JIEKLIUA 4. AJITEBPHL JIN.

[Iycrs G rpynma Jlu pasmeproctu n, g = T.G — €€ KacarebHOE ITPOCTPAHCTBO B €JIU-
Hure. Tak kak G — rpy1ima, To Ha BEKTOPHOM IIPOCTPAHCTBE ¢ BO3HUKAET JIOTOJHUTEIbHAS
CTPYKTypa anzebpvl Jlu.

[Iycrs (U,v: U — k™) —rakas xapra, uro ¢ € U u ¢(e) = 0 € k™. Boibepem Ta-
Kyt okpectHocTb V' C U, uro mist jobeix x,y € V umeem xy € U. Obosnaumm depes
T = ¢Y(x),y = ¥(y) koopauHaThl TOYeK T,y € U, a jys x,y € V 0bo3HAYMM Yepe3 TY KO-
OpJIMHATHI IIpou3BejieHusi, T0 ecth Y (m(x,y)). Pacemorpum dbopmysy Taitiopa B epunuie
POU3BEJIeHNsl L,y € V B 9TUX KOOPIUHATAX:

Ty = C+1U(Z,9) + q(@,9) + o(q(z, 7)),

rme [: k™ x k™ — k" — yiuneitHoe oTobpaXkenue, Kaxkas KOOpAUHATHAsT (PYHKIMS KOTOPOrO

uMeeT BUJ
n

afxi —l—bfyi,k =1,...,n
=1
a q: k™ x k™ — k™ — kBagparnaroe orobparkeHne, Kakasi KOopAuHaTHas pyHKIUS KOTO-
pOTo MMeeT BUJL

n n n
Z AZQZZQZ] + Z ijyzyj + Z C’fjxiyj,k = 1, N
i,7=1 i,7=1 2,j=1

Ilpennoxxkenue 3.1. KoopauHaTbl IpOU3BEIeHNS UMEIOT CJIEILYIOMIMIA BUT
75 =7+ +a(@,5) + o(a(@. 7))
e a: k” X k" — k" — 6uaunetinoe omobpastcerue.

Zloxasameavcmeo. Tloab3ysich paBeHCTBaMU T € = T W € + §J = Yy JjisI JiobbiX x,y € U
oJry4aeM, 4To

k k k k

OmupejiesnmM GuIMHEHOE 0TOOPaAKEHUE
v: k" x k" = k", (Z,7) — a(T,7) — (Y, T).
Bamernm, uro Y(Z,y) = —v(7, T). Oroxkmecreum g ¢ k™ ¢ momornpio orobparkenust
detp: g — k"
DTO0 MO3BOJISIET ONIPEJIEJUTH OMJIMHEHHYI0 KOCOCUMMETPUIECKYIO Ollepaluio Ha §:

[€,1] == (dew) " (V(detp(€), derp(n))) VE,m € g,

KOTOPYIO OyJ/ieM HA3BIBATH KOMMYMAMOPOM.

OrmernuM, 4TO OWIMHEHHAs YacTb YMHOXKEHHUS B I'DYIIIE HE SABJISETCH WHBAPUAHTHOM,
YTO JIETKO YBHJIETh Ha IPHUMepe aJ uTHBHOM rpymmsl R>g. [eficTBurenbno, B cTaHIapTHOM
KapTe T = T uMeeM

m(T,y) =T +7,
TO eCcTh OmMHelHas IacTh HysneBasg. C APYyroll CTOPOHBI MBI MOXKEM PACCMOTPETH KOODJIU-
nary T = e* — 1, To
m(Z,y) =T+y+7T-7.
B nepsomMm ciyuae Ounnnelinas 9acTb HyJIeBas, a BO BTOPOM C/Iydae HeT.

Ilpennoxxkenue 3.2. KomMmyTaTop He 3aBUCHAT OT BBIOOpPA KapThI.

Joxasameavcmeo. PaccMoTpuM rpyTosoit kommyTaTop (z,y) = ryx ly~!

G.

9JIEMEHTOB I, Y €
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JIlemma 3.3.

