Exercises on representations of GL(n,F,) 17.01.2023

These exercises are due by January 24th. This is a general rule: the due date is one week
after the assignment. The final grade for the course is calculated as 0.1 of the percentage of
completely solved exercises. You may submit e.g. the high quality scans of your handwritten
solutions in the natural order. I will grade neither poor quality scans nor randomly ordered
scans. You may also submit your handwritten solutions as a hardcopy or solutions typeset
in TeX.

1. Construct isomorphisms a) SL(2,Fs) ~ Gs.
b) PGL(2,F;) ~ &,.

c) PSL(2,F4) ~ 25 ~ PSL(2,F;).

d) PSL(2,Fy) ~ 2.

2. Construct an isomorphism PSL(2,Z/4Z) ~ &,.

3. Prove that for ¢ odd, SL(2,F,) has two conjugacy classes of cardinality 1, four conjugacy

q—3

5~ classes of cardinality ¢(¢ + 1), and qg—l conjugacy classes

classes of cardinality %, and
of cardinality ¢(q — 1).

4. Count the conjugacy classes of SL(2,F,) for ¢ = 2™,

5. Given subgroups H C G D J and their representations (V, p) and (W, o), prove that the
assignment F' — T defines an isomorphism from F := {F': G — Homc(V, W) | F(jgh) =

o(j)F(g)p(h)} onto Home (Ind(V), Ind§ (W), where (5 £)(9) = o e Flgr D) (F(r).
Exercises on representations of GL(n,F,) 24.01.2023

1. Prove that a) the group P = {(g [i

) ,a€Fy, be Fq} is isomorphic to the group

of affine transformations of the line IF,.
b) Its irreducible (¢ — 1)-dimensional representation is isomorphic to the natural represen-
tation in the space of functions on F, with the zero sum.

2. Let ¢ = p". Consider the additive character F, = Z/pZ > k — exp (%ﬂ) e C~

and compose it with the homomorphism Tr?;’: F, — I, to obtain the additive character
¢: F, — C*. Prove that any character F, — C* has a form 9,(x) := ¢(az) for some
aclF,.
3. Define the Fourier transform FT: C[F,] — C[F,] by the formula
FT(f)(0) :==va 'Y fla)(ab).

aclFy

Prove that FT(FT(f))(a) = f(—a) (Plancherel formula).
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4. Prove that Z If(a)]? = Z IFT(f)(b)|* (Parseval identity).

a€lfy bel,

5. For b € F, let T},: C[F,] — C[F,] be the translation operator T} f(a) := f(a+b). Prove
that

a) FT o T, = ¢_, - FT (the composition of the Fourier transform with the operator of
pointwise multiplication by the function ;).

b) FT(¢y - f) =Ty o FT(f).

Exercises on representations of GL(n,F,) 31.01.2023

1. In the setup of problem 5 of January 17th, if J = H and (W, o) = (V, p), prove that the
algebra structure on Endg(Ind$ V) (with respect to composition) corresponds (under the iso-
morphism of problem 5) to the convolution operation (Fi*F3)(g) = WI\HI >ovec Filgr ) Fy(r).

2. Let G = GL(n,F,), and let B C G be the Borel subgroup of upper-triangular matrices.
Prove that B\G/B = &,, (the matrices of permutations are the representatives of double
cosets). This is called the Bruhat decomposition (or Gaufl method).

3. The algebra H, := Endg(Ind$C) is called the Iwahori-Hecke algebra. It has a basis
{T,, w € &,} of characteristic functions of the double cosets multiplied by |G| : |B|?. Let
s; = (i,i+ 1) € &, be a simple transposition. Prove that

a) (Tsz - Q)(Tsz + 1) = 0.

b) T, T, T, = Ty, T3, Ty, and Ty, Ty, = Ty, T, if |i — j| > 1 (braid relations).

c) T,T, = Ty if L(yw) = L(y) + {(w), where ¢(y) is the number of disorders in the
permutation y € &,, (that is the length of a shortest word in the generators s; representing

Y)-

4. Prove that #, is generated by Ty,, ..., s, , with relations 3(a,b).

1

5. Prove that the algebra H, is semisimple (i.e. #,, is isomorphic to a direct sum of matrix
algebras).

Exercises on representations of GL(n,F,) 07.02.2023

1. Let V.= A& A’ be a symplectic vector space (over F,) decomposed into a direct sum
of two Lagrangian subspaces (so that A’ = A*). Let us write g € GL(V) in the block form

p

according to this decomposition: g = (?; 5). In this problem set we follow the convention

t  _pt
that ¢ acts on V on the right: i.e. as on vector-rows. We set g/ := (_(S,yt a€> (the
transposition denotes taking adjoint with respect to the identification A’ = A*). Prove that
a) g € Sp(V) C GL(V) iff g - ¢' = Id.
b) The convolution algebra of complex functions on Sp(V)\GL(V)/Sp(V) is commutative.



3

2. We introduce the following symplectic automorphisms. For a € Aut(A) we set do(a) :=

(g (aP)_1>' For a quadratic form @ on A we set ¢4(Q) := (I(()i 16(21) For an isomorphism

()1
v: N A we set dj(v) = <3 (70) ) Prove that if g = <: ?) € Sp(V), and v is

S [t T}

3. The symplectic group Sp(V) acts on the Heisenberg group 0 — F, - H — V — 0,
and (projectively) on the irreducible H-module (Wy, =~ C[A], p,,) with the central character
¥ py(h)Ag = Agpy(h9). Prove that we can take (Ag ) f)(A) = f(Aa).

