the r.h.s. gives

P
(j)
i Pj = P

(i)
j Pi. 1 ≤ i, j ≤ 3, (9.13)

Vice verse, (9.11) follows from (9.13). Discrete version (9.13) of the Zakharov–
Shabat system enables derivation of evolution equations on coefficient functions
of polynomials Pi.

9.2 An example of the higher Hirota difference equation.

Here we consider an example of the higher equation closest to HDE. Let dynamics
of operator B in (9.1) be given by means of polynomials

p1(T ) = T, p2(T ) = T + a12, p3(T ) = (T + a1)
2 − a23, (9.14)

where (9.3) was taken into account and where a1, a2 and a23 are real constants,
a12 = a1 − a2 6= 0, a3 6= 0,±a2. Let us denote the first difference of operators as
∆iB = B(i) − B. Then operator B obeys difference equation

[
(∆1a1 −∆2a2)

2 − a23(∆1 −∆2)
2
]
∆3B =

= a12∆1∆2

(
a12∆1∆2 + 2∆1a1 − 2∆2a2

)
B, (9.15)

that follows from a corresponding commutator identity. It also can be checked
directly since here (9.10) takes the form

B̃(m, z) =

(
z

z

)m1
(
z + a12
z + a12

)m2
(
(z + a1)

2 − a23
(z + a1)2 − a23

)m3

f(z). (9.16)

The dressing operator K is defined as always by (5.1), so that by (9.5):

P2(T ) = T + Y20, (9.17)

P3(T ) = T 2 + Y31T + Y30, (9.18)

where symbols of operators Yij are independent of z. Then by (9.6) the Lax pair is
given in the form

K(2)(T + a12) = K(1)T + Y20K, (9.19)

K(3)[(T + a1)
2 − a23] = K(1,1)T 2 + Y31K

(1)T + Y30K, (9.20)

where coefficients obey

Y
(1)
31 + Y

(3)
20 = Y

(1,1)
20 + Y

(2)
31 ,

Y
(1)
30 + Y

(3)
20 Y31 = Y

(2)
30 + Y

(2)
31 Y

(1)
20 ,

Y
(3)
20 Y30 = Y

(2)
30 Y20,

(9.21)
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due to (9.13) and (9.17), (9.18).
Taking symmetry of this reduction with respect to variables m1 and m2 into

account it is reasonable to rewrite (9.20) in the explicitly symmetric form by means
of (9.19). Thus we get

K(2)(A− a2) = K(1)(A− a1) + Y20K, (9.22)

K(3)[A2 − a23] = K(1,2)(A− a1)(A− a2)+

+X31

(
K(1)(A− a1) +K(2)(A− a2)

)
+X30K, (9.23)

where again for the sake of symmetry we used (4.6) and where new coefficients equal

X31 =
1

2

(
Y31 − Y

(1)
20

)
, X30 = Y30 +X31Y20. (9.24)

In these terms relations (9.21) also take symmetric form

Y
(3)
20 = Y

(1,2)
20 + 2X

(2)
31 − 2X

(1)
31 , (9.25)

2Y
(3)
20 X31 = X

(2)
30 −X

(1)
30 +X

(2)
31 Y

(2)
20 +X

(1)
31 Y

(1)
20 , (9.26)

2Y
(3)
20 X30 =

[
X

(2)
30 +X

(1)
30 +X

(2)
31 Y

(2)
20 −X

(1)
31 Y

(1)
20

]
Y20. (9.27)

Coefficients Yij (or Xij) must be defined by substitution of asymptotic expansion
in (9.19) and (9.20), or (9.22), (9.23). In order to preserve above mentioned symmetry,
we use here the latter two equations and taking (4.6) into account we write the
expansion in the form

K = I + uA−1 + wA−2 + · · · , (9.28)

where symbols of operators u and w depend on variables m only. We omit here
details of computations and in order to present their results introduce functions

v(m) = u(m)−m1a1 −m2a2, (9.29)

f(m) = w(m)− (m1a1 +m2a2)u(m)+

+
1

2
(m1a1 +m2a2)

2 −
m1a

2
1

2
−
m2a

2
2

2
−m3a

2
3. (9.30)

Then inserting (9.28) in (9.22) and (9.23) we get

Y20 = v(2) − v(1), (9.31a)

f (2) − f (1) = Y20v, (9.31b)

X31 =
1

2
(v(3) − v(1,2)), (9.31c)

X30 = f (3) − f (1,2) −X31(v
(1) + v(2)). (9.31d)
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10 Lecture.