(z,y) = (2, ¥) + o(7 (T, 7))-
Jlokasamenvemso. eiictBurenbho, 3ameruM, 9o (z,y)yr = xy. Umeem

(z,y) - ¥T = (z,9) + % + a((z, ), y7) + o(a((z
(,y) +T+y+ a(y,T) + a((z,y),yT) + 0

~—
~

r,y),YT)) =
a((z,y),yT))

/‘\

n OJHOBPEMEHHO
7Y =T +7 +o(T.) + o(a(T. 7)),

OTKY/Ia CJIeJlyeT, YTO pa3JjlozKeHne KOMMYTAaTopa B PsJi He COMEPXKUT JIMHEHHBIX 4IEHOB U
3HAYUT

(z,y) = v(@,7) + o(v(T, 7))-
O

[Tycrs (U1, 1) u (Us2,19) aBe KapThl B okpecTHOCTH € € (G TaKue, 9T0 KOOD/IMHATHI € B
9TUX KapTrax HyJeBble, 7], Y2 — COOTBETCTBYOIIMe OminHeiinbie GyHkm u [+, -]y u [, ]2 —
COOTBETCTBYIOIINE KOMMYTATOPHL. 11yCcTh T — KOOpAMHATHI 3j1eMeHTa x € Uy, a J — KOOpIiu-
naTel ssemMenTa y € Us. Ilycts C' = det)y o (dewz)_l — MmaTpuna JKobu B eIMHUIE MEPBBIX
KOOPJIMHAT OTHOCUTEJIbHO BTOPHIX. Torna

T =CT + o(T).
Torna

1(%,7) + 0(12(Z, 7)) = (2,9) = C (@, y) + o((z,9) = C'1(Z,7) + 0(12(T, 7)) =
C 191 (CZ, CY) + 0(12(Z, 7).

Orcrona cienyer, aro ecau &,1 € g, TO
(€] = (dewr2) ™ (v2(detba(€), detpa(n))) = (detpn) ™ (C™ 1 (Cletpa(€), Cletpa(n))) =
= (detn) ™ (1 (detpr (€), detpn (n) = [€, 7)1
O

CaencrBue 3.4. Ha kacarenbHOM IpocTpaHCcTBe B ejuHuUIe rpynusl JIu G nmeercs: KaHo-
HIYECKast CTPYKTYpa (HeaccolaTuBHOl) airebpsl ¢ OunHeHoi oneparueii [+, -]. Mbr 6ymem
Ha3bIBaTh KacarebHOe NPocTpaHcTBO TG ¢ 9TOi CTPYKTYpPOil KacaTeabHO! aa2ebpoli JIu u
0603HaYaTh COOTBETCTBYIOIIEH CTPOYHON TOTUYIECKOH OYKBOI (.

Beibepem 6asuc {e;}i=1,..n B g. Torma

ez,e] E cljek,
k

Hucrna ¢; Ha3BIBAIOTCA CIMPYKMYpHoLMU Koncmanmamy anredpst Jlu g, oHu 3aBucAT OT
BeiOOpa 6asuca. Ecim BeiOpanHa Kapra B OKPECTHOCTH €IUHUIBLI U Oasuc ayrebpol Jlu g,
COOTBETCTBYIOIIHI cTanapTHoMy Oasucy k™, To

k
= E Ty, k=1,...,n
i?j

rie v, — k-ag KoopauHaTa OUIMHEHHOTO OTOOPAXKEHUST .