4. Prove that we can take (A ) f)(A) = 10(@)]"()\)
5. Prove that we can take (Ag 1) f)(A) := FT(f)(=A(v")7").

invertible, then

Exercises on representations of GL(n,F,) 14.02.2023

LoLet (O~ (1d @) (0 —(%)7") _ (ld @) (0 =) (1d Qs

' “mooo0 0 Id/\v» 0o )~ \o 1d)\y o 0 Id)
Prove that Q = v, 'y, '

2. Prove that in the setup of Problem 1, we have Adé(’yl)Ato(Q)Adé(’yg) = F(Q)Ato(Ql)Ad{)(v)Ato(Qz)'

3. Let u; = (?;11 ?11) , U = (i; ?;)’ and ujus = u = (?; ?) € U (that is, v, 71,72

are all invertible). Prove that the cocycle c(uy,us) = I'(77 'y75 1),
4. Prove that the Witt group Witt(F,) is Z/4Z if —1 ¢ (F))?, and Z/2Z®Z/27 otherwise.

5. Prove that for ¢ > 5, given any quadruple of Lagrangian subspaces in Fg", there is a
fifth subspace transversal to any one of the quadruple.

Exercises on representations of GL(n,F,) 21.02.2023

1. Prove that the derived subgroup [Sp(V'), Sp(V')] = Sp(V') for odd g.

2. Given a,b € F, we consider the quaternion algebra H,; over F, with generators i, j

and relations i = a, j% =10, ij = —ji. Prove that H,;, ~ Matays(F,).

3. For an arbitrary ground field F' in place of F,, prove that H,;, >~ Matoxo(F) iff the
quadratic form Q = 2% — ay? — bz? + abw? on F* represents 0 (i.e. the equation ) = 0 has a
nontrivial solution), and otherwise H,; is a skew-field (a division algebra).



4. For an Fg-vector space A = F7, and f € C[A] we define the Radon transform RT f €
C[A*] as (RT f)(A*) == q¢ ™23 \cn . ooae=1 S(A). For a character 6: F' — C* let C[A]y be
the set of functions such that f(aX) = 6(a)f(A). Prove that both RT and FT take C[A]y to
C[A"]p-1 and FT = 79 RT on C[A]y for nontrivial 6, where vy := 3_ x 0(2)1(2).

5. Prove that the Weil representations of SL(2,F,) in C[A]* (for A = F,) for additive
characters 1,1’ such that there is no a : '(z) = ¢(a’r), are not isomorphic (so this
way we obtain two different %—dimensional representations of SL(2,F,) and two different
2-1_dimensional representations of SL(2,F,)).

Exercises on representations of GL(n,F,) 28.02.2023

1. Prove that a) g <(1) }) gteUiffge B.
b) The normalizer of B in G is B.

-1
c) <: ?) (:8 2) (f; ?) eBiffy=0o0rd=0.

2. Given multiplicative characters j; # po: Fy — C*, we denote by m,, ,, the irre-

ducible induced representation Ind% (i, s15). There are w pairwise non-isomorphic
representations of this type. Prove that the character value of 7, ,, at

0 ale) = (5 1) eauts (g + Do)t
b) ese) = (§ 1) eauals po)usto),

o) ealovy) = (§ ) eauals pa)ao) + i (o)is(o),

d) c4(2) (a matrix conjugate to the one of multiplication by z € F2\F, acting on Fpe = )
equals 0.

3. Given a multiplicative character u: Fy — C*, we denote by St, the irreducible g-
dimensional subrepresentation of Indg(u, (). There are ¢ — 1 pairwise non-isomorphic rep-
resentations of this type. Prove that the character value of St, at

a) c1(z) equals qu(x)?.

b) ca2(x) equals 0.

c) cs(z,y) equals p(zy).

d) c4(2) equals —u(zZz) (where z := 29).

4. Given a nontrivial additive character ¢: U = F, — C* we denote by Whit, the
Whittaker model representation Ind{j¢. It has dimension (¢> — 1)(¢ — 1). Prove that the
character value of Whit,, (the Gelfand-Graev character) at

a) c1(x) equals (¢* — 1)(q — 1)d1 4.



b) co(z) equals (1 — q)dy 4.
¢) cs3(x,y) equals 0.
d) c4(2) equals 0.

5. Given a multiplicative character §: F, — C* such that HF;Q Z 1 (here F;Q ={zeFp

2z = 1}) we denote by 7y the corresponding (¢— 1)-dimensional discrete series representation
of G. There are # pairwise non-isomorphic representations of this type. Prove that the
character value of 7y at
a) ¢1(z) equals (g — 1)0(x).
) ca(x) equals —6(z).
¢) cs(x,y) equals 0.
) ca(z) equals —0(z) — 0(2).