10.1 An example of the higher Hirota difference equation
(continuation-2).

Thus three functions Y20, X30 and X31 are given in terms of two functions v and f
and must obey three equations (9.25)–(9.27). As we mentioned above this system is
compatible. In particular, it is easy to check that (9.25) and (9.26) become identities
due to (9.31a)–(9.31c), and (9.31d) reduces to

2v(2,3)
[
f (3) − f (1,2) − v(3)v(2) + v(2)v(1,2)

]
−

−2v(1,3)
[
f (3) − f (1,2) − v(3)v(1) + v(1)v(1,2)

]
=

= (v(2) − v(1))
[
(f (2) − v(2)v)(3) + (f (1) − v(1)v)(3)−

−(f (2) − v(2)v)(1,2) − (f (1) − v(1)v)(1,2)
]
, (10.1)

that gives one equation on two functions. These functions are not independent, as
thanks to (9.31a) and (9.31b)

f (2) − v(2)v = f (1) − v(1)v. (10.2)

Equations (10.1) and (10.2) are equations of the integrable system, that give an
example of the higher HDE. This system follows as condition of compatibility of the
Lax pair (9.22), (9.23) that in terms of the Jost solution (cf. (9.8)),

ϕ(m, k) = K̃(m, z)zm1(z + a12)
m2 [(z + a1)

2 − a23]
m3 , (10.3)

reads as

ϕ(2) = ϕ(1) + (v(2) − v(1))ϕ, (10.4)

ϕ(3) = ϕ(1,2) + (v(3) − v(1,2))
ϕ(1) + ϕ(2)

2
+

+
[
f (3) − f (1,2) −

1

2
(v(1) + v(2))(v(3) − v(1,2))

]
ϕ, (10.5)

where (9.31) was used. Omitting details we mention that thanks to (10.4) equation
(10.5) can be written in the form

ϕ(3) = ϕ(1,1) + (v(3) − v(1,1))ϕ(1)+

+
[
f (3) − f (1,2) − v(1)(v(3) − v(1,2))

]
ϕ, (10.6)

that together with (10.4) gives the equivalent Lax pair.
Thus three functions Y20, X30 and X31 are given in terms of two functions v and

f and must obey three equations (9.25)–(9.27). As we mentioned above this system
is compatible.
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We considered a method of derivation of nonlinear (difference) integrable equati-
ons and their Lax pairs. Our construction was not free of assumptions, first of all the
assumption on unique solvability of the ∂̄-problem (5.1) and assumption of existence
of the asymptotic expansions (5.9). These assumptions were extremely essential for
our derivation. On the other side, when Lax pairs are derived check of compatibility
of its equations is purely algebraic operation, that needs no any assumptions and
lead to integrable nonlinear equation. Say, higher HDE, i.e., system (10.1), (10.2) is
condition of compatibility of (10.4), (10.5), that can be checked directly.

In a general situation considered in (9.1) existence of the corresponding commu-
tator identity is equivalent to existence of a polynomial Q(x1, x2, x3), such that

Q(Ad1,Ad2,Ad3) = 0, (10.7)

where we denoted adjoint action of operator T on the associative algebra discussed
in Introduction as

AdiB = pi(T )Bpi(T )
−1, i = 1, 2, 3. (10.8)

Here B is an arbitrary element of this algebra, but if we switch on its dependence on
variables mi by means of (9.1), B(i) = AdiB, we get by (10.7) closed linear equation
on B(m1, m2, m3), cf. (9.15). This argumentation and construction presented in this
article show that it is natural to suppose that the only linear difference equations in
(2+1) dimensions that can be lifted to nonlinear integrable ones are those that can
be presented in the form of commutator identities. Notice, that in this discussion
relation (9.3) was not used.
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11 Lecture.

11.1 (1+1)-dimensional reductions of the HDE

We demonstrate that approach based on commutator relations leads to integrable
equations in (2 + 1) dimensions. In order to get (1 + 1)-dimensional integrable
systems one has to perform reductions. Following idea of our approach, we start
with construction of reductions of linear equation (3.8) on B and then apply dressing
procedure to get nonlinear integrable systems. Thus in this case dimensional reduction
is understood as a relation between values of operator B given by some shifts of
independent variables mi. Such relation must be compatible with (4.10) and must
preserve dependence of B on two independent variables.

Thanks to (4.10) it is easy to see that any such reduction leads to an equation
on the spectral parameter z: it had to belong to a some curve on C. This is possible
only if function f(z) in (4.10), and then B̃(m, z) itself, have support on this curve,
that here for simplicity we consider as proportionality to a corresponding δ-function.
But then (5.2) means that symbol K̃(m, z) is analytic function outside this curve,
so the inverse problem (5.1) must be substituted by the standard Riemann–Hilbert
problem.