ITpumepsr. (1) Ilycre G — abesiea rpynmna Jlu. Torma [-,-] = 0. HeiicrBurenbro, 6u-
JuHelHast GYyHKIUS Y B 9TOM CJlydae HyJeBasl.
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(2) Ilycrs G = GLy, (k). Kacarenbnoe npocrpancrso T.G = M, (k). CrangapTHblii BbI-
6op koopauHaT Ha G Ly (245)i j=1,.. n 9TO KOOPAUHATHI MATPULEL E + (245)i j=1,..n
D10 JEeHCTBUTENHHO 3a/1a6T KOOPANHATHI B OKPECTHOCTH €IMHUIIbL, Tak Kak det(F +
(xi5)) # 0 st gocTaTovHO MaJIbIX (T;5). Torma pasiiozkenue IIpou3Be[eHNs B OKPECT-
HOCTU E — KOHE€YHO M BBIIVIAJIUT TaK:

(B + (i) (E + (vij) = B+ (24i5) + (yi5) + (i) - (vi),
rae - — yMHOXK€HHE MaTpull, TO €CTb ’Y((E’L]) (gm)) (EU) (yz]) ( 2]) (.TU)
Orobpazkenne, 3ajatomee kapry ¥: U — R™ orupasiser E + (2i5) B (z45), o1-
Ky/a ciemnyer, 9to de1p = id. CienoBaresbro, jyist aobbix A, B € M, (k) umeem

[A,B] = AB — BA
Aurebpa Jlu rpynnst JIn GL, (k) obosnadaercs depes gl,, (k).
3.1. Tomomopdusm rpynn m KOMMYTaTOP.

IIpennoxenue 3.5. Ilycrs ¢: G — G2 —romomopdusm rpyimim Jlu, g1, go cOOTBETCTBY-
romue anarebpor JIu. Torma orobpazkenue dep: g1 — g2 COXpaHIeT KOMMYTaTOP, TO €CTh

de@([xa y]) = [dego(x)v dew(y)]v Va,y € g

Loxazameavcmeo. 13 Toro, uro ¢ — romomopdusm rpyui Jlu, ciaemgyer, aro

p((z,y)) = (p(2), 0(y)), Y,y € Gy

Buibepem kaptot (Ur, 1) u (Us,12) B okpectHocTH enuuut] rpynn G 1 Gy COOTBETCTBEH-
HO, ¥1(e) = 1a(e) = 0. [Iycrs T,y 0603HAYAIOT KOODJAMHATHI B IIEPBOH M BTOPOIi KapTe
cooTBeTcTBeHHO. ToTma

o(x) = CZ + o(x),
e C = do(tha 0 p o).
Torma
(), o(y)) = 12(p(x), (y)) + o(ra(

(p(2), o(y) = ¢((,y)) = C(z,y)

DT0 03HAYAET, ITO

= 72(0T7 Cy) + 0('72(57 @)),
) = 071 (fa ?) + 0(71 (fv g))a

+ 5
Q &
—~
RIS
Ll w
~ =

Cn(z,y) = 12(C7, CY)
Orciona ciemyer, 910 11t JIIOOBIX £1, &2 € g1

Cyi(dep1(&1), detb1(§2)) = v2(de(¥2 0 9)(&1), de(¥h2 © ©)(2))-
Taxum obpazom i Jio0bIx £1,&2 € g1
[dep(£1), dep(€2)] = (detba) ™ y2(de (2 0 9) (61), de(% 0 p)(&2)) =

= de(p o Yy ) (detpr (61), derpr (€2)) = dewp([é1, &2)).
O

Onpenenenne 3.6. [loanpocrpancrso aaredpo! JIu, 3aMKHYTOE OTHOCHUTE/IHBHO OIEPAIIAN
KOMMYTaTOpa, Ha3bIBaeTCs momaaredopoit Jlu.

Caenctsue 3.7. Ilycts H Bupryasnbhas noarpymmna Jlu rpymmet JIlu G u b C g — coorser-
creyromue ajnrebpsr JIu. Torma h — nmoganrebpa Jlu anareopsr JIu g.

Hoxazameavcmeo. JleificTBUTEIbHO, PACCMOTPUM BJIOYKEHUE
in: H— G.

910 romomopdusm rpym Jlu. Torma
dein: h — g

SIBJISIETCS. MHLEKTUBHLIM roMoMopduamom anrebp JIu, To ects h momanredpa Jlu g. U
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CaencrBue 3.8. [lis so6oii BupryasbHoii nogarpynnet Jlu H C GL,(k) anrebpa JIu b
siBsistercst ozaarebpoit JIu gl, (k). B wacrHOCTH KOMMYyTaTOp 3ajaéTcst TOil 2Ke hopMyIIoii,
YTO U B IIpuMepe 2.