Exercises on representations of GL(n,F,) 07.03.2023

1. Recall the conjugacy classes in SL(2,F;) (Problem 3 of 17.01.2023). We denote them by
e = (é (1)) , e3 = —eyq, eg (the class of G [1))), ey (the class of G 8), where € € F)* \
(Fy)?), es = —e3, €6 = —ea, c3(x,27") (see Problem 2 of 28.02.2023), and cy(2) for 2 € F, (of
norm 1). All the irreducible representations of SL(2,F,) are restricted from GL(2,F,) except
for the four “*-dimensional ones. Namely, Ind%(¢, 1)* (here ¢ is the nontrivial character
Fy — {:I:l} and Ind%(¢,1)* are eigenspaces of the Radon Transform with eigenvalues
:I:\/ ), and £ (here 7 is the nontr1v1al character Fl, — {£1}, and 7 |sL27,) = 7 ®7,).
Our goal is to compute the characters X and y= of these representations. First, prove that
the values of these characters on the classes c3 and ¢4 are exactly one half of the values of
the characters of Ind%(¢,1) and 7, on these classes.

2. Prove that a) the values of ng (resp. xF) at e3,e5 and also at ey, eg, are related by
multiplication by £(—1) (resp. 7(—1)).

b) Xg (es) = x¢ (64) and X7 (e3) = X7 (ea).

) th(efi) _ 1i\/§( IF/&( —1£y/6(-1)q _ —ldy/—7(=1)q

anng( ):TWhﬂeXT< ) 9 = D) )

i( 4) _ *1:F\/f _ —1Fy/—7(-1)q
= 2 = 2 :

and x- (e

3. We consider the 2-dimensional vector space U = Fg equipped with the hyperbolic
symmetric bilinear form B((x1,y1), (¥2,y2)) = 7192 +22y1. The multiplicative group F) acts
on ]Fg by c(x,y) = (cx,c 'y) and preserves B. We also consider V = ]Fg equipped with a
symplectic form (, ), and W = V ®U equipped with the tensor product symplectic form. Let
A C W be a Lagrangian subspace of the form ¢ @ U. Then we have the Weil representation
of Sp(W) O C[A], and we restrict it to Sp(V') x F* C Sp(W). Given any character p of F,
the group Sp(V') ~ SL(2,F,) acts in the eigenspace C[A],. Prove that if pu? # 1, then C[A],
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is an irreducible (¢ + 1)-dimensional representation of SL(2,F,) induced from the character
1 of its Borel subgroup.

4. Decompose C[A], into irreducibles for p: F* — {+1}.

5. Extend C[A], to a representation of GL(2,F,) (choosing an extension of y to a character
(t1,112): (B )2 — ).

Exercises on representations of GL(n,F,) 14.03.2023

1. In notation of Problem 1 of 07.03.2023, consider the representation my of SL(2,F3)
(where 6 is a character F§ — C*, 6 # 1). Prove that

a) the image of 7y is contained in SL(2,C) C GL(2,C).

b) The kernel of my: SL(2,F3) — SL(2, C) is trivial. Thus, 7y is an embedding SL(2, F3) —
SL(2,C).

Recall from Problem 1 of 17.01.2023 that the image of SL(2,F5) in PGL(2, C) is isomorphic
to the alternating group 4.

2. Let g € SL(2,F3) be an elliptic element (note that all the elliptic elements form
a single conjugacy class), and let ¢ € SL(2,C) be a square root of my(g). Prove that
C{ma(SL(2,F3))} (7! = mp(SL(2,F3)), so that the subgroup I' C SL(2,C) generated by
mo(SL(2,F3)) and ¢, has order 48.

3. Construct an isomorphism I'/ {:I: (1) (1) ~ PSL(2,Z/4Z). Recall from Problem 2
)

of 17.01.2023 that the image PSL(2,Z/4Z) of SL(2,Z/4Z) in PGL(2, C) is isomorphic to the
symmetric group G,.

4. In notation of Problem 1 of 07.03.2023, consider the representation 7t of SL(2,F5)
(where T is a nontrivial character Fy, — C*, 72 = 1). Prove that

a) the image of 7 is contained in SL(2,C) C GL(2,C).

b) The kernel of 7 : SL(2,F5) — SL(2, C) is trivial. Thus, 7 is an embedding SL(2,F5) —
SL(2,C).

Recall from Problem 1 of 17.01.2023 that the image of SL(2,F5) in PGL(2, C) is isomorphic
to the alternating group .

5. For n > 4, consider the binary dihedral subgroup D,,_, C SL(2,C) of order 4(n — 2),

0 exp(—?ﬁ —-10

D, o < SL(2,C) is denoted m. Prove that apart from 7y, the group D, 5 has n — 4
irreducible 2-dimensional representations m,...,m,_3, and four 1-dimensional characters

C)X17X27X3'

2my/—1
generated by *P(Z7) 0 )) and by ( 0 1). The tautological embedding



Exercises on representations of GL(n,F,) 21.03.2023

1. We know from Problem 1 of 07.03.2023 that SL(2,F3) has 7 irreducible representations
C, St,Ind§ (¢, 1), ¥, my of dimensions 1,3,2,2,1,1,2. We form the McKay graph with ver-
tices labeled by these representations and edges V; — V5 if V5 is a summand of V; ® .
Prove that

a) Vi — V4 iff Vo — V4. Thus we obtain not a quiver (with directed arrows), but a
graph (with non-directed edges denoted Vi = V5 in place of V; — V4 because I am too lazy
to draw tikz diagrams).

b) We get the graph
C

T

mf —— Ind§(&,1)F St Indf(¢, 1)~ T

2. Recall the subgroup I' C SL(2,C) of Problem 2 of 14.03.2023. We will denote its
normal subgroup SL(2,F3) of index 2 by H. Prove that I' has the following 8 irreducible
representations:

Ind},(C) = C @ y for a 1-dimensional character Y.