11.2 Reduction B(1,3) = B.

We start with condition B(1,3) = B. In terms of symbols this reduction gives:

B̃(m1, m2, m3, z) = B̃(m1 −m3, m2, 0, z), (11.1)

that due to (4.10) is possible only if zRe = −a13/2 (we omit the trivial case zIm = 0).
Setting here for simplicity

a3 = −a1, (11.2)

we see that the above reduction require proportionality of a symbol B to δ-function
δ(zRe + a1), so that by (4.10)

B̃(m1,m2, 0, z) =

=

(
a1 + izIm
a1 − izIm

)m1
(
a2 + izIm
a2 − izIm

)m2

b(zIm)δ(zRe + a1), (11.3)

where b(zIm) is an arbitrary function of its argument (Scattering Data). Operator B
with this symbol obviously obeys equation

a12(B
(1,2) − B) + (a1 + a2)(B

(1) −B(2)) = 0, (11.4)

while the corresponding reduction of the original Eq. (3.8) gives

a12(B
(1,2) −B) + (a1 + a2)(B

(1) − B(2)) =

=
[
a12(B

(1,2) −B) + (a1 + a2)(B
(1) − B(2))

]−1
.
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Both sides of this equation are independent of m1, so (11.4) appears as result of its
summation.

Let us emphasize that because of (5.1) symbol K̃(m, z) of the dressing operator
is analytic function of z ∈ C in half planes zRe ≷ −a1.

Thanks to (3.12), (5.1) and (11.1) we get that also K(1,2) = K, i.e.,

K̃(m1, m2, m3, z) = K̃(m1 −m2, 0, m3, z), z ∈ C.

Thus equation (6.1a) of the Lax pair is unchanged, while for (6.1b) we have

(z + 2a1)K̃(m, z) = zK̃(1,1)(m, z)+

+ (v(m)− v(1,1)(m))K̃(1)(m, z). (11.5)

Thanks to (5.9) also u(m1, m2, m3, z) = u(m1 −m2, 0, m3, z). Relation (11.2) gives
the same dependence of v(m) onm1−m3 andm2. Because of this specific dependence
on m we have to modify definition (7.3) of the Jost solution:

ψ(m1 −m3, m3, k) = K̃(m, z)zm1−m3(z + a13)
m2 , (11.6)

where we denoted
k = z + a1, (11.7)

that in fact is the symbol of operator A, see (4.7). Thus setting now m3 = 0 we
write:

v(m) ≡ v(m1, m2) = v(m1, m2, 0)− a1m1 − a2m2, (11.8)

so that equation (7.13c) is left unchanged, ψ(2) = ψ(1) + (v(2) − v(1))ψ, and (11.5)
and the Lax pair itself takes the form

ψ(1,1) = (v(1,1) − v)ψ(1) + (k − a21)ψ, (11.9)

ψ(1,2) = (v(1,2) − v)ψ(1) + (k − a21)ψ, (11.10)

where ψ(1) in the second equality was substituted by (11.9).
Equation of compatibility of this pair can be derived either directly, or as reduction

of (6.6) and reads as
(
(v(1,2) − v)(v(2) − v(1))

)(1)
= (v(1,2) − v)(v(2) − v(1)). (11.11)

Thus multiplication operator in the r.h.s. (or l.h.s.) has symbol independent of m1.
Taking (11.8) and decay of function u(m) at m1 → ∞ into account we have that

v(2)(m)− v(±1)(m) → ±a12 (11.12)

in this limit. Thus (11.11) gives

(v(1,2) − v)(v(2) − v(1)) = a22 − a21. (11.13)

Eq. (11.13) is known as the discrete potential KdV equation. It was derived by
F. Nijhoff et al (1984) and was discussed in detail in literature together with its non-
Abelian generalizations. Here we provide derivation of this equation as an example
of dimensional reduction in the framework of our approach.
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12 Lecture.

12.1 Reduction B(3) = B(1,2).

This 1 + 1-dimensional reduction of HDE preserves its specific property: symmetry
with respect to independent variables. Let for simplicity

a3 = a1 + a2, (12.1)

then thanks to (4.10) this reduction means that z must obey condition zz − (z +
z)a2 − a2a12 = 0, i.e.,

|z − a2|
2 = a1a2. (12.2)

In other words, symbol B̃(m, z) must be proportional to δ-function on the circle
(12.2), so here a1a2 > 0, and symbol of the dressing operator is analytic inside and
outside of the circle (12.2). Notice also that thanks to this reduction symbols of
operators B and K obey conditions