3.2. ToxxgecrBo Axobu.

Teopema 3.9. s o6oit rpymmsl JIu G onepaiust KOMMyTaTOpa Ha IPOCTPAHCTBE § YI0-
BJIETBOPsIET TOXKIECTBY KOOI

[, [y, 2] + [y, [z, 2] + [z, [2,9]] =0 Vz,y,2 € 9.

Loxazameavcmeo. I'pynna G neiictByer Ha cebe BHYTPEHHUME aBTOMOD(DU3MAMMU:

a: G xG—G,(g,h) — ghg™t.

D70 JleficTBIE SBJISIETCS IJIAIKUM JlelicTBueM rpymms! JIu G Ha cebe. Pacemorpum oTobpa-
wenne Cy: G — G, h — ghg™!. D1o orobparkenue sB/IAETCs [VIQJIKUM KaK OIPaHUYeHHE
Ha {g} x G. Oupenemnm orobpaxkenne Ady := d.Cy: g — g. Samernm, uro Ady — obparumo
(obparHbIM siByIETCs Adgy-1). DTO MOZBOJIAET ONPEJIETUTH OTOOPAKEHHE

Ad: G — GL(g),9 — Adg,

KOTOpOe Ha3bIBAETCsI PUCOEMHEHHBIM ITpejicTaBaeHneM rpyumsl Jlu G.

IMpeamoxkenne 3.10. (1) Orobpaxkenue Ad: G — GL(g) — romomopdusm rpym Jlu.
(2) ad:=de Ad : g — gl(g),ad(n)¢ = [n, ]

Jlokasameavemeo. 1) OueBuiHO, 4TO 3T0 rOMOMOPMU3M IPYIIIL, TaK Kak
Adg, 0 Adg, = deCy, 0deCy, = de(Cy, 0 Cgy) = deClyyg, = Adyg,g, -
JLJ1st IpOBEPKH IJIAJKOCTH JOCTATOYHO JIOKA3aTh TVIAJKOCTh B OKPECTHOCTHU €IUHUIIBI.

JlemMma 3.11. Ilycts G u H — rpynmst Jlu u mycrs f : G — H — romoMopdusm abcTpakT-
HbIX rpymi. Ecou f: G — H — ragkoe orobpaskeHre B OKPECTHOCTH eIuHUIb € € G, To
OHO 4dBJIdeTCd T'JIaJIKHNM.

Hoxasamenvcmeso. [leiictBurensro, ecim f rirajgko B okpectHocT U eIUHUIBI, TO JIJIS JTEO-
6oit Touku g € G paccmorpum okpectHocth gU. Torma

f’gU - Lf(g) O f (e) Lgfl.
U

Bribepem Takue oxkpectunoctu V' C U eauHMIBI, YTO KOOPAUHATHI €IUHUIILI HYJIEBBIE U
a(V x V) cU. lycrs {x1,...,2,} —xoopuuaarsl Ha U, a {y1,...,Yn, 21, .., 2n} — KOOD-
musarel Ha VX V. Ilyers fi(yi, ...y Yn, 21, -5 2n),0 = 1,...,n (miajaKkue) KOOpMHATHbBIE
dbyuknun orobpazkenus: «. Ilycrb g € V' u koopaunatsl g 310 (Y1, . - -, Yn). Torma marpuna
orobpaxkenusa Ad, = d.Cy B COOTBETCTBYIONUX BLIOOPY KAapThl KOOPIUHATAX HA KACATE/Ib-
HOM IIPOCTPAHCTBE UMEET BU/I

(8fi<y17"°7yn7217"‘7zn)‘ 0)
1= =2p=
0z !

i=1,..,n

O4eBUIHO, YTO KaXKbII MATPUUIHBIN 3/IEMEHT — IJIajiKast (PYHKIUsI 110 TIEPBBIM 7 IIepe-
MEHHBIM, & 3HaIuT Ad — rajikoe 0ToOpakeHne B OKPECTHOCTH €IUHUIIHI.