Furthermore, Ind}; (7;) = Indj; (7)) =: p ~ p ® x is a 2-dimensional representation.

Furthermore, Ind},(m5) = 7 © 7 ® x, where 7 is the tautological 2-dimensional represen-
tation of I

Furthermore, Ind};(St) = 0 @ 0 ® x for a 3-dimensional representation .

Finally, Ind}, (Ind% (¢, 1)) = Ind%, (Ind§(€,1)7) =: 0 ~ o ® x for a 4-dimensional repre-
sentation .

3. Prove that the McKay graph of " (with respect to tensoring with the tautological
representation 7) is

P

H

Y 0 o T C

X TRX

4. We know from Problem 1 of 07.03.2023 that SL(2,F5) has 9 irreducible representations
C, St, Ind%(u, 1), Ind% (&, 1)*, 7, mp, mF of dimensions 1,5,6,3,3,4,4,2,2. Prove that the
McKay graph of SL(2,FF5) (with respect to tensoring with the tautological representation
) is



Indf(€,1)"

o T Ind% (i, 1) St o Ind$ (¢, 1)+

+
- mt —— C

T

5. Prove that the McKay graph of D,,_, (with respect to tensoring with m, notation
of Problem 5 of 14.03.2023) is

C X3

X2 ™

TTp—3 X1

Exercises on representations of GL(n,F,) 28.03.2023

1. Prove a) H(l +zy) = ZS)\([L')S)\t(y).

A

Z sx(z)sae(y Z (Z) sx ()t (where E(t) = 3 e t” = [](1+ a;t), we set

A

y1=...=vy, =1t,and 0 = Y41 = Yns2 = ... Furthermore, (il\) = H a;(—;(;:), and c(x)
TEA

is the content of z, and h(x) is the hook length of z).

o) Ht)" =Y (;) syt (where H(t) = 3 hot™ = [[(1 — 23t) 7).

A
2. Wesetyz—q 1 <1< n,and y; =0, ¢ > n. Prove

N _ . n—c(z)
l 1 n o 1—g¢q
J!E L\] s\, where { } = | | T g

b) i]jmqi*) ]

3

)\t
q"
o) [T+ ¢ 1)= sx(z)-
et HA(Q)
n(X)
i 1 q"
d) H (1 —zjq => T
3,7>1 A
where Hy(q) = H( ¢"@) is the hook polynomial.

TEA

3. Weset yy =...=y, =t/n, y; =0, i > n, and take the limit as n — co. Prove



AN
b) H (1 + %) — Hexp x;it) = exp(eit) = hi;\ tA
i A
) el =

Z }ZZ')SA<:> (e1,8x) = nl/h(N).

4. Prove that the number of standard tableaux of shape A € P(n) equals K, qn) =
{sx, ht) = nl/h(A).
5. Prove that (h,,p\) = 1 and (e, px) = ey := (—=1)MHN for any A € P(n).

Exercises on representations of GL(n,F,) 04.04.2023

1. We identify A ®z A with the ring of symmetric functions in variables z,y: f ® g —
f(z)g(y). We define a coproduct A: A — A ®z A by (Af)(z,y) = f(x,y). We define a
counit €: A — Z requiring that e(A™) = 0 for n > 0, and (1) = 1. Prove that

a) Ahn = Zogkgn hk X hn,k.

b) Ae, = Zogkgn er ® €p_p-

¢) Ap, = pp, ® 14+ 1® p, (i.e. p, are primitive).

d) Asy =3, sx/u @ Sy

2. We equip A ®z A with a scalar product such that (f1 ® g1, fo ® g2) = {f1, f2) - (91, Go)-
Prove that A: A — A ®z A is adjoint to the multiplication m: A ®; A — A, and the counit
e: A — Z is adjoint to the unit e: Z — A. In other words, the Hopf algebra A is selfdual.

3. For any f € A we define D(f): A — A by (D(f)u,v) = (u, fv) for any u,v € A. Then
D: A — End(A) is a ring homomorphism. We denote D(s,) by D,,. Prove that

a) forany f € A, f(z,y) =32, Duf(x) - s,(y)-

b) D(hy)m, = 0 unless ; = A U v (that is, p is the union of reordered parts of A and v),
in which case D(hy)m, = m,,.

c) For any f(zo,x1,...) € A, (D(hn)f) (x1,22,...) is the coefficient of z{} in f.

d) D(f)(gh) = Z(D(£)g) - (D)), where Af = 3, 7 @ £

4. Prove that a) D(p,)hy = hy_n, that is D(p,) = > ol
symmetric functions as polynomials in h;, ¢ > 0.

b) D(pn) = (=1)" ' 3o erge—

n4r '