B̃(m1, m2, m3, z) = B̃(m1 +m3, m2 +m3, 0, z),

K̃(m1, m2, m3, z) = K̃(m1 +m3, m2 +m3, 0, z),
(12.3)

so by (5.9) the same is dependence of u(m) on variables mi, and due to (6.4) and
(12.1) the same is valid for function v:

v(m1, m2, m3) = v(m1 +m3, m2 +m3, 0). (12.4)

We see that equation (5.12) is unchanged under this reduction and (5.13) reduces
to

(z − a2)K̃
(1,2)(m, z) = zK̃(1)(m, z) + (v(1,2)(m)− v(1)(m))K̃(m, z),

where now m3 = 0. We introduce the Jost solution (cf. (7.3)) by means of relation

ψ(m1, m2, k) = K̃(m1, m2, 0, z)z
m1(z + a12)

m2 , (12.5)

where

k =
2

a12

(
a1

z + a12
−
a2
z

)
(12.6)

is the spectral parameter. Finally, for the Lax pair we get

ψ(2) − ψ(1) = (v(2) − v(1))ψ, (12.7)

kψ(1,2) = ψ(1) + ψ(2) + (2v(1,2) − v(1) − v(2))ψ, (12.8)

and corresponding nonlinear integrable equation reads as

(
v(1,2)(v(2) − v) + vv(2)

)(1)
=

(
v(1,2)(v(1) − v) + vv(1)

)(2)
, (12.9)

that is equation of a 1+1-dimensional chain with discrete time evolutions, symmetric
with respect to both independent variables.

39



12.2 Reduction B(3) = B(−1,−2)

This is another reduction that also leads to the symmetric chain. Repeating the
same argumentation as above, we get that

B̃(m, z) = B̃(m1 −m3, m2 −m3, 0, z), (12.10)

that means the symbol B̃(m, z) is proportional to δ-function on the hyperbola given
by the equation 3(zRe + a1)

2 − z2Im = (a1 + a2)
2 − a1a2. Omitting other details we

present here the corresponding nonlinear equation only:

v(1,2)(v(1) − v(2))− v(−1,−2)(v(−1) − v(−2)) = v(1)v(−2) − v(−1)v(2). (12.11)

12.3 Reduction B(3) = B.

The system (10.1), (10.2) admits (1+1)-dimensional reductions. Indeed, thanks to

(9.16) this reduction means that symbol B̃(m, z) is different from zero if (z+a1)
2 =

(z + a1)
2, i.e., zRe = −a1, so that function f(z) in (9.16) must be proportional to

δ(zRe + a1):

B̃(m, z) =

(
a1 + izIm
a1 − izIm

)m1
(
a1 + izIm
a1 − izIm

)m2

δ(zRe + a1)r(zIm). (12.12)

Then the inverse problem (5.1) shows that the dressing operator is not only indepen-

dent of m3, but its symbol K̃(m1, m2, z) is analytic function of z when zRe 6= −a1.
In order to get reduced Lax pair and nonlinear equation, notice that coefficients

of asymptotic expansion (9.28) are independent of m3, i.e., u(m) = u(m1, m2),
w(m) = w(m1, m2). Correspondingly, by (9.29) and (9.30) v(m) = v(m1, m2),
f(m) = g(m1, m2)−a

3
3m3, where g(m1, m2) = f(m1, m2, 0). Inserting these relations

in (10.1) and (10.2) we get nonlinear integrable system

(g(2) − v(2)v)(1,2) + (g(1) − v(1)v)(1,2)−

− (g(2) − v(2)v)(1) − (g(1) − v(1)v)(2)−

− (g(2) − v(2)v)− (g(1) − v(1)v) + 2g − 2v(v(1) + v(2)) = 0, (12.13)

g(2) − v(2)v = g(1) − v(1)v. (12.14)

Taking that now symbol K̃(m, z) is independent of m3 into account we define the
Jost solution by means of equality

ψ(m1, m2, z + a1) = K̃(m, z)zm1(z + a12)
m2 ≡

ϕ(m, z)

[(z + a1)2 − a23]
m3

, (12.15)

see (10.3). Thus we get from (10.5), (10.3) the reduced Lax pair:

ψ(1,1) + (v − v(1,1))ψ(1) +
[
g − g(1,2) − v(1)(v − v(1,2))

]
ψ = λ2ψ, (12.16)

ψ(2) = ψ(1) + (v(2) − v(1))ψ, (12.17)

where the spectral parameter λ = z + a1, see (11.7), was used.
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13 Лекция

