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Ïóñòü çàäàí ïàðàìåòð τ ∈ C, Im τ > 0; îïðåäåëèì ýëëèïòè÷åñêóþ êðè-

âóþ Eτ = C/(Z+ τZ) è òýòà-ôóíêöèþ ñ õàðàêòåðèñòèêàìè a, b ðÿäîì

θa,b(u) = θa,b(u, τ) =
∑
k∈Z

q(k+a)2e2πi(k+a)(u+b), q = eiπτ ,

à òàêæå ââåäåì òýòà-ôóíêöèè ßêîáè

θ1(u) = −θ 1
2
, 1
2
(u), θ2(u) = θ 1

2
,0(u), θ3(u) = θ0,0(u), θ4(u) = θ0, 1

2
(u).

1. Äîêàæèòå, ÷òî ðÿä àáñîëþòíî ñõîäèòñÿ íà C, è òýòà-ôóíêöèè ÿâ-

ëÿþòñÿ öåëûìè ôóíêöèÿìè, ïðè÷åì θ1 � íå÷åòíàÿ, à θ2, θ3, θ4 � ÷åòíûå

ôóíêöèè.

2. Äîêàæèòå, ÷òî θ2(u) = θ1(u + 1
2), θ3(u) = eπi(u+τ/4)θ1(u + τ+1

2 ),

θ4(u) = −ieπi(u+τ/4)θ1(u+ τ
2 ).

3. Äîêàæèòå ñëåäóþùèå ñâîéñòâà òýòà-ôóíêöèè ïðè ñäâèãàõ íà âåê-

òîðû ðåøåòêè 1, τ : {
θ1(u+ 1) = −θ1(u)
θ1(u+ τ) = −q−1e−2πiuθ1(u).

4. Íàéäèòå íóëè ôóíêöèé θ1(u), θ2(u), θ3(u), θ4(u) è ïîêàæèòå, ÷òî

îíè ïðîñòûå.

5. Äîêàæèòå, ÷òî òýòà-ôóíêöèè óäîâëåòâîðÿþò �óðàâíåíèþ òåïëî-

ïðîâîäíîñòè� 4πi∂τθ = ∂2
uθ.

6. Ïîêàæèòå, ÷òî åñëè äëÿ íàáîðà αi ∈ C âûïîëíÿåòñÿ

n∑
i=1

αi = 0, òî

ïðè ëþáûõ ai ∈ Eτ

f(u) =
n∑

i=1

αi
∂uθ1(u− ai)

θ1(u− ai)

ÿâëÿåòñÿ ýëëèïòè÷åñêîé (ò.å. äâîÿêîïåðèîäè÷åñêîé) ôóíêöèåé íà C ñ

ïåðèîäàìè 1, τ .

7. Ïîêàæèòå, ÷òî P (u) = ∂2
u log θ1(u) ÿâëÿåòñÿ ýëëèïòè÷åñêîé ôóíê-

öèåé íà C ñ ïåðèîäàìè 1, τ è íàéäèòå åå ïîëþñà.

8. Äîêàæèòå òîæäåñòâî

θ1(a+ b)θ1(a− b)θ1(u+ c)θ1(u− c) + θ1(b+ c)θ1(b− c)θ1(u+ a)θ1(u− a)

+ θ1(c+ a)θ1(c− a)θ1(u+ b)θ1(u− b) = 0.



9. Äîêàæèòå òîæäåñòâî

P (v)− P (u) = (θ′1(0))
2 θ1(u− v)θ1(v + u)

θ21(u) θ
2
1(v)

.

10. Äîêàæèòå ñëåäóþùèå ïðåäñòàâëåíèÿ òýòà-ôóíêöèé â âèäå áåñêî-

íå÷íûõ ïðîèçâåäåíèé:

θ1(u) = 2q
1
4 sin(πu)

∞∏
n=1

(1− q2n)(1− q2ne2πiu)(1− q2ne−2πiu),

θ2(u) = 2q
1
4 cos(πu)

∞∏
n=1

(1− q2n)(1 + q2ne2πiu)(1 + q2ne−2πiu),

θ3(u) =
∞∏
n=1

(1− q2n)(1 + q2n−1e2πiu)(1 + q2n−1e−2πiu),

θ4(u) =
∞∏
n=1

(1− q2n)(1− q2n−1e2πiu)(1− q2n−1e−2πiu).

11. Äîêàæèòå òîæäåñòâî θ′1(0) = πθ2(0)θ3(0)θ4(0).

12. Äîêàæèòå ôîðìóëû ìîäóëÿðíîãî ïðåîáðàçîâàíèÿ τ → −1/τ :

θ1(u/τ,−1/τ) = −i
√
−iτeπiu

2/τθ1(u, τ),

θ2(u/τ,−1/τ) =
√
−iτeπiu

2/τθ4(u, τ),

θ3(u/τ,−1/τ) =
√
−iτeπiu

2/τθ3(u, τ),

θ4(u/τ,−1/τ) =
√
−iτeπiu

2/τθ2(u, τ).