8 .
- where we view the

c) D(pn) = i. In other words, if f € A is written as a polynomial f = o(p1,p2,...),
then D(f) = p(:= 5 ;222 .. ) is a linear differential operator with constant coefficients.
Op1’ ~0p2”’

5. Define an involution @ = (—1)"w on A™. Prove that
a) w is an antipode, i.e. mo (W ®Id)o A =mo (I[d®@w)oc A =coe: A — A.
b) Any primitive element p € A™ (i.e. Ap=p® 1+ 1 ® p) is proportional to p,.
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Exercises on representations of GL(n,F,) 11.04.2023

1. Prove that the character of the parabolic induction Ind%}fng’FQ)(Vk ® Vp) is equal to
the Hall product of characters x (V) € C[GL(k,F,)]S*F) and y(V;) € C[GL({, F,)| )
(viewed as functions on the set of isomorphism classes of representations of F,[t*!]).

2. Prove that for a partition A = (i) = (A > A2 > ...) we have
I TTom N (@) = [ @ =g,

where the second product is taken over r = Ay, Ag,..., and v = (Ay,...,  \p_q) for r =
M. Furthermore, \' stands for the dual partition (corresponding to the transposed Young
diagram), and ¢,,(t) :== (1 —¢)--- (1 —t™).

3. Construct a bijection between the set of partitions A whose Young diagram is contained
in the k x ¢-box and the set of sequences of nonnegative integers (ai, . .., am;bo, - - ., by) such
that > a; =k, > b; = {, and ay,...,am,b1,...,by,_1 are all positive, but by and b, can
possibly vanish.

4. Fix a complete flag 0 = V, C Vi C ... C Viyy = CFY. We define the Schubert cell
X, C Gr(k,k + €) as the set of all k-dimensional subspaces U C C*™* such that

dim(U NVp,) =0, dim(U N Vyyia,) = a1,
dlm(U N %0+al+-~-+bi—2+ai71+bi71) =ap+...+ a1, lel(U N %0+a1+...+bi71+ai) =ar+...+a;

dim(Uﬂ‘/bo-ﬂll+...+bm72+am71+bm71) =a1+t.. . +lm_1, dim(Um%O“l‘al““n."l‘bmfl‘i‘am) = art...+ap.
Prove that a) Gr(k, k + () = ||, X..

b) X, is an orbit in Gr(k, k + ¢) of the Borel subgroup of GL(k + ¢,C) preserving the
above complete flag.

c) X, C X, iff u C A, i.e. the Young diagram of p is contained in the Young diagram of
A

5. Construct an isomorphism X, ~ CH.

Exercises on representations of GL(n,F,) 18.04.2023

1. (a) For partitions \, u, we denote by Au (resp. A ® u) a partition with parts A;u; (resp.
min(\;, ij)). Prove that (Au)t = A @ p'.

(b) Let M, N be O-modules of types pu,v. Prove that the type of M & N (resp. M ® N)
is pUv (resp. p @ v).

2. Prove that the structure constant in the Hall algebra
n(A)—n(u)—n(1™ )‘5*)‘5
Gz(lm)(q) = g"M-nw-n(™) [T [ Agjfgl}q,l'
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no 1t

3. Prove (a) Ry(1,t,...,t"%; t) "M, (t), where v, (t) = [T, =%
(b) Qx(1,¢, ... t" 1 t) = 1" N, (1) /Py (1), Where mg = n—L(X), and ,,(t) = v, (t)(1—1)".

As n — oo, we get in the limit Q,\(l tt2, . t) ="V,

4. Prove
() P(z1, .-y znit) = oa(t) " [, (1=tRji)sa (@1, - .o 20) = [Lsn, (A=tR)sa(@1, - - @),
where vx(t) = [[;50 Vm, (t) for A = (™) (starting from ¢ = 0, so that mo = n — £(\)), and

Rj; are the raising operators.

n—1

(b) Py = 22020 (—=8)"S(n—r,11).-

x; — tx; U (1) 11—t

5. P J = = _

rove ( Z H r;—x;  va(t)  1—t

i=1 j#i
-1

wYT(1-2) -t

=1 j#i "
(c) Let (aq,...,a,) € N*. Wedefine c¢(ay, . .., a,) as the constant term of H ( - ﬁ) :

T

1<i#j<n
Then c(ay,...,a,) = ZC(CH,---,CLZ‘ —1,...,a,).
i=1
(d) e(ar,...,an) = (a1 + ...+ ax)!/ar!---a,l.

Exercises on representations of GL(n,F,) 25.04.2023

1. For the structure constants P, (x;t)P,(x:t) = Y, fi,(t)P(x;t) prove
ey

Ztn fA (am) (1) = = " m(m_lm[ m ](t_l)-
76y,
(Z G ) (Z emYy ) = Zt"(’\)PA H(l + t177y)
c) (Z t"(“)Pu> (Z(—1)mem) =1.

d) Y WP, =h,.
|pl=r
2. Prove that the Kostka polynomial K,,(t) = t"" for any |u| = r.