13.1 Soliton solutions

Soliton solutions for the Hirota difference equation are well known in the literature.
Let we have two numbers Na, Nb ≥ 1, and set ofN = Na+Nb real parameters κn that
we can choose to be ordered: κ1 < κ2 < · · · < κN . Let χ(m, k) be a meromorphic
function of k that has poles at points k = κn1

, . . . ,κnNb
, where {n1, . . . , nNb

} is a
subset of {1, . . . , N}. Let us rescale the Jost solution,

χ(m, k) → χ(m, k)

Nb∏

j=1

(k − κnj
), (13.1)

so that the new one is a polynomial of order kNb with the unity coefficient at higher
power. Thanks to (7.23) we have

χ(m, k)

kNb
= 1 +

1

k

(
u(m)−

Nb∑

j=1

κnj

)
+ . . . . (13.2)

Thus

χ(m, k) = kNb +

Nb∑

l=1

kl−1X(l, m), (13.3)

where X(l, m) are some coefficients to be determined. For this aim we use (7.3) with
function χ(x, k) substituted from the latter equality. Then on values of the Jost
solution at points k = κ1, . . . ,κN we impose Nb conditions:

(
ϕ(m,κ1), . . . , ϕ(m,κN)

)
D = 0. (13.4)

where D is matrix of the size N×Nb with at least two nonzero maximal minors. This
condition gives linear system of equations to determine uniquelyX(l, m). To describe
solution of this system we use here the following notation: let V be incomplete
Vandermond matrix of the size (Nb + 1)×N ,

V =




1 . . . 1
...

...

κ
Nb

1 . . . κ
Nb

N


 , (13.5)

and V (l) is matrix V with removed l-th row (i.e., matrix of the size Nb × N). We
also need two diagonal (N ×N)-matrices (see (7.4)):

E(m) = diag{E(m,κ1), . . . , E(m,κN)} (13.6)

k − κ = diag{k − κ1, . . . , k − κN}. (13.7)
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Let also Y (l, m) denote determinant of (Nb ×Nb)-matrix

Y (l, m) = (−1)Nb+1−l det(V (l)E(m)D). (13.8)

Then it is easy to see that

X(l, m) = −
Y (l, m)

Y (m)
, Y (m) = Y (Nb + 1, m) (13.9)

Now using (13.3) we readily get that

χ(m, k) =
Z(m, k)

Y (m)
, (13.10)

where
Z(m, k) = det

(
V (Nb + 1)(k − κ)E(m)D

)
, (13.11)

and notation (13.7) was used. Thanks to definition (13.2) we get

u(m) =

Nb∑

j=1

κnj
−
Y (Nb, m)

Y (m)
. (13.12)

As an example of this generic construction we present one-soliton solution:

u(m) =
κ2 − κ1

1 + cf(m)
, (13.13)

where c a real constant and

f(m) =
E(m,κ2)

E(m,κ1)
≡

(
κ2 − a1
κ1 − a1

)m1
(
κ2 − a2
κ1 − a2

)m2
(
κ2 − a3
κ1 − a3

)m3

. (13.14)

Already this example shows that the consideration here was formal in the sense
that denominator in (13.12) (i.e., τ -function) can take zero values, so solution can
be singular for some values of m. Strictly speaking soliton solutions do not fit in
the class of solutions for which the IST was developed in the previous sections.
Soliton solutions interpolate between different constants on the m-infinity and one
has to develop version of the IST that enables consideration of such solutions.
Another property, specific for the soliton solutions of the Hirota difference equation is
existence of a resonant solitons, i.e., solitons where parameters κi coincide with some
of parameters a1, a2, a3. One soliton solution (13.13) shows that in the corresponding
limit solution exists, but its properties can be rather strange.
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14 Limiting cases

It was mentioned above that equation (3.1) becomes trivial in the limit when two of
three parameters aj coincide. Another kind of trivial case takes place when one of
these parameters tends to infinity. Thus we have to consider the first nonvanishing
order of the corresponding asymptotic behavior, that leads to new commutator
identities and, then, to another integrable nonlinear equations. In both these limits
we get that similarity transformations of the kind (3.7) becomes commutators in
algebraic sense. In terms of equation that means that instead of discrete equation
(3.8) we arrive to differential-difference, or difference equations. More exactly, let us
consider limit of some aj → ai. We write

aj = ai + xbij , (14.1)

where bij is an operator commuting with T and all ak, and x is a c-number parameter.
Then in the limit x→ 0 we get

(A− aj)B(A− aj)
−1 → (A− ai)

(
B − x[bij(A− ai)

−1, B]
)
(A− ai)

−1 + o(x), (14.2)

that means that we can introduce continuous variable, say tij, by means of the
commutator relation