2) Paccmorpum ciiejiyrorye paBeHCTBa

ghg='g = (ghg™) + g+ a(h,9) + o(a(g, h)),
gh=h+G+a(g,h)+o(a(g,h)).

Orcrona

(ghg™") = h+~(g, h) + o((g, h)).
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fe@:.2) = yk + (1, %) + o(w(¥, 7)),
ITycrs {e;}}; — coorBercTByIOMmMUii BEIOOPY KoopauHar Gaszuc aaredbpsr Jlu g. Hamommmm,
9TO B 9TOM CJIydae

n
§ : k
’Yk‘(eﬂ‘w 65) = CmsymZ87
m,s=1
rie cﬁw — 9TO CTPYKTYypPHBbIE KOHCTAHTHI ayireOpnl JIu. 3 ssBHOTO BHga MaTpuiisl oTobparke-

uust Ad nosygaem, uro marpuna ad(e;) B 3TUX KOOD/JMHATAX UMEET BH/L

<a <8fi(y17'"aynazlv"'azn)| 0> ‘7 0) _(CZ) i1
z= = = i)i,j=1,...,n
oy 0z; Y ij=1,..n Rl

9TO B TOYHOCTH ABJIAETCA ManI/IHeﬁ orepaTopa [6[, ]

]

Orobpaxkenne Ad: G — GL(g) — romomopdusm rpymnn JIu. Torma orobpazkenne ad: g —
gl(g) — romomopdusm anrebp JIu. Orciona ciaemyer, 9To st JTOObIX T,y € @

ad[z,y] = [ad z,ad y].
Bamernm, 4ro omepaisi KomMmyTaropa B gl(g) HaM y»Ke u3BecTHa:
[adz,ady] = adzoady —ady o ad .
IIycrb 2 € g u, 3Has, 970 ad —35T0 KOMMYTATOD, PACIHUIIEM IIOCJIEJIHEE PABEHCTBO:
[z 9], 2] = [z, [y, 2] + [y, [%,2]], Va,y,2 € 9

Y4UuTbiBag KOCOCUMMETPUIHOCTHE KOMMYTaTOpa, MOJIydaeM, 9TO MOCJIe THee PABEHCTBO —
3TO B TOUYHOCTH TOXKIECTBO SAKOOM.

O
Onpenenenue 3.12. Orobpaxkenue
ad =d. Ad : g — gl(g)
HA3BIBAETCST NPUCOeIUHEHHBM npedcmasieruem aarebpsr Jlu g.
IIpumepsr. (1) I'pyuna JIu B HeCTpOro BepXHETPErOJIbHBIX MATPUIL SIBJISIETCST OTKPbI-
THIM TIOJMHOYXKECTBOM BEKTOPHOTO HOJIIPOCTPAHCTBA (CJI€I0BATEIHHO, TIOJAMHOT000-
pasust) B My, (k) 3amamnoro cucremoit ypasuenuit ag; = ... = ap_1, = 0. 3naunr,

KacaTeJIbHOE MIPOCTPAHCTBO B €JIUNHUIIE 3aJIa6TCsl TEMU YK€ YPABHEHUSIMU.

(2) Aurebpa JIu rpymnmer JIu SL, (k) 3amaércs ycaosuem tr X = 0. eiicrBurensHo,
u3 paccyxjaeHuil B jeknuu 1 cienyer, uro muddepennuan dpyumun det X — 1 B
ejunuie pasex tr X.

(3) Anrebpy Jlu rpymmnsr SO(n) MOXKHO HOJIy4IuTh Kak sijipo juddepeniuaia orobpa-
JKEeHUsT

e : SO, (k) — Sym(M,(k)), A — AAT.
Torpa deae : X — X + X7, cieposarensno anrebpa JIu so, (k) rpymmst SO, (k)
COCTOMT U3 KOCOCHMMETPHUICCKIX MaTpuIl X, 3a7aBaeMbIX ycaosimeM X = —X 71