3. Set Sy(z;t) := det (gx,—i+;(x;t)). Prove that
a) SA(ﬂf t)=1li;(1 - Rij)ar = Hi<j(1 — tR;;)Qx.

b) H 1= to; ZS)\ z;t)sx(y ZS,\ )Sx(yst

1—x1y
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c) (Sa(z;t), su(x)) = Oy

1+ 29
4. Prove that a) ZS,\(JU;t)SAt(y) = H 1 _—:tzyyj
A 1] !

b) If we specialize y; = t"~!, we get sy (y) = ") H,(t)~! (the hook polynomial of Prob-

lem 2 of 28.03.2023).
¢) > Sa(a; )" M H() T =T [(1 + ).
A

5. Prove that Kyin(t) = "), () Hy ()7 for any |A| = 7.

Exercises on representations of GL(n,F,) 02.05.2023

1. Set z; = q"_1 for 1 < z' <n, and z; = 0 for i > n. Prove that

b) H(t) = H(1 gt = i {” +: - 1} ’

1=0 r=0
2. Prove that H Lt 2y Zt”( )e(/\)(l + ' y) Py (x;t)
A 3 .
> ¢ A j=1
(-1
3. Prove a) p,(z Z ¢ H (1 —t ) Py(;t).
[Al=r i=1

b) X (t) = " Vg1 (t71); equivalently, Qua(g) = wery-1(a)-
c) Xpm)(t) =1 = Qpm)(q) for any partition |p| = n.

4. Prove that a) Z zp(t)_lXp(ln)(t)pp(x) = @p(t)en(r) = pu(t) Z Epzp_lpp(x)

p
(—1)lel=te),
b) X,an(t) = €,2, L2, () en(t) = H(tl — 1)/H(t”j — 1); equivalently,
i=1 i>1
Qo (q) = ¢nlq /H 1—q¢).
7>1
5. Prove that a) t"V) = Z zp_lXp,\(t); equivalently, Z zp_lQp,\(q) =
P lp|=n

b) ka(l) = <pp7 hy).

, where e, =
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Exercises on representations of GL(n,F,) 09.05.2023

1. We fix an identification k,, = Fyn ~ Fy = k™. Then for any x € M, := k,;, the invertible
operator of multiplication by = can be viewed as an element of G,, := GL(n,F,), and we
obtain an injective homomorphism M,, < G,,. Its image is denoted 7T}, (a non-split maximal
torus), and if we change an identification k,, ~ k™, the torus T, is replaced by its conjugate.
For any x € M, the eigenvalues of the corresponding (semisimple) element of T,, C G,, are
Fr'z, 0 <i < n — 1. If the minimal polynomial of z is f, of degree d,, then the conjugacy
class of the corresponding element of G, is pu, where u(f,) = (1™/4=). and u(f) = 0 for
f# fa

For a partition |v| = n we have a maximal torus 7, = T,,, x- - - xT,, C G, x---xG,, C G,.
Let W, := Normg, (7,)/T,. Prove that W, is isomorphic to the centralizer in &,, of an
element of the cycle type v. In particular, W, = Gal(k, : k) ~ Z/nZ.

2. Prove that the number of conjugacy classes in G, is equal to > ,_, §(W,\T,) (the
number of orbits of W, in T,).

3. Prove that for a central function u on Gy, its value at the conjugacy class ¢, is equal

0 <ch(u),QH).

4. Let v = (v1,...,v), |v| = n, and let 6, be a character of the torus T, ~ M,, x---x M,,,
that is 0, = (£1,...,&), where & € L,, = M,]. Then Hle Dy, (&) is the characteristic of
a certain character R(’TZ of G,, (Green’s principal character, or Deligne-Lusztig induction).
Prove that

a) R% depends only on the Fr-orbit of &;, i.e. on the W,-orbit of 6, € T}).

b) Distinct characters Ry for 6, € | |, (W,\T})) are all mutually orthogonal in the space
A, of central functions on G,,.

c) The characters RQT”V in b) above form an orthogonal basis of A,,.

d) Write down all the characters Rg,”u explicitly for n = 2 (say, as linear combinations of
irreducible characters of Problem set of 28.02.2023).

5. Prove that a) R% is irreducible iff 6, is a regular character of T,, i.e. its stabilizer in
W, is trivial.

b) The value of RBT”U at the unipotent conjugacy class of Jordan type \ is (—1)" Q. (q)
(the Green function).

Exercises on representations of GL(n,F,) 16.05.2023

1. Prove that the central character of the irreducible representation of GG,, corresponding
to A: © — P, is A()) defined as follows. First, we view A as a function on L: we set
A(§) == A(¢), where ¢ is the Fr-orbit of £ € L. Then we set A(}A) := [[,co gl/\ MNer —
M) = (kX)¥, where £, is any representative of an orbit ¢.