∂tijB = [bij(A− ai)
−1, B], (14.3)

and to write (14.2) as

B(j) → B(i) − xB
(i)
tij + o(x). (14.4)

In order to consider the limit of some ak → ∞ we substitute ak → xak, where x
is a c-number, and assume that ak is invertible. Thus we get

B(k) = ak

[
B −

1

x
Btk

]
a−1
k + o(1/x), x → ∞ (14.5)

where
Btk = [Aa−1

k , B] (14.6)

Combinations of these limiting procedures gives another integrable equations. In this
way we get equations that follow from the non-Abelian Hirota difference equation.
As these limits are the only singularities of Eq. (3.1) we can get the total list of
such equations. Every limit described above substitutes for some discrete variable a
continuous one. The final step from differential–difference equation (with one discrete
variable) to differential one can be done by exD, where D is a differential operator
with respect to some new variable, as substitute for T and expansion in powers of
the parameter x. These limiting procedures can be done in terms of the commutator
relations and linear equations for B with forthcoming dressing procedure. As we
show by examples below, this order of operations is much easier, if to compare to
the same limits just in the nonlinear Hirota equation itself.
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14.1 Limit a3 → ∞

We start with the k = 3 case of (14.5). Inserting B(3) from (14.4) into (3.1) we see
that in the zero order of x there appear a trivial equality, while the terms of the
1/x-order give equation

B(12)a12 + a3(B
(2) −B(1))t3 + a2B

(1) − a1B
(2)+

+ a3B
(2)a−1

3 a2 − a3B
(1)a−1

3 a1 + a12a3Ba
−1
3 = 0, (14.7)

where

B(1) = TBT−1, B(2) = (T + a12)B(T + a12)
−1,

Bt3 = [(T + a1)a
−1
3 , B].

(14.8)

Thus now symbol of operator B depends on m1, m2, t3, and z. Of course, it can
depend also on other discrete variables, but we are not interested here in this
dependence. By means of this operator we introduce dressing operator K as solution
of the problem (5.1). Thanks to (5.8) and condition (5.9) we again derive to(5.12).
In order to find evolution of the dressing operator with respect to t3 we differentiate
(5.1) that gives ∂1(Kt3 + K(T + a1)a

−1
3 ) = (Kt3 + K(T + a1)a

−1
3 )B. This means

that Kt3 +K(T +a1)a
−1
3 obeys the same ∂-equation but with another normalization

condition. Thus again taking (5.9) into account we derive:

Kt3 +K(T + a1)a
−1
3 = a−1

3 (T + a3ua
−1
3 − u(1) + a1)K. (14.9)

Definition of the Jost solution is now modified with respect to (7.2) and (7.3):

ϕ(m1, m2, t3) = K̃(m1, m2, t3, z)z
m1(z + a12)

m2et3(z+a1)a
−1

3 , (14.10)

Further on, we get for the Lax pair:

ϕ(2) = ϕ(1) +
(
u(2) − u(1) + a12

)
ϕ,

a3 ϕt3 = ϕ(1) +(a3ua
−1
3 − u(1) + a1)ϕ .

(14.11)

In order to simplify this equation we introduce

v(m1, m2, t3) = u(m1, m2, t3)−m1a1 −m2a2 (14.12)

and notice that without lost of generality we can choose a3 = 1, that follows due to
rescale

v(m, t3) → am1+m2+1
3 v(m, t3)a

−m1−m2

3 ,

ϕ(m, t3) → am1+m2+1
3 ϕ(m, t3).

(14.13)

Then Lax pair and equation of motion take form

ϕ(2) = ϕ(1) +(v(2) − v(1))ϕ, (14.14)

ϕt3 = ϕ(1) −(v(1) − v)ϕ, (14.15)

(v(2) − v(1))t3 + (v(1,2) + v)(v(2) − v(1)) + v(1)
2
− v(2)

2
= 0, (14.16)

that can be simplified in the Abelian case.
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14.2 Limit a2 → ∞

Next, let consider limiting procedure (14.5) for k = 2.