So a scalar matrix a - Id,, € G,, acts as multiplication by (A()),a), € C*.
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2. Let U, C G, be the subset of unipotent elements. For A\: © — P, ||A]|= n, we consider
the corresponding irreducible character x* of G, and set Ey := >, ., x*(u). Prove that

8) By = 8(Gh) )12 ap(@) ™ (82, Qo(1)) = $(Ga) (S, (1)), where f1 = ¢ — 1.
b) ¢ D2 () hn(f1) = 30— EaSa, where 9 (q) = [Ty (0" — 1) = (=1)"¢u(q)-
c) hao(f1) = Z”AH:TLE:(SA)EA, where ¢: B — C is the algebra homomorphism such that

e(pn(1)) = (¢" — 1), and £(Pn(z)) = 0 for = # 1.
d) By = (—1)2QgV"M\A(1d,,), where a()) :=n — > IA(@)], and N(Q) := n(n —1)/2 +

226 A@)(n(A(9)) — n(A(9)))-

3. Consider the algebra homomorphism §: B — C such that §(p,(1)) = (—1)" ' (¢"—1)71,
and 6(p,(z)) = 0 for z # 1. We have dy = x2(Id,) = ¥,(¢)d(Sy). We set S := >, 5(Sy)tlAl.
Prove that -

) § = [T, o dlsa(0)) 1440
b) log S =", (Zi log(1 — (tg~")“)) =t 4 ZK]- log(1 — (t*¢~" )d(‘”)’l)

- Y (TR ) zz(z)

m>1 i>1 r>1 1<j r>1 m>1r>1 i>1
tZNq—QiN L
S (B ) S hog(1 o)+ Y o1 — 7)1,
N>1 i>1 i>1

where d,,, is the number of orbits ¢ of cardinality d(¢) = m.
2m
C) S = ﬁ Hz‘z1 ﬁ%m = (1 + t) HiZO ﬁ%ﬁi - (1 + t) ZmZO (1_q—2)?.(1_q—2m)-
4. Prove that the sum of dimensions of all irreducible representations of GG, is equal to
a) D ajen = (@ — 1)a*(¢® = 1)¢* (¢’ — 1) ... (n factors altogether).
b) The number of symmetric matrices in G,,.
5. Prove that a) 32, o, du = (¢— D@ (¢ —1)g*(¢® = 1) ... (¢>» — 1), where the sum runs

over all u such that H(Zb)t is even for all ¢.
b) This is equal to the number of nondegenerate skew-symmetric bilinear forms on k*".
By the way, the sum >_, ull=2n X2 (the summation runs over the same set as in a) above) is

equal to the induced character IndGL;n];F q))((C). The fact that ImdGL en, ]F")((C) has a simple

spectrum follows from Problem 1b) of 07.02.2023.

Exercises on representations of GL(n,F,) 23.05.2023

1. Let M,, C G,, = GL(n, k) be the mirabolic subgroup formed by all the matrices with
the last row (0,...,0,1). It is the group G,_; x k™! of all the affine transformations of
k"~1. The group of characters k"~* — C* has two orbits under the action of G,_;: that of
the trivial character 1, and that of a nontrivial character ¢». We have Stabg, , ¥ ~ M,_;.
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Consider the “induction” functors on representation categories Ind]‘G{:‘_1 and Ind%ﬁﬁ defined
as follows. Given a representation of M,_;, we extend it to a representation of M,_; x k»~!
such that k"' acts via v, and define Indﬁzfﬁ as the induction of this extended representation
from M,_; x k"' to M,. Similarly, given a representation of G,_;, we extend it to a
representation of M,, = G,,_; x k»~! with the trivial action of k»~!. We have the (two-sided)
adjoint “restriction” functors Res]\G/[:1 and Res%:;;: the former one sends a representation
of M, to its k" l-invariants acted upon by G,,_;, and the latter one sends a representation
of M, to its (k",1)-eigenspace acted upon by M,,_.
Prove that Resfj;‘l ® Res]\]‘ﬁ:;; : Rep(M,,) — Rep(Gr-1) ® Rep(M,,—1) and

Indg:,l @Ind%:fﬁ : Rep(G,—1) ® Rep(M,,—1) — Rep(M,,) are mutually inverse isomorphisms
between the based Grothendieck groups of representation categories (with bases formed by
the classes of irreducible representations).

2. We define Res = Res,,: Rep(M,,) — @,_, Rep(G,,—) and
Ind = Ind,,: @;_, Rep(G,—k) — Rep(M,,) by induction in n as follows:
Res, is the composition
M, _1 n—1
SR ReP(Gn—l)@Rep(Mn—l) % Rep(Gn—l)@@ Rep(Gn—1—k)7
k=1

G, _
ResMT; 1 PRes

Rep(M,,)

and Ind,, is defined similarly.

Prove that Res and Ind are mutually inverse based isomorphisms between Rep(M,,) and
@Di_, Rep(G,—x). In particular, the irreducible representations of M, are naturally num-
bered by A: © — P such that ||A]|< n.

3. Recall that @, Rep(G,) forms a Hopf algebra (k) with multiplication defined via
parabolic induction, and comultiplication A defined via parabolic restriction. The Hopf al-
gebra H(k) is the tensor product of many copies of A (see the Problem set of 04.04.2023)
numbered by ®. Let §: H(k) — Z be the additive homomorphism that sends any represen-
tation of G,, to the dimension of its (U,, ¥, )-eigenspace. Here U, C G, is the subgroup of
strictly upper-triangular matrices, and ,,: U, — C* is the product of additive characters
1 k — C* applied to the elements right above the diagonal of an upper-triangular matrix.
We define D: H(k) — H(k) as the composition

H(K) = H(k) @ H(K) 2 H(k).
Prove that a) ¢ is an algebra homomorphism #H(k) — Z.
b) The composition Res o Res;,™: Rep(G,) — B)_; Rep(Grn—y) is equal to D — 1.
c¢) The composition Res o Indé?:ﬁl : Rep(Gr-1) = @,_, Rep(G,—k) is equal to D.
4. a) Prove that for an irreducible character Y2 of G,,, its restriction to M,, is the direct sum
of Ind,, (x*) over all u such that for any ¢ € © the corresponding p(¢) is a little bit smaller
than A(¢) (notation: u A < u(¢) 4 A(p) Vo), that is for any i, A(¢) —1 < u(d) < A(9).