(a2Ba
−1
2 − a3Ba

−1
3 )(1)a1 + (a2Bt2 − a3Bt3)

(1)−

− a2a3Bt2a
−1
3 + a3a2Bt3a

−1
2 − a1a2Ba

−1
2 + a1a3Ba

−1
3 = 0. (14.17)

Here

B(1) = TBT−1, Bt2 = [(T + a1)a
−1
2 , B],

Bt3 = [(T + a1)a
−1
3 , B],

(14.18)

(cf. (14.8)), where now symbol of operator B depends on one discrete variable
m1, two continuous variables t2 and t3, and one complex parameter z. The same
is dependence of the symbol of the dressing operator K. Repeating the dressing
procedure as above we get equations of the Lax pair:

Kt2 +K(T + a1)a
−1
2 = a−1

2 (T + a2ua
−1
2 − u(1) + a1)K, (14.19)

Kt3 +K(T + a1)a
−1
3 = a−1

3 (T + a3ua
−1
3 − u(1) + a1)K. (14.20)

where the second equation is just (14.9) and the first one is derived in analogy. Then
we define

ϕ(m1, t2, t3, z) = K̃(m1, t2, t3, z)z
m1 exp[t2(z + a1)a

−1
2 + t3(z + a1)a

−1
3 ]. (14.21)

For sake of simplicity we introduce

v(m1, m2, t3) = u(m1, m2, t3)−m1a1 (14.22)

(cf. (14.12)) and rescale:

v(m, t) → (a2a3)

m1 +m2 + 1

2 v(m, t)(a2a3)
−
m1 +m2

2 ,

ϕ(m, t, z) → (a2a3)

m1 +m2 + 1

2 ϕ(m, t, z).

(14.23)

Let constant operator α obeys
α2 = a2a

−1
3 , (14.24)

then Lax pair takes the form

αϕt2 = ϕ(1) +[αvα−1 − v(1)]ϕ, (14.25)

α−1 ϕt3 = ϕ(1) +[α−1vα− v(1)]ϕ, (14.26)

and compatibility equation is
(
vα− αv(1)

)
t2
−
(
vα−1 − α−1v(1)

)
t3
+ [vα− αv(1), vα−1 − α−1v(1)] = 0. (14.27)

It is interesting to mention that this nonlinear equation becomes the linear one if α
commutes with v (i.e., in the Abelian case) and if α−1 is proportional to α with a
c-number coefficient.
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14.3 Limit a1 → ∞

Finally, in the limit (14.5) for k = 1 we come back to the system symmetric now
with respect to three continuous times tj , j = 1, 2, 3. Limit of (14.17) reads as

a1∂t1(a2Ba
−1
2 − a3Ba

−1
3 ) + cycle(1, 2, 3) = 0. (14.28)

Omitting details close to the previous ones we get that the Lax pair is given by any
two equations of the system

a1 ϕt1 = a2 ϕt2 +(a1ua
−1
1 − a2ua

−1
2 )ϕ,

a2 ϕt2 = a3 ϕt3 +(a2ua
−1
2 − a3ua

−1
3 )ϕ,

a3 ϕt3 = a1 ϕt1 +(a3ua
−1
3 − a1ua

−1
1 )ϕ,

(14.29)

and equation of compatibility is

a1
(
a3ua

−1
3 − a2ua

−1
2

)
t1
+ a2a3ua

−1
2 a−1

3

(
a3ua

−1
3 − a2ua

−1
2

)
+

+ cycle(1, 2, 3) = 0. (14.30)

14.4 Limit a3 → a1

Following (14.1)–(14.4) we set a3 = a1 + xb3, where x is a parameter and b3 (b13 in
notation of (14.1)) is a constant operator, commuting with T , a1, and a2. Then by

(14.4) B(3) = B(1) − xB
(1)
t3 + o(x) when x→ 0, where again to simplify notation t31

is denoted as t3 (different from t3 in (14.8)). Inserting this B(3) we get in the first
order of x equation

B
(12)
t3 a12 − a12B

(1)
t3 −

(
B(12) − B(11)

)
b3 + b3

(
B(2) − B(1)

)
= 0, (14.31)

where

B(1) = TBT−1, B(2) = (T + a12)B(T + a12)
−1,

Bt3 = [b3T
−1, B].

(14.32)

Thus symbol of operator B again depends on two discrete variables, m1 and m2, one
continuous, t3, and complex parameter z. Taking the latter equality into account we
have to consider ∂-derivative of Kt3 = [b3T

−1, K], but in order to avoid singularity
we multiply this expression by T from the right. In analogy to the above we have:

∂1
(
Kt3T − b3K

(−1) +Kb3
)
=

(
Kt3T − b3K

(−1) +Kb3
)
B(−1).

Asymptotically Kt3T −b3K
(−1)+Kb3 tends to ut3 and thus we get Kt3T −b3K

(−1)+
Kb3 = ut3K

(−1), or

Kt3 +Kb3T
−1 = (ut3 + b3)K

(−1)T−1. (14.33)
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In correspondence to (14.32) we define

ϕ(m1, m2, t3, z) = K̃(m1, m2, t3, z)z
m1(z + a12)

m2et3b3/z, (14.34)

so that Lax pair we get:

K(2) = K(1) + (u(2) − u(1) + a12)K, (14.35)

Kt3 = (ut3 + b3)K
(−1). (14.36)

Introducing

v(m1, m2, t3) = u(m1, m2, t3)− a1m1 − a2m2 + b3t3, (14.37)

we get finally

ϕ(2) = ϕ(1)+(v(2) − v(1))ϕ, (14.38)

ϕt3 = vt3 ϕ
(−1) . (14.39)

Nonlinear equation is the compatibility condition of these equalities:

(v(2) − v(1))(1)v
(1)
t3 − v

(12)
t3 (v(2) − v(1)) = 0. (14.40)

14.5 Limit a2 → a1

We set a2 = a1 + xb2, where b2 is an operator commuting with T , a1, and b3 and
b2 6= b3, and consider limit x→ 0 in the same way as in Sec. 14.4 above. In the first
order of x we get from (14.31) equation

(
B(1)b3 − b3B

)
t2
=

(
B(1)b2 − b2B

)
t3
, (14.41)

where t3-derivative is defined in (14.32) and, analogously,

Bt2 = [b2T
−1, B]. (14.42)

Omitting details we give here the final Lax pair

ϕt2 = vt2 ϕ
(−1), ϕt3 = vt3 ϕ

(−1), (14.43)

and resulting nonlinear equation

v
(1)
t2 vt3 = v

(1)
t3 vt2 , (14.44)

where
v(m1, t2, t3) = u(m1, t2, t3)− a1m1 + b2t2 + b3t3. (14.45)
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14.6 Consequent limits: a3 → ∞ and a2 → a1. Non-Abelian

Toda chain

We mentioned already that one can combine limiting procedures (14.5) and (14.3)
in order to derive other integrable equations. As example we consider here the limit
a3 → ∞ and, afterward, limit a2 → a1. We start from (14.7) and set a2 = a1 +
xb2, where b2 is some constant operator. Then by (14.1)–(14.4) and (14.42) we get
dependence on t2,

B(2) = B(1) − xB
(1)
t2 + o(x), x → 0. (14.46)

Correspondingly,

B(1) = TBT−1, Bt2 = [b2T
−1, B], Bt3 = [(T + a1)a

−1
3 , B]. (14.47)

Under substitution of (14.46) the zero order of (14.7) with respect to x is trivial,
while in the first order we get equation

B(1)b2 + a3Bt2t3 − b2B − a1Bt2 + a3Bt2a
−1
3 a1−

− a3Ba
−1
3 b2 + b2a3B

(−1)a−1
3 = 0. (14.48)

In the same way as above we derive equations for the dressing operator:

K(1) = TKT−1,

Kt2 +Kb2T
−1 = (ut2 + b2)K

(−1)T−1,

Kt3 +K(T + a1)a
−1
3 = a−1

3 (T + a3ua
−1
3 − u(1) + a1)K,

(14.49)

where the last equality is exactly (14.9). Now we introduce

v(m1, t2, t3) = u(m1, t2, t3)−m1a1 + b2t2, (14.50)

ϕ(m1, t2, t3, z) = K̃(m1, t2, t3, z)z
m1et2b2z

−1+t3(z+a1)a
−1

3 , (14.51)

that gives by (14.49) Lax pair

ϕt2 = vt2 ϕ
(−1),

ϕt3 = a−1
3 ϕ(1) −(a−1

3 v(1) − va−1
3 )ϕ,

(14.52)

We see that without lost of generality it is possible to choose

a1 = 0, b2 = a3 = 1, (14.53)

that simplifies the Lax pair to

ϕt2 = vt2 ϕ
(−1),

ϕt3 = ϕ(1) −(v(1) − v)ϕ,
(14.54)
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and gives nonlinear equation, i.e., condition of compatibility in the form

vt2t3 + vt2(v
(−1) − v) + (v(1) − v)vt2 = 0, (14.55)

where asymptotically
v(m1, t2, t3) ∼ t2. (14.56)

The latter equation is the well known non-Abelian two-dimensional Toda chain.
In order to prove this we introduce invertible operator g(m1, t2, t3) such that

vt2 = g(g(−1))−1. (14.57)

Inserting this vt2 in (14.55) and multiplying the result by g−1 from the left and g(−1)

from the right, we get equality

g−1gt3 + g−1(v(1) − v)g =
(
g−1gt3 + g−1(v(1) − v)g

)(−1)
. (14.58)

Thanks to (14.56) and (14.57) we can fix that at infinity v(1) → v and g tends to a
constant invertible operator. Then (14.58) gives

v(1) − v = −gt3g
−1, (14.59)

and compatibility condition of (14.57) and (14.59) gives the non-Abelian Toda chain.
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