In particular, x2|5;, has a simple spectrum.
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b) Prove that the convolution algebra of complex functions on M,,\G,, /M, is commutative.

5. a) Prove that for an irreducible character Ind,(x2), ||Al|< n of M,, its restriction
to G,y is the direct sum of x% over all y, [[u|[= n — 1 such that A 4 pu. In particular,
Ind, (x?)|g,_, has a simple spectrum.

b) Prove that the convolution algebra of complex functions on G,,_1\M,,/G,_1 is commu-
tative.

Exercises on representations of GL(n,F,) 30.05.2023

1. Given an ADFE quiver ), we say that a sequence of vertices (i,,...,i;) is +-admissible
if 4, is a source of ), and i,_; is a source of the reflected quiver o;,@) (where we changed the
orientations of arrows going from the vertex i,), and so on. Let v = #(R") = ¢(wy). Prove
that

a) there is a +-admissible sequence (i, ...,7;) such that wg = s;;, -+ s;,,.

b) The set {a',...,a”} (where o* = s;,5;, - -+ 8;,_, v, ) coincides with RT.

c) The set {V*',...,V"} (where V¥ = Rf o Rf o---o R}V, ) contains all the indecom-
posable representations of Q).

d) For any 1 < a < b < v, we have Hom(V?, V%) = 0 = Ext!(V2, V).

2. Prove that any two products of all the simple reflections in a Weyl group W (in an
arbitrary order) are conjugate. Such a product is called a Cozxeter element ¢ € W. Its order
is called the Coxeter number h, and its eigenvalues in the reflection representation W O h*

27/ 71mk
h

are the roots of unity exp < ) , where 0 < my < ... <m, < h are called the exponents

of W (and r is the rank of ).

3. Let us color the vertices of ) black and white, so that the neighboring vertices have
different colors. Denote by s (resp. §”) the product of all the black (resp. white) simple
reflections (note that all the reflections of the same color commute with each other), so that
c = s's" is a Coxeter element. Prove that

a) 0 <my, m; +myy1—; =h,and my + ...+ m, =rh/2.

b) There are two linearly independent vectors v',v” € bh* such that s'(Rv" @ Rv") =
s"(Rv" & Rov”) = Rv' @ Ro”, and ¢, s” restricted to this Cozeter plane are the orthogonal
reflections with respect to the lines Rv/, Rv”.

c) The Coxeter element ¢ = s's” restricted to the Coxeter plane Rv’ @ Rv” is the rotation
with the angle 27 /h.

d) The vectors v/, v” lie in the closure of the fundamental Weyl chamber, and the inter-
section of the Coxeter plane with the open fundamental Weyl chamber is R o' & R v".

4. Prove that a) m; =1, m, = h — 1.

b) 2v =#(R) = rh.

¢) For any v € h* we have Y (v, @)? = 2h(v,v) (we assume that for any root a € R we
have (o, a) = 2).
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d) Let the highest root § = >, a;o; (coefficients in the basis of simple roots). Then
Z::l a; = h—1.

5. a) Compute the Coxeter numbers for all the simple root systems (at least, ADE).

b) Prove that if h is even, then wy = /2.

Exercises on representations of GL(n,F,) 06.06.2023

1. Let D be a central simple algebra (e.g. D = H,; a quaternion algebra with a basis
1,4,7,k and relations i = a, j2 = b, k = ij = —ji) over a local field K (e.g. K = R
or K = Q). Let N: D — K be the norm map (a multiplicative homomorphism) (e.g.
N(z +yi + zj + wk) = 2* — ay® — bz + abw?). Prove that D is a skew-field (a division
algebra) iff N=1(1) is compact.

2. Let S(R) denote the Schwartz space of smooth functions all of whose derivatives are
rapidly decreasing at infinity (e.g. f(z) = exp(—x?)) with its natural topology given by
a system of norms || f [|op= sup,cg |2°0%f]. Let S(R)Y be the dual topological space of
distributions of tempered growth (e.g. A =% .6, € S(R)"). Prove that A is a unique
distribution in S(R)Y (up to a multiple) invariant under multiplication by exp(2my/—1z) and
under translations f(z) — f(x + 1).

3. Prove that the Heisenberg group Heisg C Heis, acting on the Schwartz space S(A)
and its dual S(A)Y has a unique (up to a multiple) invariant vector w € S(A)Y. Here S(A)
is the restricted tensor product S(R) ® ®; S(Q,) over all places of Q with respect to the
system of vectors dz, € S(Q,).

4. Let G = GL(2,K) D GL(2,0) =: K. Let B = NH C G be the Borel subgroup of
upper triangular matrices. Prove that
J)G=B-K=N-H-K Iwasawa decomposition).

/f )dg = nak)dndadkforOL:(OL1 O).

0 (05}
5. Prove that / f(g)dg =
a

-1
f(nawou) dn da du for wy = (_01 (1))




